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ABSTRACT 
The analysis of the Milky Way in the region of northern Cassiopeia and Cepheus is based on star 
counts to magnitude 15, published color excesses of stars, and published counts of extragalactic nebulae. 
The obscuration is represented by two cloud systems: the first, at the distance of 300-500 parsecs, ac- 
counts for most of the patterns seen in the region; the second, at the distance of 800 parsecs, is more nearly 
uniform in density. Throughout the region the star-density functions decrease with increasing distance 
from the sun. 


The region of the Milky Way to be considered here lies, in general, between galactic 
latitudes 0° and +30° and between galactic longitudes 75° and 103°. It is a northward 
extension of the region discussed in a previous paper.' Together, these two studies cover 
a somewhat larger area than did an earlier study made at Harvard of this region of Cas- 
siopeia.” 


THE STAR COUNTS 


The material used in this study was obtained from 11 pairs, each pair having 10 and 
60 minutes’ exposures, of plates taken with the 4-inch Ross-Lundin camera of Harvard 
Observatory and from 25 pairs of plates taken with the 4-inch Ross-Fecker camera at the 
University of Illinois. The pairs are taken on centers about 5° apart. The scale of the 
plates is 290’’ per millimeter. 

The method of counting the stars is the same as that described in the previous paper. 
Magnitude standards for calibrating the reference scale are available on plates containing 
Selected Areas 1, 2, and 7. These are carried by overlapping plates to the remainder of the 
region. Magnitudes for stars brighter than 13.0 mag. were taken from the Bergedorfer 
Spektral-Durchmusterung, and for fainter stars magnitudes from the Mount Wilson Cata- 
logue* were used. No corrections of any kind have been made to the star counts. 

In preparation for the analysis of the counts the region was divided into areas, in each 
of which the surface distribution of stars seems fairly uniform and different from that 
in the surrounding areas. The region is also divided by parallels of galactic latitude into 


‘Ap. J., 99, 125, 1944. 
* Harvard Circ., No. 424, 1939. 3 Carnegie Inst. Washington Pub., No. 402, 1930. 
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1.—Divisions of the Cassiopeia-Cepheus region, showing obscuration at 300-500 and 800 parsecs 
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zones 2°5 wide. Figure 1 shows the arrangement of divisions. The areas are designated by 
the same letters as were used in the Harvard study. 

Table 1 shows the values of the mean log V(m) representing the counts in the different 
divisions, where V(m) is the number of stars per square degree brighter than the apparent 
photographic magnitude, m. For use in the analysis these are converted to log A(m) at 
magnitude intervals for m = 9.5 to m = 14.5, where A(m) is the number of stars per 
square degree between m — 3 and m + 3 


TABLE 1 
MEAN LOG dbase FOR THE DIFFERENT DIVISIONS 





























ala LIMITING MAGNITUDE } OBSCURATION 
JONGI- 
sa Ck” UC Ue . a hates ck — Te a ee ee 
sata — po | | | At 5 500| At 800 
| 9.0 | 10.0 | 11.0 | 12.0 | 13.0 | 14.0 | 15.0 | ie | Par- | Par- 
TER | 
| | | s | secs | secs 
nna! Chia os | SO BENT Gas | 
ee | 0° 97° | 0.41 | 0.81 | 1.23 1.59 | 1.88} 2.18 | 2.44]...... ; m5 | 1™1 
cao 0 83 69 | 1.16 | 1.56 | 1.96 | 2.36} 2.67 | 2.88]...... | 0.0] 1.0 
ae 0 90 55 | 1.00 | 1.41 | 1.78 | 2.10 | 2.41 | 2.66 | | 0.5} 1.2 
os go 4 0 99 .55 | 0.98 | 1.41 | 1.76 | 2.07 | 2.38 | 2.65 | | £8) 33 
A.. +2.5] 91 .50 | 0.86 | 1.26 | 1.59 | 1.89 | 2.21 | 2.38 | | 1.2} 1.3 
ae .52 | 0.99 | 1.37 | 1.73 | 2.07 | 2.38 | 2.57 | 0.8] 1.0 
F | +25] 100 | :54/ 0.93 | 1.28 | 1.65 | 1.99 | 2.37 | 2.66|......| 1.0| 0.7 
(+ 5 89 12 | 0.56 | 0.96 | 1.28 | 1.55 | 1.87 | 2.06 | 74) Es 
B 14+ 5 87 47 | 0.81 | 1.17 | 1.51 | 1.82 | 2.11 | 2.34]......[ 1.3] 1.5 
i (+5 100 21 | 0.53 | 0.95 | 1.31 | 1.68 | 2.04 | 2.38) 1m8 | | 0.6 
N +7.5}| 89 45 | 0.79 | 1.20 | 1.57 | 1.92 | 2.26 | 2.58 | 0.7 | | 1.0 
| (+ 7.5 | 101 .27 | 0.55 | 0.95 | 1.24} 1.54} 1.86) 2.11] 2.0) | 1.1 
V 14+ 7.5] 85 | .47 | 0.86 | 1.19 | 1.56] 1.89 | 2.14] 2.38]......) 1.0] 1.5 
\+ 7.5] 97 .23 |'0.61 | 1.00 | 1.42 | 1.75 | 2.06 | 2.35] 1.3]...... 1.0 
N +10 89 .38 | 0.77 | 1.22 | 1.60 | 1.95 | 2.27 | 2.62] 0.5]......) 0.8 
(+10 77 54 | 0.98 | 1.38 | 1.78 | 2.08 | 2.35 ]..... | 0.0| 1.2 
NN......] 4410 80 $5. | 0.90.) 1.35] 1.66) 1.99) 2.28 |... 2. bch, O81 Ba 
(+10 98 30 | 0.67 | 1.01 | 1.42 | 1.75 | 2.05 | 2.33] 1.1]......| 1.0 
N | +12.5] 89 32 | 0.71 | 1.16 | 1.51 | 1.92 | 2.28 | 2.59] 0.5 | 0.7 
| (+12.5| 92 | .27 | 0.56 | 0.91 | 1.32 | 1.67 | 2.00 | 2.34) 1.3]... 0.7 
Z ‘+12.5 | 83 .54 | 0.86 | 1.18 | 1.56 | 1.87 | 2.14] 2.55]... 0.7/ 1.0 
\+12.5 | 97 .39 | 0.62 | 1.04 | 1.39 | 1.73 | 2.06 | 2.37 | 1.1].... 0.8 
| 
+15 | 96 | .22/] 0.50| 0.86| 1.20) 1.51 | 1.82/2.09| 1.6]... | 07 
M ‘+15 84 .35 | 0.78 | 1.18 | 1.56 | 1.91 | 2.18 | 2.50 . 1 Oe+ Oa 
+15 99 47 | 0.66 | 1.08 | 1.43 | 1.78 | 2.09 | 2.39 | 0.6 | 0.7 
L +17.5| 78 | .12| 0.53 | 0.90 | 1.23 | 1.55 | 1.80 | 2.07} 1. 1.0 
$17.5 | 93 | .35 | 0.65 | 1.08 | 1.45 | 1.81 | 2:14 | 2.49 | 0.5 | «0.0 
} } | | | | 
L +20 78 | .22| 0.43 | 0.82} 1.19] 1.55] 1.85] 2.11] 1.1 ]......] 0.3 
+20 86 | .28 | 0.69 | 1.07 | 1.44 | 1.78 | 2.11 | 2.46] 0.4]..... 0.0 
\ +22.5} 93 | .16| 0.61 | 0.92 | 1.27 | 1.62 | 1.94 | 2.30] 0.8]... 0.0 
xX (+22.5] 88 | .22 | 0.66 | 0.99 | 1.32 | 1.64 | 1.96 | 2.23] 0.8 | 0.0 
| \+22.5| 86 | .31 | 0.66] 1.07 | 1.44] 1.80| 2.12 | 2.44] 0.3 | 0.0 
ae | +25 92 | .18 | 0.62 | 0.92 | 1.25 | 1.58 | 1.88 | 2.15} 1.1 | 0.0 
>. ne ie 88] .29 | 0.55 | 0.92 | 1.23 | 1.55 | 1.86 | 2.13] 1.1]... | 0.0 
| \+25 | 85 | .34 | 0.66 | 1.07 | 1.46 | 1.80 | 2.13 | 242] 0.3 (0.0 
| 
W.......) [427.5] 92 | .28 | 0.60 | 0.95 | 1.30 | 1.59 | 1.89 1211] 0.9] ....] 0.0 
+27.5 | 85 .22 | 0.62 | 1.05 | 1.44 | 1.77 | 2.07 | 2.29} 0.3 | 0.0 
B........ ae oe .28 | 0.56 | 0.92 | 1.26 | 1.56 | 1.88 | 2.15] 0.8] .....| 0.0 
+30 | 80 | 0.17 | 0.65 | 1.12 | 1.40 | 1.74 | 2.00 2 21} 0.3 .| 0.0 














* All galactic co-ordinates in this paper are referred to the conventional pole at right ascension 12540™, declination +28°. 
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ANALYSIS OF THE STAR COUNTS 


The analysis of the star counts is made with the (m, log x) tables which have been de- 
scribed by Bok.‘ The amount of absorption used in the analysis is attributed to two dust 
clouds, whose varying densities explain the patterns found in the region. Table 1 shows 
the amount of obscuration found in each of the different divisions. 

The 800-parsec cloud, which appears in the region south of the galactic equator, ex- 
tends northward, reaching its greatest density in the +5° zone. It then decreases slightly 
in density through the +15° zone, where it seems to break off quite abruptly. The nearer 
cloud also extends from the region south of the equator, where it appears at the distance 
of 500 parsecs from the sun. The extreme eastern part of the +5° zone, areas M, N, and Z, 
and all parts of the region east of them were found to be more easily analyzed by placing 
the obscuration at 300 instead of at 500 parsecs. North of the +15° zone the obscuration 
is also placed at 300 parsecs. This nearer cloud, which is considerably more irregular in 
density than the other is, accounts for most of the patterns which are seen. Area V and 
the small B patches are much darker than any of the surrounding divisions. In the lati- 
tudes above +20° the cloud is comparatively thin except for two darker patches in the 
vicinity of the North Pole. 


COMPARISONS WITH RELATED DATA 


The amounts of obscuration which have been used in the analysis compare, in general, 
quite favorably with the values of obscurations taken from other sources. 

Hubble’s® counts of extragalactic nebulae indicate an absorption of more than 3.0 
mag. from latitude 0° through latitude 10°, for the central part of the +15° zone, and for 
area L. These values undoubtedly include obscuration at a greater distance from the 
sun than are the clouds which have been used in the analysis. In the eastern part of the 
+ 15° zone Hubble’s counts indicate a total absorption of 1.3 mag., which is exactly the 
value adopted in the analysis. In areas W and X at latitude +25°, Hubble’s counts show 
a value of 0.9 mag. as compared to 1.1 mag. adopted here. In the remainder of the +25° 
zone we have used a value of 0.3 mag. where the nebulae counts suggest 0.2 mag. In area 
W +30° we use 0.8 mag., where the nebulae counts suggest 0.6 mag. It is to be expected 
that in the higher latitudes the values of obscuration determined from Hubble’s counts 
should be more nearly in agreement with the total values used in the analysis, since there 
is much less likelihood of the existence of obscuring material beyond the range of the star 
counts in the high, than in the low, latitudes. 

Photographic absorptions derived from color excesses determined at the University of 
Illinois give a total value of 1.0 mag. at 800 parsecs for Selected Area 2. This is exactly 
the amount used in the analysis of the western part of the +15° zone. 

Slocum and Sitterly® have found in Selected Area 7 a total absorption of 1.5 mag. at 
500 parsecs, as compared to the surrounding region, which they consider unobscured. 
Selected Area 7 lies in the northern border of area L, where the adopted total values of 
obscuration at 800 parsecs vary from 1.0 to 1.6 mag. greater than those in the surround- 
ing regions, again giving satisfactory agreement between the two sources. 

In Selected Area 1, Stebbins, Huffer, and Whitford’ have found evidence of an ab- 
sorbing cloud of 0.3 or 0.4 mag. at a distance of 200-300 parsecs. The results of work by 
Keenan and Babcock,* who have found a cloud of 0.3 mag. at 200-400 parsecs in the 
vicinity of Selected Area 1, conform very closely with the Stebbins, Huffer, and Whitford 
results. Seares® has shown that within a radius of 10° of the pole there exist small fields in 


4 The Distribution of the Stars in Space (Chicago: University of Chicago Press, 1935). 
5 Mt. W. Contr., No. 485, 1934; Ap. J., 79, 8, 1934. 


6 Harvard Bull., No. 905, 1937. 5 Ap. J., 93, 64, 1941. 
7Ap. J., 90, 207, 1939. 9Ap. J., 98, 261, 1943. 
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ZONE : l | j 
9.5 10.5 11.5 | 12.5 13.5 14.5 
See 1.15 1.58 2.00 | 2.35 | oe en ee 
cg i en 1.06 1.53 1.94 2.31 2.59 | 2.80 
>.) Seer 1.00 1.48 1.88 2.21 2.50 | 2.74 
+ 7.5. 0.95 1.41 1.70 2.16 2.43 | 2.69 
ee 0.96 1.33 1.74 2.08 2.37 2.64 
eS en A 0.82 1.25 1.64 2.00 2.24 2.55 
SS Ser 0.74 1.15 1.52 1.86 2.13 2.42 
A re 0.64 1 03 1.38 1.74 2 03 2.30 
oe. |) 0.60 0.98 1.34 1.67 1.94 2.19 
+22.5. 0.57 0 94 1.32 1.65 1.94 2.18 
.*< . Seer 0.57 0.95 1 28 1.64 1.90 2.13 
oe 0.57 0 94 1.26 | 1.59 1.83 2.04 
oe | | 0.53 0.92 120 | “£84 1.79 1.97 
| 
TABLE 3 
DENSITY FACTORS 
D(z) FOR HIGHER LATITUDES 
= — _ 
| 
| b 
3 Bap a Be et ——. 
(PARSECS) | | 
+10°0 +12°5 7 15°0 +17°5 +20°0 +22°5 | +25°0 +27°5 +30°0 
AGN hoe ey: 0.9 1.0 1.0 1.0 | 1.0 1.0 |] 1.0 1.0 1.0 
SEAR 9 1.0 0.9 0.9 | 0.9 1.0 | 1.0 1.0 1.0 
ROO 5 scenes . 1.1 0.8 0.8 | O.8 0.9 1.0 1.0 1.0 
. ee 8 1.1 0.7 0.7 | 0.8 0.8 0.9 0.9 0.9 
250 8 0.9 0.7 os | 8 0.8 | 0.9 0.9 1.0 
400 5 0.7 0.6 06 | 0.6 0.8 | O8 0.8 1.0 
ESS | 0.5 0.8 0.5 | 06 | 0.5 0.7 | O8 0.6 0.6 
| | | 
Dir) NEAR THE EQUATOR 
b 
r 
(PARSECS) | 
020 +2°5 +590 7°5 +10°0 
(7S 1.0 1.0 1.0 1.0 1.0 
200 1.0 1.0 1.0 1.0 0.9 
| ee 0.9 | 0.9 0.9 0.9 0.85 
es 0.9 0.9 0.9 0.8 0.7 
800. 0.75 0.75 0.75 0.7 0.6 
| ce 0.45 0.45 0.4 0.4 0.35 
2000 0.2 0.2 0.15 0.1 0.1 
3000 0.03 | 0.03 | 0.03 0.03 0.03 
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which the color excesses of stars indicate slightly more than the small amount of absorp- 
tion which is found throughout the entire polar cap. Our star counts also have shown pat- 
terns near the pole. The amounts of absorption used in the analysis of these areas corre- 
spond quite closely to those suggested by the colors. There seems to be quite close agree- 
ment among all the results of the various determinations of amounts of obscuration. 


THE DENSITY GRADIENTS 


Table 2 shows the true values of log A(m) for the different zones, while Table 3 shows 
the density factors, provided that the correct amounts of absorption have been used in 
the analysis. The factors D(z) in the upper part of Table 3 represent the star densities 
in latitudes +10° to +30° relative to the density at the same distance 2 above the ga- 
lactic plane at latitude 90°. The unit values used for = 40-630 parsecs are the values of 
D(r) for latitude 90°. They are 0.9, 0.8, 0.6, 0.5, 0.3, and 0.16. 

The factors D(r) appearing in the lower part of the table show the star densities at dis- 
tances r from the sun relative to unit density in the sun’s vicinity. The density factors 
above latitude +20° are found to be somewhat higher than the functions in the corre- 
sponding southern latitudes. By adding a small amount of absorption in those latitudes, 
the density factors for the northern and southern regions could be made to be almost iden- 
tical, thus indicating symmetry between the two. 
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RADIAL VELOCITIES OF 204 STARS IN THE REGION 
OF THE HYADES* 


RALPH E. WILSON 
Mount Wilson Observatory 
Received November 14, 1947 


ABSTRACT 


This investigation completes the determination of the radial velocities of all suggested members of 
the Taurus cluster brighter than 10.0 visual magnitude, with seven fainter stars. Of the 204 stars recently 
observed at Mount Wilson for radia! velocities, 93, al! located within 15° of the cluster center, are classi- 
fied. as definitive members. 


The motions of the members of the nearer star clusters, such as the Hyades, Pleiades, 
and Praesepe, constitute one of the best sets of data available for the determination of 
stellar distances. If the population is large, the cluster parallaxes in combination with 
reliable magnitudes and spectral classifications become very useful in studies of the rela- 
tion between absolute magnitude and spectral type. 

The early Groningen photographic surveys of the Hyades,' though subject to con- 
siderable systematic and accidental errors, suggested a fairly large cluster population. 
Under the stimulus of L. Boss’s classical study? of the motions of the brighter stars, a 
number of investigators have devoted considerable time during the last thirty years to a 
search for additional members.* As a result, by 1941 some three hundred stars were sug- 
gested as ‘‘certain,” “probable,” or “‘doubtful” members of the Taurus cluster. The prin- 
cipal criteria in the selection of these stars were proper motions of about 071 per year in 
the general direction of the Boss convergent. Rather large departures were allowed, espe- 
cially among the stars listed as ‘“‘probable” or ‘‘doubtful,’’ and among these appear a 
number of faint early-type stars for which actual cluster membership would entail lumi- 
nosities not at all in accord with those generally associated with their spectra. The ques- 
tion of cluster membership is further complicated by the proximity of the Taurus con- 
vergent to that of Kapteyn’s stream I, which is especially pronounced among stars of 
types A and F, and by the possibility that the cluster itself may share in the motion of 
the !arger stream. It had been clear for some time that the proper motions alone do not 
suffice to establish cluster membership, especially for stars at considerable distances from 
the center, and that additional information concerning the radial velocities was highly 
desirable. 

J. H. Moore’s catalogue? gives radial velocities for 68 cluster stars, a few of them, how- 
ever, being based on one plate only. In the decade following its publication only ten more 
velocities were published. In 1941, however, I found in the Mount Wilson files spectro- 
grams of 89 additional stars and decided to complete the determination of the velocities 
of all the stars in the Hyades list brighter than visual magnitude 10.0. Two plates were 
deemed sufficient if the measures agreed reasonably well with each other and with the 
cluster velocity; in all other cases three or more plates were secured. All the plates were 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 741. 
1J. C. Kapteyn and W. de Sitter, Groningen Pub., No. 14, 1904. 
24. J., 26, 31, 1908. 


3 For a history of that period and a complete bibliography see J. M. Ramberg, Stockholms Obs. Ann., 
Vol. 13, No. 9, 1941. 


4 Pub. Lick Obs., Vol. 18, 1932. 
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taken with a one-prism spectrograph attached to the 60-inch reflector. Two cameras were 
used, the brighter stars being observed with an 18-inch camera giving a dispersion of 
38 A/mm at Hy, the fainter with a 9-inch camera, dispersion 75 A/mm. 

The radial velocities of the 204 stars in Table 1 are based upon 605 plates, 75 per cent 
of which were secured in the period 1942-1946. All the plates of this epoch were measured 
by the writer. The headings of the columns of the table are largely self-explanatory. The 
magnitudes are mainly (a) photovisual magnitudes on the International System by Eric 
Holmberg? for stars within 4° of the center, and (b) Harvard Draper magnitudes, further 
from the center. Among the stars observed are seven fainter than the limit set when the 
program was begun. The classifications of spectra were made by the writer on the 
Mount Wilson system. The proper motions are compilations by the writer, based upon a 
number of sources, all of which were roughly reduced to the system of the Albany Gen- 
eral Catalogue.’ The probable errors of the radial velocities were computed from the re- 


lation 





nq] 9 

r 0.67N— operat We 

Of these stars, 93 are considered to be cluster members, 8 others are probable, and 32 
must be considered, mainly on evidence other than the radial velocities, as doubtful. On 
the basis of the radial velocities alone, 71 of the stars may be eliminated from further 
consideration as cluster members. Among these are all the faint stars with early-type 
spectra and nearly all the stars situated more than 15° from the center. The probable 
spectroscopic binaries number 23, of which only 6, all located near the center, appear 
to be members; 7 seem to show two spectra. The most interesting of the binaries is 
BD+16°516 (9.2, G9), which from measures on five plates shows a velocity range of 
242 km/sec. The velocities of both components of 5 visual binaries were measured. Only 
1 of these, HD 26015, is considered a definitive member, although 3 others—HD 20430- 
20439, HD 21663, and HD 33204—are probable outliers. Eight of the stars have large 
velocities (Table 2). Two of these, though widely separated, may have common motion. 


A discussion of the motions and absolute magnitudes of the members of the Taurus 
cluster will appear soon. 


5 Lund Medd., Ser. II, No. 113, 1944. 
6 Carnegie Inst. Washington Pub. No. 468, 1938. 








TABLE 1 
RADIAL VELOCITIES OF 204 STARS IN THE HYADES REGION 











| | cass | | 
BD HD ita Glenn <.- Sp. ue | 0 pes wor PL | NoTEs 
R.A. | Dec. | 
10° 374. .| 17663 | 2477 | 410°25' 9.3.) G8 | 7144 | 92°) + 54.941.0) 3 | 
ee ee 54.8 | +29 28 | 9.2! G8 206 | 106 | + 25.8+0.5) 3 | D 
11 456..| 20278 | 3 13.2| +11 26|7.9| G1 | .193| 91] + 43.6+1.5| 4 1D 
7 493..| 20430 | 14.8} + 729/7.4| GO 187 | 92| + 31.140.8/ 3 | P 
7 494. .| 20439 | 3814.9) + 7 30) 7.7 | GI 194] 92] + 31.242.0| 4 | P 
| | | 
19 505..| 20600 | 3 16.6] +19 32} 8.4) F9 | .102) 97| + 33.041.8) 3 | D 
11 462..| 20717, | 17.9| +1210| 7.3] Fo | .149] 83| + 44.841.8| 4 | D 
8 496..| 20727 | | + 851) 8.3| G3 | .301 | 103 | + 11.1406) 3 
25 545..) 21168 | 22.8 +25 41 | 8.6| F8 087 | 116 | + 56: var.| 4 1 
19 547..| 21663A | 27.6] +19 56/ 7.9) G5 | .170| 109 | + 25.2+1.5] 4 | P 
| | | 
tee 21663B | 3 27.6 | +19 56/9.5| K2 |.......].....] + 28.34£0.5] 3 | P 
23 465..|.........) 29.9 | +23 31| 9.0} KO | .168 | 102 | + 32.740.5| 2 | P 
10 461../ 22254 | 32.6| +1113| 8.3] F9 | .180] 95 | + 63.441.9| 3 
19 562..| 22328 | 33.5 | +1954! 7.6] Fo | .101| 114) + 34.1404| 3 | D 
i Fs | 34.6) 42111) 9.0] KO | .159| 103 | + 35.441.1) 3 | H 
18 514..|.........] 3 34.6] 418 27/8.6| F8 | .147| 96| + 41.841.9| 4 | H 
26 595..).........) 37.1 | +26 48 | 9.1] G8 | .156 | 131 | —198.440.4 | 3 
3 512..; 22017 | 38.4) + 325/93] F8 | .138 | 86 | + 18.041.9) 4 
26 601..| 23007 | 39.5) +26 26 7.8) KO 100 | 112 | + 33.0#1.9| 4 | D 
oF ee 41.4} +2803 9.0) G2 | .086 | 134| + 10.441.7| 3 
24 550..| 23375 | 3 42.6| +2419) 8.6| A8 | .078| 132) + 19.841.6| 4*| 2 
25 615..| 23488 | 43.4) +25 43) 8.7} A7 | .078| 152) + 3.6+2.7| 4 
22 550..| 23514 | 43.7 | +2247 9.2] F8 | .064| 119| + 12.040.4| 3 
9 494..| 23841 | 45.8/ + 930/7.0| G8 | .072| 80] — 79.84+2.2| 3 
23 556..| 23822 | 46.0| +23 42> 6.6| FO | .077| 133 | + 18.6+2.1|) 4 
| | | 
22 575..| 23965 | 3 47.1 | +22 21 | 7.9 | F7 179 | 111) + 11.740.8 | 3 | 
16 516..|.........| 47.4] +1706} 9.2] G9 | .104] 73 | +21: var.} 5 | 
23 571. | e | 48.0] +23 46/9.5| KS | .154| 108 | + 38.8+1.7/ 5 | H 
21 544. | | 49.8] +21 50/95] GO | .120| 126) + 58.2+2.7| 3 | 
26 633..| 24301 | 49.9 | +26 31| 8.0} GI 163 | 132 | + 26.641.0| 3 
| 
27. 589 | 24365 | 3 50.7 | +27 59 | 7.8 | GS 094} 95 | + 21.740.8| 3 | 
16 529..].........] 52.3} +16 51/ 9.9] K2 | .172| 102] + 39.141.8| 2 | H 
22 596 | 24570 «| «(52.4 | +23 13) 8.6) KO .103| 93} + 42.9406! 3 | D 
26 645..| 24690 | 53.4| +26 36/9.2/ AS | .082/ 116] + 8141.0} 3 
26 646..|.........| 53.9] +27 10| 9.1} G9 | .090} 96] + 34.2404} 2 | D 
| | | | 
22 608 | 24844 | 3 54.8| +2247/9.1|/ KO | .153! 78| + 27.140.6| 3 
24 603..| 24997 | 56.2 | +2455) 9.2! F8 106 | 123 | — 23.6+0.2| 3 | 
24 605..| 25065 | 56.9] +24 33| 8.7) GO | .095 | 116} + 26.2+0.3| 3 | D 
13 625..| 25153 57.5 | +1410] 7.7| F5 065 | 101 | + 39.0+1.0| 3 | D 
a ee 57.7 | +20 14| 8.6| G2 | .157 | 108 | + 37.6+2.0) 2 | H 
| | 
22 626..| 25532 | 401.2 | +23 16/83] FO | .134) 128) —113.0+0.3| 3 
25 674..|.........| 02.9} +25 40/ 9.0| G8 | .137 | 103] + 24.041.6| 4 | D 
15 582. .| 25825 03.3 | +15 34) 7.9) G2 | .114| 95} + 35.641.5| 3 | H 
14 657..| 26015A 04.9 | +15 02 | 5.9| F2 | .136 | 100 | + 34.941.7| 2*| H 
| 26015B 04.9 | +15 02 | 8.7 | G7 | + 40.8403} 2 | H 
13 647...) 26091 | 4.05.5 | +13 25| 8.8} K1 074 | 88) + 20.340.9| 3 | 
28 624..| 26090 | 05.8| +2903|8.5| G2 | .101| 99) + 41.341.8| 3 | D 
18 594.., 26345 | 07.8 | +18 186.6] FO .120| 110| + 33.6+2.1| 2*/H 
0 711..) 26623 10.0} + 0 38|9.2| F7 077 | 85} + 25.5+1.5| 3 | 
i SG, 10.3 | +16 40 9.1 | G2 0.153 109 | — 7.341.8| 3 | 
| | | 
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(1950) 
BD HD my Sp ue | @ adel PL. | Notes 
R.A Dec. 
23° 649. .| 26736 | 4h11"5 | +23°29’| 8.0 G4 | 07129 | 106°) + 42.242.2) 4 | H 
22 657..| 26737 «| «11.5 | +22 20| 7.0| F4 101 | 108 | + 37.941.7' 4 6H 
14 673..| 26756 | 11.6] +14 30/86) GS | .129 | 101 | + 37.941.3) 3 | H 
12 366..| 26767 | 11.7 | +12 20| 8.3| G3 | 115} 92] + 38.641.8| 3 | H 
10 551..) 26784 =| 11.8 | +10 35 | 7.1 | F7 125 | 96 | + 36.6+1.7| 3 | H 
| | | 
21 608..|.........] 4 12.3 | +22 11] 9.1]! KO me + 22.041.1/ 3 | 
20 721..| 26874 12.8 | +20 42 | 8.1 | G6 121 | 113 | + 27.7+0.8 | 3 | H: 
15 603..) 26911 | 12.9] +15 17] 6.4] FS 123 | 106 | + 37.0+1.8| 4*|H 
15 604..]..... | 13.1 | +15 42 | 9.5 | G9 .078 | 134 | + 56.44+0.2| 3 | 
21 612.. | 13.6] +21 47 | 8.9] G7 119 | 109 | + 40.740.3| 2 | H 
4 666..| 27089 | 4 14.3} + 4 25 | 8.6 | F8 172 | 87 | + 59.8+0.3 | 3 | 
18 ie pat 14.4 | +19 13 | 9.0! G7 102 | 125] + 4.442.7] 3 | 5 
17 703. .| 27149 15.1 | +18 07 | 7.7) G4 | .116| 112 | + 44.0+2.7|} 4 | 6,H 
19 694. .| 27250 16.0 | +19 47 | 8.6! G7 101 | 104 | + 40.6+1.6} 2 | H 
17 707. .| 27282 16.3 | +17 24 | 8.5 | GS 098 | 98 | + 40.0+0.2| 2 | H 
15 612..| 27371 416.9 | +15 31 | 3.9! G8 121 | 102 | + 38.541.4| 4*] H 
13 662..| 27372 16.9 | +14 03 | 7.8 | G8 .212 | 160 | — 16.6+0.8| 3 
23 675..| 27370 17.1 | +23 28| 7.2) Go | .148] 108] + 8.8+0.8 | 3 
13 663. | 27397 17.1 | +13 55 | 5.6) Fin} .118 | 101 | + 40: var.| 3* | 7,H 
18 623. .| 27406 17.3} +1907 | 7.7} F9 | .125| 106} + 38.741.5| 3 |H 
| | 
18 624..| 27429 | 417.5 | +18 37 6.2 | F3 118 | 114 | + 37.640.5| 6 | 8H 
14 682..| 27459 17.8 | +14 59] 5.3} AQ} .113 | 102 | + 39.742.8| 3*/1H 
13 665..| 27483 18.1 | +13 45| 6.3] F4 118 | 102 | + 37.040.9| 6 |9,H 
18 629..| 27534 18.6 | +18 18 | 7.0] F5 111 | 108 | + 36.542.0} 4 | H 
14 685..}...... 18.7 | +14 44 |10.1 | G3 | .135 | 120} + 47.5+2.1 | 4 | D 
14 687..| 27561 418.8} +141816.7| F6 | .120} 103 | + 38.440.5 | 2° |H 
5 636..| 27610 19.0} +515/9.0! F3 | 072 | 79| + 22.441.4| 4 | 
13 668. .| 27628 19.2 | +13 585.7) Ad | .117 | 102 | + 37.7 var.| 4* | H 
he Pee 19.9 | +32 06 | 8.8} F8 | .104| 133 | + 79.44+1.0| 3 | 
16 585. .| 27685 19.9 | +16 40| 7.9} G5 | 145 oe + 33.2410} 2 | H 
/) 2 Pe 419.9} +14 08 |10.1 | G3 107 | 107 | + 39.0404) 2 |H 
21 635..| 27732 20.4) +2116) 9.1 | G7 | .105 | 115) + 38.8+1.4| 2 | H 
19 708. oy 20.4 | +19 32} 9.1! G7 | .094} 109] + 36.441.2/ 2 | H 
24 654. .| 27731 20.5 | +24 1717.2] F6 106 | 114 | + 33.6+1.2 | 2* |H 
15 616. 20.5 | +15 39 ma K5 | .130| 104) + 48.140.3) 2 | H 
14 691..| 27771 4 20.7 | +14 33 | 9.3 | G8 107 | 98 | + 44.241.5/ 2 | H 
21 641..| 27808 21.3 | +21 37 | 8.0| F8 127 | 117 | + 33.441.0) 2 | H 
14 693. .| 27836 21.3 | +14 39 | 7.7] Gi 106 | 102 | + 37.940.9/ 3 | H 
17° 715. phy 21.4 | +17 53 110.0 | K4 -111 | 97 | + 46.941.0} 3 | H 
16 589. .| 27835 21.4} +16 16/| 8.3 | GO .083 | 100 | + 38.4+0.6| 3 | H 
| | 
i. SS eee j 4 21.5 | +17 20 10.0; KO | .028} 78| + 2.141.3| 3 | 
16 593..]..... | 22.1 | +16 52 110.4 | K2 -087 | 101 | + 43.1+1.9| 3 | H 
23 692..| 27972 | 22.8 | +23 26 | 8.9] F8 082 | 121 | + 27.7+2.2| 3 | D 
17 721..| 27990 22.9 | +17 55| 9.1] KO -098 | 102 | + 38.0+0.5| 2 | H 
17 722. .| 28007 23.1 | +17 20! 7.6] F2 .050 | 107 | + 30:  var.! 4 | 10 
| 
21 644. ./ 28033 | 4 23.3 | +21 22| 7.5! F9 111 | 108 | + 42: var.| 4 | 11, H 
4 690. .| 28069 23.3} +501/7.2| Fo | .097} 85} + 31.1403} 3 |H 
16 598. .| 28068 23.5 | +16 44/82) Gi 099 | 99} + 40.442.7/ 4 | H 
Lp SS ee 24.6 | +14 09 /10.6 | K5 118 | 112) + 38.7+0.1) 2 | H 
11 614. .| 28237 25.0 | +11 39| 7.4 GO | 8 | 92 | + 42.2+1.1 | 2 | H 
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| | 
(1950) 
BD | “Rh poor m | Sp | 0 pe a | Pt. | Noes 
| R.A. Dec. | 
13° 685..| 28258 | 4%25™2 | +13°46'| 9.2) KO | 07115 | 93°| + 42.040.6| 2 | H 
19 727..| 28291 | 25.6| +19 38|8.4| G7 | .123| 114] + 36.4406] 2 |H 
18 640..| 28305 | 25.7) +19 04/ 3.8) GO | .118 | 109| + 38.1+0.6| 3*] H 
16 606...) 28344 | 26.0| +1710} 7.8) G2 | .105| 106} + 40.5+1.4|} 3 | H 
15 633..| 28363 | 26.1! +1603/6.7| F8 | .111 | 106! + 45:  var.| 4 | 12,H 
| | 
ae: ee ee | 4 26.4) +26 34) 9.0) G7 | .096| 117 | + 37.341.9| 3 | H 
17. 731..| 28394 | 26.5| +17 26/ 7.0) F8 | .094| 107 | + 33.2+2.4|] 2*| H 
17 732..| 28406 | 26.6) +1745) 7.0) F7 | .109 | 104| + 34.440.1| 2*]| H 
EE. Beret | 26.6] +17 47| 9.0, G7 | .116| 107 | + 44.8406] 2 | H 
i Oe eee | 26.7} +16 08 |10.5| KS | .097| 99] + 45.340.5|] 2 | H 
13 688..| 28424 | 4 26.7 | +13 48| 7.8] G9 138 | 99 | + 96.84+1.5| 6 
16 609. .| 28462 27.1 | +16 33 | 9.1 | KO | .109}| 102 | + 41.740.1| 2 | H 
15 636. .| 28485 27.3 | +15 32| 5.8 | A8n} .108 | 104|+ 27: var.| 5*]H 
19 731..| 28483 27.4 | +19 44] 7.2] FS5 101 | 113 | + 37.240.8| 2 | H 
15 638..| 28545 27.8 | +15 38 | 9.0] G8 098 | 104} + 36.5403} 2 | H 
19 733..| 28593 | 4 28.2 | +20 01 | 8:4| G5 .090 | 108 | + 40.041.3| 2 | H 
10 588. .| 28608 28.2 | +10 38 | 7.1} F7 120} 91 | + 36.9+1.8} 3 | H 
13 691. .| 28635 28.6 | +13 47|7.9| F8 093 | 102 | + 42.440.8| 2 | H 
15 645. .| 28677 29.0 | +15 4516.1} FOn} .110] 107 | + 39.041.9| 4*]H 
5 674..| 28736 29.4/ +518] 6.4| F5 113 | 84] + 40.741.5|] 4 |H 
15 646..| 28783 | 4 30.0 | +15 54| 9.1] G9 111 | 106 | + 43.440.5| 2 | H 
16 620. .| 28878 30.8 | +16 38} 9.4} KO | .105 | 111! + 43.441.3| 2 | H 
15 649. .| 28888 30.8 | +15 52} 8.5| G2 095 | 131 | + 56.140.6] 3 
12 608..| 28911 31.0 | +13 09| 6.7| F4 115 | 100} + 34.44+2.3| 3 | H 
15 650. .| 28977 31.6 | +15 43} 9.7| KO | .122 | 103] + 40.541.0| 2 | H 
15 651..| 28992 | 4 31.7 | +15 23] 8.0] GO | .093| 112] + 41.240.6| 2 |H 
| ae ROR 31.8 | +27 56] 9.0| FS 108 | 122 | + 32.3+1.3] 3 | D 
15 654. .| 29159 33.2 | +15 35} 9.4] KO | .104| 106] + 43.5+1.9] 2 | H 
23 715..| 29169 33.5 | +23 14| 6.0| F4 131 | 117 | + 41.742.0| 3*1H 
15 656. .| 29225 33.8 | +15 46] 6.7| F6 111 | 107 | + 33.24+0.6] 3 |H 
14 728..| 29310 | 4 34.7 | +15 03 | 7.7] G1 106 | 107 | + 39.741.9| 3 | H 
15 662. .| 29387 35.4 | +15 21 | 9.8| G7 080 | 94] + 43.540.9] 2 | D 
12 618. .| 29388 35.4] +12 25] 4.4] A5n| .099] 97] + 45: var.| 2*| H 
22 721..| 29419 35.9 | +23 04] 8.4] F9 147 | 108 | + 39.641.1} 2 | D 
13 702. .| 29461 36.1 | +14 00} 8.0] G3 089 | 100 | + 39.741.7| 2 | H 
15 666..| 29488 | 4 36.4| +1549] 4.7] A5n]| .089 | 103 | + 43.8+2.5| 2*|H 
7 681. .| 29499 36.4| + 7461 5.6| FO 089 | 89} + 42.041.1] 3*|H 
Te: 36.8 | +27 06] 9.2] AOp]..... ... + 6: var.| 3 | 13 
2. eee 37.1 | +23 13 | 9.0] G9 093 | 111 | + 40.04+2.0} 3 | H 
16 640. .| 29608 37.5 | +16 25.1} 9.5 | K2 095 | 108 | + 41.442.5| 3 |H 
23 723..! 29621 4 37.8 | +23 43 | 8.8! G5 095 | 126} + 32.3+1.9| 3 | H 
19 754..|.........) 38.5 | +20 10] 9.7] G8 083 | 127 | + 31.140.6}] 3 | H 
; aes 38.6 | +2907} 9.2] K2 | .084| 126) + 3.0+2.0} 3 
~ 1 697..| 29789 39.0| — 051] 8.4] FS | .089/ 68] + 35.2+1.9/ 3 | D 
a. 3 eee 39.8 | +2007! 9.6| Adp| .092/| 124] — 10: +4: | 3 | 
18 684. .| 29836 | 4 39.9 | +18 38/| 7.1] G3 142 | 128 | + 15.040.7] 3 
21 694. .| 30169 43.0 | +21 12| 9.1] G9 104 | 105 | + 26.541.3| 3 
3 664. .| 30286 43.7| + 313] 7.9] G4 057 | 61! + 19.641.5| 3 
1 819..| 30299 43.8/+115/8.5] F6 | .053| 80| + 24.040.7] 3 
8 759..} 30311 44.0} + 855] 7.2] GO | 0.112} 90] + 39.8+0.4] 2 | H 
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BD HD | | om, Sp. “ |} @ | (Ku /SEc) | PL. | Notes 
RAs 4 Dec. | 
17° 786. .| 30355 | 4»44™7 | +18°10’| 8.2 | G4 | 07116 | 119°} + 42.04+0.7| 2 | H 
24 689..| 30418 | 45.4] +24 40| 8.0] FS 035 | 147 | + 42.440.8| 2 
20 823...........| 45.8 | +21 02 | 9.0| KO 092 | 104 | + 42.4+1.6} 3 | D 
24 692. weeeee-| 46.1] +24 4419.11] K3 123 | 119| + 44: var.| 4 | 14,H 
18 736.. 30505 46.1 | +18 33 | 8.8) KO 072 | 142) + 42.640.8| 2 | D 
| 
3 679..| 30544 | 4 46.1] + 3 34 | 7.1| B9 .064| 66] + 33.2+2.3| 4 | 
15 686..| 30589 | 46.7 | +15 48| 7.9] GO | .086 | 109 | + 39.7422) 4 | H 
23 747..| 30572 | 46.8| +23 19| 8.6} G4 073 | 120 | + 32.840.8| 2 | P 
16 657..| 30676 | 47.5 | +17 07 | 7.2| F8 104 | 114 | + 41.640.8| 2*|H 
14 770..| 30712, | 47.8 | +15 00] 8.2} G5 .086 | 102 | + 43.740.2} 2 |H 
| | 
13 725..| 30726 | 4 47.9] +1409 | 8.9] G1 084} 94) + 31.040.7| 3 | D 
15 692..| 30738 | 48.0] +1608 | 7.3/ F8 .098 | 101 | + 41: var.| 5 | 15,H 
0 873.. .....| 48.3] +030] 9.2] F8 088 | 79 | +102.741.7] 3 
28 706..| 30754 | 48.4] +28 33/1 9.0! K5 124 | 115 | + 15.8+0.9] 3 
— 0 789..|.........] 49.1] — 0 10| 8.9] G8 055 | 46] + 30: var.| 4 | 16 
4 769../ 31003 | 449.8/+41518.5]| F8 085 | 107 | + 41.24+2.0] 4 | D 
22 7@..|.........| 50.6 | +22 5618.8] Fs 083 | 103 | + 45.2+1.9} 2 | D 
10 668..|.........| 51.1] +10 16] 8.9] G8 070 | 108 | — 29.3+1.8| 3 | 
17. 807..| 31181 | 51.2 | +17 33] 9.8] F7 072 | 115 | + 40: var.| 4 | 17,D 
16 664. .| 31153 | 51.2 | +16 57| 7.1] F8 080 | 93 | + 54: var.| 4 | 18 
ee ios Fi ¢5.2) — £15) 23) @ 123} 61] + 7.340.6| 3 
19 811..| 31236 52.0 | +19 24/| 6.2} FI 072 | 122 | + 41.24+0.8} 2 | H 
5 765..| 31354 52.7} + 5 33] 8.2] GO 112 | 72 | + 17.541.8] 4 | 
13 749. .| 31609 55.0 | +13 56] 8.5 | G5 093 | 113 | + 46.4+1.1] 2 | H 
30 752. .| 31706 56.1 | +30 59 | 8.0} F6 055 | 138 | + 14.2+2.4] 3 | 19 
il $818. 1S | — 7 F941 G7 098 | 67 | + 26.941.1] 3 | 
26 771..| 31781 56.6 | +26 10| 8.6] GO 071 | 145 | + 16.240.7| 3 | 
OQ 916..) 32023 | 57.8} + 057| 9.1] F8 072 | 76} +105.3+2.5} 3 | 
— 0 823..] 32114 | 58.2} — 0 34) 8.9} AO 087 | 64} + 2: +6: 3 | 20 
31 846..|.........] 58.7 | +31 34] 8.9 | GO 091 | 146 | + 74.941.8] 3 | 
13 783. .| 32347 | 5 00.3 | +13 39 | 9.3} KO 064 | 100] + 43.6+1.8| 2 | H 
27. 732..| 33204A 06.6 | +27 58} 6.0} A3 088 | 138 | + 41.34+0.9| 2*| P 
A ...| 33204B 06.6 | +27 58} 8.5] G7 092 |.....| + 46.4404] 2 | P 
20 897. .| 33400 07.8 | +20 31} 7.8] F5 051 | 106 | + 44.841.5] 3 | D 
6 865. .| 33662 09.4] + 6 4717.9] K5 044} 85 | 4 22.441.3| 3 | 
| 
19 876..} 34031 5 12.2 | +2000] 7.7] Gl 116 | 109 | + 22.24+1.4| 3 | 
i 7%. 4... 13.5 | +12 10| 8.9| F6 044 | 104. | — 23.84+0.7| 3 | 
“Ss 8 eee | 16.1 | +27 02 | 9.0] G4 .067 | 163 | + 10.2+1.2| 3 | 
23 902. .| 34772pr 17.9 | +23 59/ 8.9] F6 067 | 149 | + 18.54+1.5 te 
seeeesees.| S4772f0l | 17.9 | +23 59] 8.9] F6 |... 4..|.....] + 20.6410] 3 | 
| | ee 
28 783..| 34987 | 5 19.6 | +28 42 | 8.7] F7 ‘075 | 147 | + 37.4408] 2 | D 
24 846..| 244516 | 28.9| +24 57|9.2| F7 | #090} 146| + 41.64+).6) 2 | D 
20 978..}.........] 29.2 | +21 00/ 9.3 | FO .036 | 118 | + 37: War.| 4 | 21 
29 936..].....4¢...| 32.1} +29 14] 9.5 | G3 074 | 148 | + 46.1421) 3 | D 
23 981..| 37398A | 36.1) +23 19 8.6) F8 | 070) 141 | + mie | 4 /D 
phere a 37388B | 5 36.1| +23 16/9.0| F7 |.......|.....) + 44.6.....| 1 | D 
$26 399. .|.246128..| 37.7 | +26 58 | 9.0) Gl .087 | 160 | + 58.4+1.0| 3 | 
26 907..|........| 39.3 | +26 54 | 8.9] F8 | .097| 155 | + 57: var.| 3 | 22 
13 964..| 37982 | 40.2 | +13 07 | 8.9 | F5 .061 | 127 | + 49.6+0.1} 2 | D 
, 9 970..|.........| 46.3] +952} 9.0] KO | 0.050} 89| + 51.24+1.0| 3 /D 
4 | ¢ 
; 
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| | j 
| (1950) | | 
Se a ee | = | p r oo 
BD | HD | mM, | Sp. | “u | 0 (Ka /SEc) Ps. Nores 
R.A. Dec. | 
= | | —| —— 
17°1031..| 39117 | 5648™2 | +17°50’| 8.2 | F8 | 07077 | 137°} — 26.0+1.5 | 3 
24 1036. .| 249499 54.2 | +25 00} 9.3 | K4 | .063 |} 151} + 5:  var.| 4 | 23 
25 1089..' 40895 | 59.7 | +25 53/8.0|} F8 | .082 | 150; — 21.441.5| 3 | 
25 1105. .| 41221. | 6 01.6 | +25 11 | 8.6| F8 | 0.073 | 155 | —7.6+1.8 3 
NOTES TO TABLE 1 
* Other measures available. 
H. Member of cluster. 
P. Membership probable. 
D. Membership doubtful. ° 
1. +56, +59, +37, +70. 13. +14, —28, +32. 
2. Two spectra. 14. Two spectra. 
3. +143, +99, +38, —76, —99. 15. +65, +26, +38, +41, +38. 
4. +51, +60, +64. 16. —13, +42, +50, +42. 
5. —4, +9, +8. 17. +30, +28, +53, +48. 
6. +49, +46, +30, +51. 18. +46, +50, +58, +60. 
7. +51, +41, +30. 19. Two spectra. 
8. Two spectra. 20. Two spectra. 
9. Two spectra. 21. Two spectra. 
10. +43, +11, +28, +40. 22. +44, +60, +66. 
11. +51, +23, +58, +38. 23. 0, +21, +4, —3. 
12. +49, +37, +52, +40. 
TABLE 2 
LARGE VELOCITIES IN THE HYADES REGION 
‘age we | | | | 
Star | My Sp. p l| Star | m, | Sp. p 
BD+26°595.......| 9.1 | G8 | —198.4 || HD28424 | 7.8 | G9 | + 96.8 
HD23841. . | 7.0 G8 — 79.8 || BD+0°873..... | 92 | F8 +102.7 
TED 20082 = 3s. + ss | 8.3 F6 —113.0 HD32023..... me i ack: +105.3 
BD+31°769. . . | 8.8 F8 + 79.4° || BD-+31°S46......| 38.9 | GO + 74.9* 











* Possible common motion. For BD+31°769, w = 07104, @ = 133°; for BD+31°846, wu = 07091, @ = 146°. 
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THE STRUCTURE OF THE aMosPH ERE OF THE K-TYPE 
COMPONENT O+ ZETA AURIGAE* 


O. C. WILSON 
Mount ‘Wilson Observatory 
ReceiAd December 1, 1947 


ABSTRACT 


This investigation is based upon spectrograms of 10.4 A/mm dispersion obtained during the 1939 
1940 eclipse. 

Curves of growth were constructed for four atmospheric levels observed during ingress and for three 
during egress. Relative gf-values for /e1 lines were taken from the laboratory data of King and King. 
For other elements the relative gf’s were calculated from the measures of lines in the solar-flash spectrum 
made by H. H. Lane. 

Doppler widths, AXp, of the theoretical curves of growth which best fit the observations, range from 
0.08 A for a height above the limb of 0.8 X 10° km to 0.16 A for a height of 20.6 X 10° km, with cor- 
responding turbulent velocities of 6.5 and 13.0 km/sec, respectively. It appears, therefore, that the turbu- 
lence increases with height in the atmosphere. 

Excitation temperatures determined by comparison of the populations of the aSF and a®F states of 
Fei with that of the ground state, aSD, also increase with height. Mean values range from 3780° at h = 
0.8 X 10° km to 5660° at A = 13.5 X 10° km. 

Density gradients in the atmosphere are readily evaluated by means of the curves of growth. For all 
atomic and ionic states included in this investigation the gradients are steepest at the lowest levels and 
tend to become less steep with increasing height. Moreover, except for Ca1 in the lowest level, all the 
density gradients are nearly the same. If the densities are expressed as a function of height by means of 
the formula n = noe, the observations yield a mean value of a = 2.3 X 107! cm™!. The observed 
gradient is compared with those calculated on the assumption of hydrostatic equilibrium. The latter 
hypothesis leads to gradients of the order of twenty times larger than observed for H to one thousand 
times larger for Fe and elements of similar atomic weight. McCrea’s theory of turbulent support is also 
investigated. If the turbulent velocities obtained from the curves of growth are used in McCrea’s equa- 
tion, the resulting gradient is still about ten times too large. It cannot be decided at the present time 
whether this discrepancy is real or due to an accumulation of errors in the data. 

The ionization in the atmosphere of the K-type component is investigated, chiefly at heights of 
7 X 10° km and 14 X 10° km, for which the data appear most reliable. Thermodynamic equilibrium is 
first assumed; the combination of the Boltzmann and Saha equations for H, together with the standard 
ionization equation for Ca, then permit an evaluation of the temperature, 7. The latter is found to be 
nearly the same as that of the K-type star itself, and the electron density at height 7 X 106 km is 10° per 
cm!, on the assumption that hydrogen supplies effectively all the electrons. It is next assumed that the 
ionization of Ca is governed by the dilute radiation of the B-type star and Pannekoek’s equation is 
applied. It is shown that the observed ionization of Ca requires a higher electron density than appears 
to be available for H, and hence it is unlikely that the B-type star is responsible for the ionization of Ca 
and atoms of similar I.P. This conclusion leads to an investigation of the opacity of the atmosphere of 
the K-type star as a function of wave length. Menzel’s opacity formula is shown to provide ample 
opacity at X S 2000 A to screen most of the atmosphere from the ionizing radiation of the companion, 
while still insuring transparency in the regions ordinarily observed. On the basis of the same equation it 
is suggested that the eclipses may begin appreciably earlier in the ultraviolet than in the ordinary photo- 
graphic region. A tentative explanation of the rise of excitation temperature with height is based upon 
the metastability of the atomic states concerned and the variation of atmospheric opacity with height 
and wave length. 


INTRODUCTION 

The eclipsing system Zeta Aurigae consists of a giant K5 star and a.much smaller B8 
star, which revolve around their common center of gravity in a period of about 972 days. 
Outside of eclipse the spectrum is composite, dominated in the red by the K-type star 
and in the violet by the B-type. Earlier work’? has demonstrated that the intensities of 

* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 742. 

! Christie and Wilson, Mt. W. Contr., No. 519; Ap. J., 81, 426, 1935. 

* Guthnick, Schneller, and Hachenberg, Abh. preuss. Akad. Wiss., Phys.-math. KI., No. 1, 1935. 
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the two spectra are equal at about A 4300. As the B star approaches and leaves eclipse, 
numerous sharp absorption lines which are not present at other times appear in the blue 
and violet regions of the spectrum. These lines are produced in the light of the B-type 
companion by atoms in the extensive atmosphere of the K star. This circumstance offers 
the possibility of analyzing the atmosphere of the K star as a function of height above 
the photosphere. Such an analysis was made from spectrograms obtained at the last 
favorable eclipse in December and January, 1939-1940. 


OBSERVATIONS 


The topics treated in this section include (1) the spectrograms, (2) selection of lines for 
measurement, (3) measurement of equivalent widths of selected lines, (4) determination 
of relative gf-values; (5) formation of curves of growth; and (6) calculation of heights 
above the limb of the K-type star. 

1. The Spectrograms.—The spectrograms were obtained with the coudé spectrograph 
of the 100-inch telescope. The 32-inch-focus Schmidt camera was used, in the second 
order of the Wood grating, giving a dispersion of 10.4 A/mm. Eastman 103-0 plates 
were employed throughout. Each plate was calibrated photometrically by means of step 
slits on either side of the spectrograph slit, illuminated by an auxiliary lamp. Each star 
spectrum was thus flanked on either side by eight intensity strips, which provided cali- 
bration-curves at all wave lengths. 

Observations were begun on the night of December 16, 1939, and were carried on al- 
most continuously through succeeding nights until the evening of December 20. Thirty- 
seven exposures were made during ingress. There were two exposures on the majority of 
the plates, the exposure times being so chosen that the region from A 3200 to A 3900 
would have suitable density on the long exposure, the \ 4200 region on the short one. 
Similar observations were made during egress, although less favorable conditions per- 
mitted only twenty exposures to be obtained between the early evenings of January 26 
and January 31, 1940. 

The labor involved in making photometric measurements on every exposure would 
have been far too great to justify the returns. Hence fourteen of the exposures (Table 2), 
well distributed through the time interval of the observations, were selected on the basis 
of quality; and it is upon microphotometer tracings of these plates that the results of 
this paper rest. The tracings were made on the photoelectric microphotometer with a 
magnification of 100. 

2. Selection of lines for measurement.—In order to derive the maximum amount of in- 
formation about the atmosphere of the K-type star, it is evident that curves of growth 
must be plotted for each of the levels observed.’ For a line to be useful in building up a 
curve of growth, it should arise from an atomic state which is also the lower state for 
several other observed lines; in addition, the relative gf-values of all the lines originating 
in the common lower state must be known. A number of lines of Fe 1 which arise from the 
three states a°D, a5F, and a*F are observed in the lower levels of the atmosphere of the 
K-type star. For these lines the relative g/-values are known from the laboratory investi- 
gations of R. B. and A. S. King.‘ Hence these Fe 1 lines, about seventy of which are meas- 
urable in the lower levels of the atmosphere, form the backbone, as it were, of the curves 
of growth and, in addition, provide a measure of the excitation temperatures at the vari- 
ous levels, as will be seen later. 

Many more absorption lines than those of Fe I appear on the spectrograms, however. 
On a plate of December 18, for instance, the wave lengths of nearly four hundred lines 
between \ 3070 and \ 3970 were measured for identification, and it is highly desirable to 


3 To avoid confusion, the word “level” will be used only to refer to levels in the atmosphere. Atomic- 
energy levels will be referred to as “states.” 


4 Mt. W. Contr., No. 581; Ap. J., 87, 24, 1938. 
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utilize as many as possible of these lines to fill out the curves of growth. Actual laboratory 
measures of relative g /’s would be highly desirable; but, since these do not yet exist, Dr. 
Leo Goldberg suggested to the writer that measures of intensity in the solar-flash spec- 
trum would be almost equally good and that the work of H. H. Lane® would provide a 
suitable source of materia]. A few trials showed that Lane’s measures were, in fact, quite 
satisfactory for deriving g f-values. The following criteria were therefore adopted in the 
selection of lines (apart from those of Fe1) to be measured for intensity on the Zeta 
Aurigae spectrograms: The line must (1) be a member of a multiplet which provides other 
suitable lines; (2) be relatively unblended in the Zeta Aurigae spectra; and (3) appear in 
Lane’s list with no evidence of serious blending. The method by which Lane’s measures 
were used to derive relative g f’s will be given later. Besides the lines which were measured 
primarily as a means of obtaining the curves of growth, the equivalent widths of H 7, 
H 8, H 9, H 10, H 11, and H 12 of hydrogen, H and K of Cau, and 4227 of Ca1, were 
determined wherever possible. 

3. Measurement of equivalent widths of selected lines —The absorption lines observed 
in the spectrum of Zeta Aurigae just before and just after totality are necessarily com- 
posite. Except for the hydrogen lines, the spectrum of the B-type star is continuous and 
merely provides a background from which the atoms and ions of the K-type atmosphere 
may absorb selectively. Since, however, the normal spectrum of the K-type star contains 
absorption lines at these same wave lengths, the two spectra are superimposed, and their 
separation must be considered. 

A method for performing this separation, devised by the writer and applied to spectro- 
grams of the 1934 eclipse, is essentially the same scheme as that used by P. Wellmann.° 
The method requires knowledge of two things: (1) the equivalent width of the line in the 
normal K-type spectrum (found from spectrograms taken during totality), and (2) the 
ratio, a = Ic¢sx/Icx, of the two continuous spectra at the wave length in question. 

By its definition, a is related to the amplitude of the eclipse in magnitudes by the ex- 
pression 

Amplitude = 2.5 log (1+ a) , (1) 


which provides a means of calculating a if the amplitude is known at the desired wave 
length. The value of a may also be found by combining measures of equivalent widths 
of lines made during totality (Wx) with those made completely outside of eclipse (W sx) 
when no chromospheric absorptions are present. In this case the equation is 

am ae ‘. (2) 
Wer 


The most complete study of the amplitude of eclipse as a function of wave length is 
that by Guthnick, Schneller, and Hachenberg? in 1934. When the values of a found at 
the same eclipse by Christie and Wilson by application of equation (2) are transformed 
to amplitudes, as in Figure 4 of the paper of Guthnick, Schneller, and Hachenberg, the 
agreement is excellent for the range AX 4000-4300. The results of P. Wellmann, obtained 
in the same manner as those of Christie and Wilson, show less satisfactory agreement. 
Neither Wellmann nor Christie and Wilson could carry their determinations of a much 
farther to the violet than \ 4000 because the B-type spectrum becomes so overwhelming 
that the quantities W 2x rapidly approach values of the same order as the errors of meas- 
urement. It is to be noted, however, that the results of Guthnick, Schneller, and Hachen- 
berg show that at \ 3800 the value of a is already in excess of 5 and is apparently rising 
very rapidly toward shorter wave lengths. 


5’ Harvard Ann., 105, 69, 1937. 
6 Veriff. d. Sternw. Berlin-Babelsberg, Vol. 12, Part IV, 1939. 
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The equation employed for the 1934 eclipse to separate the chromospheric absorptions 
from those of the normal K spectrum was 


eee, a ee 3) 
a 


where Wg is the desired equivalent width produced by the chromosphere; W’gx is the 
measured equivalent width; and a and Wx have been defined above. This equation is 
especially applicable to spectrograms taken with small dispersion, which is insufficient to 
produce any measurable distinction between those portions of a line produced by the 
chromosphere and those due to the underlying K-type spectrum. In fact, such lack of 
distinction is a requirement for the proper use of the equation which must yield values 
of Wz = 0 above some particular level. On the spectrograms of the 1939-1940 eclipse 
the dispersion was sufficient, in most instances, to provide a fair separation of the two 
components of the lines. Before the chromospheric absorptions appeared, the spectrum 
(to the violet of 4 3900 where most of the work was done) had a slightly ‘‘wavy” or 
“lumpy” appearance. A chromospheric line first appeared as a very sharp narrow com- 
ponent near the bottom of one of the slight waves due to the filled-in lines of the normal 
K spectrum. Hence there was seldom any question as to what portion of a line was due to 
the chromosphere, but there was usually considerable uncertainty as to how the meas- 
ures should be carried out so as to render equation (3) applicable. In view of this situation 
as well as because of the lack of knowledge of a over the wave-length range used and the 
difficulty of obtaining accurate values of Wx in the very crowded violet region of the 
K-type spectrum, it was finally decided not to employ equation (3) except in certain cases 
noted below. Instead, the ‘‘wavy”’ continuous spectrum was sketched in by hand as ac- 
curately as possible, and all measures of chromospheric lines made from the bottoms of 
the residual K-type lines. If this procedure could be followed with complete accuracy, 
it would be easy to show that equation (3) should be replaced by 


: : | ae 
We=Wert rs Wer, 4) 
where 
a! = hs (S) 
+] 
rk 


r, being the depth of the line in the K-type spectrum. 

Since we have seen that a certainly exceeds 5 for the range in which most of the meas- 
uring was done and since 7; is probably at least as small as 0.5 for most of the lines con- 
sidered, this source should produce few errors in excess of 10 per cent in the measured 
equivalent widths of the chromospheric lines. Accordingly, the measurement of the lines 
was carried out as described above, and the correction term in equation (4) was neglected 
entirely. Unfortunately, the residual errors will be systematic in the sense that our values 
of the chromospheric absorptions will tend to be slightly too small. It is believed, how- 
ever, that the systematic error has been reduced to a size where it will have very little 
effect on the conclusions. 

The H and K lines of Ca 11, \ 4227 of Cat, and the hydrogen lines require special dis- 
cussion. At \ 3933 the spectrum of the B-type star is continuous and the K line of the 
K-type star is deep and wide; hence for all practical purposes the contribution of the 
K-type star to the combined spectrum may be taken as zero in the immediate vicinity of 
this wave length. Thus, as long as the chromospheric K line is weak compared to that in 
the normal K-type spectrum, its true equivalent width is given directly by the measures 
without the need of correction. At H and He the chromospheric lines lie inside the He 
line of the B star. The latter is used as the background for the measurement of the chro- 
mospheric absorptions, and again no correction is required because the strong H line of 
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the K-type star reduces its contribution effectively to zero. A similar argument applies to 
\ 4227, though here the filled-in line of the normal K-type spectrum makes more of a 
showing than at K. The bottom of the residual K-type line is, of course, used as the back- 
ground for the measurement of the chromospheric \ 4227. 

In the lowest observed levels, represented by plates 2199 and 2245, K and \ 4227 are 
strong, winged lines, and the chromospheric absorptions cannot be separated from those 
of the K-type star in the above simple manner. For these plates, therefore, equation (3) 
was used. The values of a were taken from the paper of Guthnick, Schneller, and Hachen- 
berg and reduced by the fractions of the disk of the B star occulted by that of the K star 
at the times that the two plates were taken. The equivalent widths of K and \ 4227 in 
the normal K-type spectrum were measured on a plate obtained just before the end of 
totality. 

As noted above, He is the most favorable of the Balmer lines because of the presence 
of the strong H absorption in the K-type star. The hydrogen lines H 8—H 12, inclusive, 
were, however, measured wherever possible in order to strengthen the data as well as to 
provide information at the lowest observed levels, where He could not be used. In taking 
the mean values of log N for hydrogen, He was given double weight. 

Measured equivalent widths are given in Tables 13 and 14 at the end of the paper. 

4. Determination of relative gf-values.—The values of gf were derived from Lane’s re- 
sults in the following manner: Let the upper and lower states for a given line be desig- 
nated by m and n, respectively. If the line is emitted by a mass of gas (in this case the 
solar chromosphere) and self-absorption can be neglected, the radiated energy in the line 


per unit time is’ 
E= AnnNunb , (6) 


where J, is the population of the upper state. However, /;,., is related to 1,» by the 
equation 


3 
mC &m A, m 
S an¥n wan, ; Brie = const. KX 2— =——— (7) 
Eliminating A,» between equations (6) and (7) gives 
£ 
; ONL ae A 
Rm J... ies N,, X const. ; (8) 
g m 
and, since 
, g m x AT 
\ ae N 0 Em 
£0 
. No ‘ KT 
E= Tin Rn py’ etm Xconst. (9) 
fo 


For a given element, No and go may be absorbed into the constant, which is the same for 
al! lines of that element. Thus the relative gf-values are given by the expression 


5040x 
tOxn_ 


(10) 


log fmn&m = log E+3 log \+ 





The value of T appearing in equation (10) is the excitation temperature of the solar 
chromosphere. According to L. Goldberg,* the appropriate value of this quantity is T = 
4200°, which was therefore used in the present calculations. The values of log E were 
taken directly from Lane’s tabulation. 


7 The notation is that of A. Unséld, Physik der Sternatmospharen (Berlin, 1938), chap. ix. 


8 Private communication. 
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In a curve of growth, the quantity plotted horizontally is log Nnfmn. Since multiplets 
often arise from a group of lower states having slightly different excitation potentials, 
it is necessary to correct for the Boltzmann distribution over these states. The correction 
term is thus of the form 

: 5040A 
A log N= — oe 


1 





where 7) is the excitation temperature in the chromosphere of Zeta Aurigae and Ax is 
the difference in excitation potential between the state in question and the lowest state 
of the multiplet. A preliminary determination of 7; gave also the value 4200°, which was 
used throughout the reduction. Although it was later found that 7; was a function of 
level in the chromosphere, it was not considered worth while to revise the ccrrections, as 
the only result would be a slight reduction in horizontal scatter of the points on the curves 
of growth. Accordingly, the final equation from which the relative values of log g f were 
calculated was 

log fmn&n = log E+3 log X+1.20x, — 1.20Ax . (11) 


5. Formation of curves of growth.—After the measurements and calculations described 
above had been completed, curves of growth were formed for each of the observed at- 
mospheric levels in the following manner. On sheets of tracing paper the values of log 
(W X [3700]/X) were plotted against those of log g/ for all lines arising from a common 
atomic or ionic state. In the lower levels of the atmosphere, Fe 1 provided the greatest 
number of lines and the three Fe I states were combined by making the horizontal shifts 
necessary to obtain the best over-all fit. Multiplets of other atoms and ions were then 
added in similar fashion. Up to this point no reference whatever had been made to theo- 
retical curves of growth. A series of theoretical curves for \ 3700 were now computed? for 
various values of AXp,'° and the observed curves were fitted to them to find the values 
of AXp for each level. After this had been done, the observed curves of growth were 
plotted once more by fitting the groups of lines from each atomic state to the appropriate 
theoretical curve determined by the first approximation. This procedure tended to de- 
crease the scatter of the observed points to some extent, but had no other effect upon the 
results. 

6. Calculation of heights above the limb of the K-type star —The determination of the 
height above the limb of the K-type star of the line of sight to the center of area of the 
B-type star depends primarily upon three quantities: (1) the relative transverse velocities 
of the two stars during eclipse; (2) the ratio of the radii, k; and (3) the inclination of the 
orbit plane to the line of sight. 

The relative transverse velocities of the stars at egress and at ingress may be calculated 
from the spectroscopic orbit of the K-type star, provided that the mass ratio of the sys- 
tem is known. The latter quantity, Mx/ Ms, is certainly in the neighborhood of 2.0. Pub- 
lished values of the mass ratio, however, range from 1.85 to 2.47. Accordingly, it appears 
rather doubtful that the mean value is accurate to better than perhaps 10 per cent. In 
any case it is convenient, however, that the relative transverse velocities at egress and at 
ingress do not differ by much more than 2 per cent. Hence, if a value for the diameter of 


® Equations 44.42 and 44.47 of Unséld’s book were used. Since these are derived on the assumption of 
exponential absorption rather than of scattering, they should be applicable here. Moreover, these 
equations are for the limiting case a = y/Awp = 0, which also should be a reasonable approximation, 
since for the low densities prevailing in the chromosphere of a supergiant, values of a in excess of 1073 
appear very unlikely. 

10 Assuming a Maxwellian velocity distribution, we express the Doppler width, AXp, by 


yes x (3(V2 + V2 + VE)". 
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the K star is decided upon and an inclination of 90° is assumed, heights may be com- 
puted with sufficient accuracy by a simple proportionality of time intervals. 

Although considerable work has now been done on Zeta Aurigae in order to establish 
accurate values of the constants of the system, rather large uncertainties remain. The 
situation is illustrated by Table 1, in which the various determinations of the quantities 
of importance for the present section are listed. Footnotes to the table indicate briefly the 
methods adopted by the several authors, but the original papers should be consulted for 
details. 

It is evident from the tabulated results that dogmatic statements about any of the 
listed quantities would not be safe at the present time. Probably, as Kopal notes in his 
paper, the amplitudes of the eclipse together with the assumption of black-body radia- 
tion and reasonable temperatures for the two stars give a much better determination 
of k than can be found from the duration of partial phase. Even this method is not with- 


TABLE 1 
SUMMARY OF DETERMINATIONS OF THE CONSTANTS OF THE SYSTEM 
OF ZETA AURIGAE 


| 





| 
Author | Eclipse | Observations | Mx«/Mep Rx koh | i 
Christie-Wilson* ; 1934 | Photographic | 1.85 | 19220 | 22.6* | 90° 
Guthnick, Schneller, and) | 
Hachenbergf... .. 1934 Photoelectric, 2.47 292 | @8.St | 80.5 
| photographic | | | 
Christiet. . . | 1939-1940; Photographic | s icela cate pee | 90t 
Roach§.... ...| 1939-1940} Photoelectric : ..| 3956 | @1.56 | 785 
Kopal|.. . Par | 1939-1940} Photoelectric [..........)......... 69) | 77.59 
Kopal| 1939-1940! Photoelectric |......... /  200** | 69) =| ~90** 


| 
| iy Siro cers 
* Mt. W. Contr., No. 519; Ap. J., 81, 426, 1935; k, from duration of partial phase; i, assumed. 
t Abh. preuss. Akad. Wiss., 1935; k~!, from amplitudes of eclipse, assumption of black-body radiation, 7” = 15,000°, Tx = 
3160. Wave-length range, \\ 4400-6000; 7, from duration of partial phase, with k = 73. 
t Mt.W. Contr., No. 635; Ap.J., 92, 392, 1940; k~!, from duration of partial phase; i, assumed. 
§ Ap.J., 93, 1, 1941; for Rx, k~', and i, bodily eclipse 7s = 15,000° is assumed. 
Ap.J., 103, 310, 1946; from amplitudes in range Ad 4450-6100, assuming black-body radiation, Tx = 3200, Tz = 15,000° 
© From duration of partial phase, bodily eclipse. 
** From analysis based on both atmospheric and bodily eclipse. 


out uncertainty, however, as Guthnick, Schneller, and Hachenberg found a rapid de- 
crease in apparent temperature of the K-type star to the violet of \ 4600, and Christie 
and Wilson obtained a similar abnormally low value of Tx in the AA 4000-4300 region. 

The most reliable determination of 7 is probably that of Kopal, who has developed a 
more penetrating method of analysis than any used heretofore. In any event, for the 
purpose of calculating heights above the limb, the writer feels justified in adopting the 
following rounded values of the essential items: 


Re=200©, &'=70.0, i=90°. 


If and when more accurate determinations are available, the calculated heights can be 
revised if necessary. 

In addition to the above data, the following figures are taken from Christie’s investi- 
gation: Epoch of minimum = JD 2429637.18; duration of eclipse = 39.50 days. It fol- 
lows that the heights in kilometers are given by the formula 


h=2X10°+ 7.14 K 10%At , (12) 


where At is the time interval in days between the observation and the first or fourth con- 
tact for ingress and egress observations, respectively. For those spectrograms for which 
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At is negative (partial obscuration of the disk of the B star by the limb of the K star) the 
height of the center of area of the visible portion of the disk was calculated. In Table 2 
are listed the plates used in the investigation, times of observation, and heights in kilo- 
meters computed by equation (12). Where more than one exposure on a given evening was 
used, the computations were made with the mean time of observation. 


RESULTS 
The topics treated in this section include: (1) evaluation of turbulence from curves of 
growth, (2) excitation temperatures from Fe I lines, (3) apparent gradients in the chromo- 


sphere of Zeta Aurigae, (4) comparison of observed and theoretical gradients, and (5) 
ionization and excitation in the chromosphere. 


TABLE 2 


SPECTROGRAMS, TIMES OF OBSERVATION, AND CALCULATED HEIGHTS 











| 
| Date 
rh | 1939-1940 oe At hX10-6 km 
oude | P.S.T. « | 
EC “Rereneniiesemnae (eeenenorm! Sa kercnen ee, Ts =~ 
oe | Dec. 16, 11:38 614.82 +2.61 20.6 
; | 
oa | Dec. 17, 11:36 615.82 +1.61 13.5 
a | 
2191) | | 
2192}..........| Dec. 18, 9:23 | 616.72 40.71 7.1 
2194) | F 
2199...........} Dec. 19, 9:53 | 617.74 —0.31 0.8 
2245...........| Jan. 27, 7:45 | 656.66 —0.27 0.9 
2248...........| Jan. 28, 6:50 | 657.62 +0.69 6.9 
peea).......+--] Jan. 29, 9:30 | 658.73 +1.80 14.8 
ee Jan. 30, 9:52 | 659.74 | 42.81 22.0 
2255...........| Jam. 31,10:15 | 660.76 | +3.83 29.4 
 .. are 





1. Evaluation of turbulence from curves of growth.—Curves of growth were constructed 
for the four levels observed at ingress and for the lower three levels at egress. Since on the 
plates of January 30 and 31 only a few of the stronger lines remained visible, curves could 
not be constructed for the corresponding levels. 

In Figure 1 are shown the final plots of log Vf against log (W X [3700]/) for the egress 
observations, together with the theoretical curves calculated for the values of AXp indi- 
cated on the figure. The results for ingress, not shown, are quite similar. 

The question immediately arises: With what degree of accuracy can the Doppler 
widths, AXp, be determined from such data? No hard-and-fast rule can be stated. The 
fitting of theoretical curves of growth to the observations is somewhat of an art and de- 
pends not only upon the quality of the measures but also to a considerable extent upon 
the judgment of the investigator. In an attempt to estimate the accuracy attained, the 
following experiment was performed. The observations for two selected atmospheric 
levels, one at egress and the other at ingress, were plotted on theoretical curves whose 
AXpn’s differed by 0.04 A from the values previously found. Every effort was made to 
force agreement between the observations and the theoretical curves, but in each case 
without success. The deviations were always large enough to show conclusively that the 
value of AXp was incorrect. Hence it seems safe to conclude that the Doppler widths 
found by the method used here are probably correct to about +0.02 A. 
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The values of Ap and the corresponding turbulent velocities, V7, are given in Table 3 
as a function of height above the limb. 

The first conclusion to be drawn from Table 3 is that the chromosphere of the K com- 
ponent of Zeta Aurigae is quite turbulent, since the observed values of AXp can scarcely 
be interpreted as the result of thermal motions. A value of AXp of 0.10 A corresponds, for 
instance, toa temperature of 2 X 10° degrees for atomic weight 50. Wellmann® came toa 
similar conclusion, although he derived a turbulent velocity of 22 km/sec for the lower 
levels of the atmosphere at the 1934 eclipse. There is no reason to suppose that the degree 
of turbulence is constant; in fact, the known variations in the height of Ca 1 would per- 
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Fic. 1.—Curves of growth for egress 


haps imply that it is not.'' Hence the difference between Wellmann’s result and the pres- 
ent one may be real. 

Table 3 shows unmistakably that the turbulence increases with height. Even if the 
estimate of the accuracy of AXp given above is somewhat optimistic, it is unlikely that an 
apparent increase in this quantity by a factor of 2 can be attributed to errors of observa- 
tion. The increase of turbulent velocity with height is probably analogous to that found 
in lesser degree in the solar chromosphere by D. H. Menzel.” 

Figure 2 shows the values of AXp plotted against height. For ingress the relationship 
may be considered linear, but the egress results show some deviation. Except for one of 
the egress points, however, the deviations from linearity hardly exceed the estimated al- 
lowable error in the determination of Ap. Thus it is not certain that the variation of 
turbulent velocity with height differed between ingress and egress, although the possibil- 
ity remains. 


11 A. Beer, M.N., 95, 24, 1934. 12 Pub. Lick Obs., Vol. 17, Part I, 1931. 
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The conclusion that considerable turbulence exists in the chromosphere is supported 
by the appearance of the chromospheric absorption lines. Figure 3 is a microphotometer 
tracing of the H and He lines at a height of 14 X 10° km, with the projected spectro- 
graph-slit width indicated for comparison. Both lines are evidently widened, although 
their sides are steep and there is no indication of wings due to radiation damping. More- 
over, the widths of the two lines are certainly very nearly the same in spite of the large 


TABLE 3 
DOPPLER WIDTH AS FUNCTION OF HEIGHT 
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Fic. 2.—Variation of Doppler width, AXp, with height above limb 


difference in atomic weight, a result which can hardly be explained on any basis other 
than macroscopic motions of the absorbing atoms. A study of the contours of the absorp- 
tion lines with higher dispersion than that used here should be of considerable interest. 

2. Excitation temperatures from Fe 1 lines.—A number of lines arising from the states 
a°D, a°F, and a3F were measured in the three lower levels observed at ingress and in the 
two lower levels observed at egress. The excitation potentials of these three states are 
0.000, 0.855, and 1.478 volts, respectively, providing an excellent means of deriving ex- 
citation temperatures, through the use of the Boltzmann equation in the form 


ts 5040 x 
“-* log N’ 
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where A log N is the horizontal shift required to bring the lines of a°F or a*F into agree- 
ment with those of a®D on the curve of growth. Table 4 gives the results. 

The values of A log N and T., for the lowest levels, both at ingress and at egress, are 
inaccurate because few of the points for Fe 1 extend down to the linear portion of the 
curve of growth. This fact presumably accounts for the large discrepancy exhibited by 
a°F at h = 0.9 X 10° km. Hence it may not be concluded that any real differences ex- 


te 
SLIT WIDTH 


H He 


Fic. 3.—Microphotometer tracing of H and He at height 14 K 106 km 


TABLE 4 


EXCITATION TEMPERATURES FROM Fe 1 AS FUNCTION OF HEIGHT 





| aol ajF 
HeicHt X10°-6 Ku EE . : : ee 
ales N | Ts Alog N | Ts 
0.8 Levinecaeal. 23908 3980 1.81 | 4100 3780 
0.9%... wef 1.35 3190 1.74 4270; | °! 
| | | 
6.9% | 1.00 | 4310 | 1.60 4650) | a4sp 
7.1 | 0.98 4390 | 1.63 4560/ | . 
13.5 | 0.77 5590 | 1.28 5800 5660 
* Egress. 


isted in 7.x. between ingress and egress. On the other hand, there can be little doubt that 
Tx is an increasing function of height in the chromosphere. It is to be noted also that the 
values of 7.x from the a®F lines are systematically higher throughout than are those from 
a°F. The writer regards this effect as probably real, although only about one-fourth as 
many lines were available from a*F as from a°F. The mean relationship between 7.x and 
height is shown in Figure 4, in which the differences between a®F and a°F have been ig- 
nored and the values from the former given double weight. 

3. Apparent gradients in the chromosphere of Zeta Aurigae.—The curves of growth pro- 
vide immediate information on the “apparent gradients” of metallic atoms and ions in 
the chromosphere. By ‘‘apparent gradient”’ is meant the rate of change with height of the 
quantity log V, where N is the total number of particles in a column 1 cm square along 
a given line of sight through the chromosphere. The symbol x will be used to indicate the 
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numbers of atoms per cubic centimeter; the relationship between N and m depends on 
the structure of the chromosphere. 

In the curves of growth the abscissae are the quantities log Nf, and all the lines of a 
multiplet are shifted horizontally by the same amount in order to obtain best fit with the 
theoretical curve. Hence the change in log NV between one chromospheric level and an 
adjacent one may be found simply by reading off the values of log Vf for any one line 
of the multiplet for the two levels. The difference in the readings is A log N for the atomic 
state concerned. Since the observations appear to be sufficiently accurate to measure the 
change of excitation temperature with height, it seems best to refer all values of log N, 
except those for hydrogen, to the ground state of the atom or ion concerned. Hence in all 
cases the values of log Nf have been increased by the amount 


where 7. is the excitation temperature of the level, determined from Fe 1. The weighted 
mean values of 7.x from Table 4 have been used for this purpose. For the heights 14.8 
and 20.6 X 10° km the values 5880 and 6600 were read from the straight line of Figure 4. 





7000° T T T T r 


o 
fo] 
fo) 
° 
| 


5000; 











EXCITATION TEMPERATURE FROM Fel 





-@ 4 
mane @ INGRESS 
° © EGRESS 
L l 1 l A 
aia 4 8 12 16 20 


HEIGHT IN KMx107¢ 


Fic. 4.—Variation of excitation temperature from Fe 1 with height above limb 


Table 5 contains the log V/’s corrected for excitation temperature. Inspection of the en- 
tries fails to show any unambiguous differences between egress and ingress. In view of 
this fact, egress and ingress were combined by taking means of adjacent columns in 
Table 5 to derive apparent gradients, except that the values for ionized elements appear- 
ing at height 14.8 X 10°km were not used, in order not to introduce any false differences 
between neutral and ionized elements. 

The resulting apparent gradients are given in Table 6. Comparison of the mean values 
of (A log N)/AH shows that the gradient is slightly steeper for neutral than for ionized 
atoms, which indicates a slow outward increase in ionization. This result is just the re- 
verse of that found by Wellmann.'* Perhaps more important is the clear indication that 
(A log N)/AH is not constant but is, in fact, a decreasing function of height. Wellmann'4 
noted a similar trend in the lower chromospheric levels, but it was not nearly so marked as 
is the variation shown by Table 6. 

Values of log NV for H, Ca 1, and Ca 11 are given as functions of height above the limb 
in Table 7. In the lowest chromospheric levels, where H, K, and \ 4227 are strong winged 


13Qp. cit., Table 12. 4 Thid., Fig. 16. 
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lines, the corresponding N’s were calculated by means of the equation 
a 4m2e2 
W), = 5 — Ny 


with Vk = 1.55 x 10° sec J 74227 = 1.48 x 108 east = 0.72, and fse27 = 1.20. All 


TABLE 5 
VALUES OF LOG Nf CORRECTED TO GROUND STATE BY BOLTZMANN FACTOR 


Heicut X 107 Ku 
“= 


Atomic STATE™ H E.P. j 
0.8 | 0.9F | 6.9f | YP | 13.5 14.5f 20.6 


0.000 14.39 14.22 12.80 13.13 |B ee es ee 


aD (3719.9)... | | 
0.855 | 14.50 iH 13.62 | 13.19| 12.19 
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Fel (3709.2).... 
oF (3815.8)... 
Nit a3D (3414.8).....| 0.025 13.59 a 
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| 5Aan 1 OS.56 1 46:95 1 BESO O08 ABET... he. coe ce 
‘a‘F (3361.2)... | 0.000] 15.41] 15.15 


11.93 1230 11.56 ere ee 
13.64 13.90 13.30 13.16 13.06 
13.25 13.66 12.84 12.76 12.37 
14.33 14.76 13.85 13.67 13.34 





77 1 +b*¥ (3318.0)... 0.112 13.98 14.28 
atF (3759.3)... 0.571 15.43 15.34 











Crit aD (3336.4)... 2.411 | 16.64 16.91 15.28 15.46 14.35 14. 36 13.90 
Seu a®D (3372.2).....| 0.000 | 13.52 13.82 1241 12.99 12.42 12.30 11.87 
Mn 11 aD (3442.0) 1.768 | 16.32 16.33 | 15.04 15.335 14.27 14.23 13.66 


* The wave lengths are those of the lines for which the tabulated values of log V/ were read from the curves of growth. 


t Egress 
TABLE 6 
MEAN APPARENT GRADIENTS, > wes , CM7!, AS FUNCTION OF HEIGHT 
MEAN HEIGHT X1076 Ku 
AToMIC STATE E.P . : a . : —== = 
3.92 10.25 17.05 
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other entries were read from curves of growth and, for hydrogen, the f’s calculated by 
Menzel and Pekeris!® were used to derive the N’s. In each instance the value of AXp ap- 
propriate to the level concerned was used. For the heights 22.0 and 29.4 XK 10®km, AXp’s 
of 0.18 and 0.20 A were obtained by extrapolation of the straight line of Figure 2. 

A discrepancy should be noted at this point. If the equivalent widths of H and K (ex- 
cluding plates 2199 and 2245) are taken from Table 14, it is found that the mean ratio is 
1.33. On the other hand, the observed equivalent widths, together with the Adp’s deter- 


'® Tbid., p. 56. 16 M.N., 96, 77, 1935. 
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mined from the metallic lines, definitely fix these Ca 11 lines on the transition part of the 
curve of growth, where K/H should be about 1.1. The probable explanation of this dis- 
crepancy appears to be that H has been measured systematically too small. This line lies 
within the He of the B-type star and is slightly blended with the chromospheric He. 
Even so, the systematic error in the measurement of H would have to be of the order of 
20 per cent, which seems rather large. In any case, in view of the discordant ratio, only 
the K line was utilized in deriving the log V’s of Table 7. 

The mean apparent gradients for H, Ca 1, and Ca rare given in Table 8 and are shown, 
together with those of the metals, in Figure 5, in which ingress and egress have been com- 
bined, and in which the unit of the ordinate scale corresponds to a ratio of 1:10 in NV. 





TABLE 7 
LOG N AS FUNCTION OF HEIGHT FOR H, Ca I, AND Ca I 
HEIGHT X 107-6 Ku 
AToM So Se j z= . Se = ee 
| 
0.8 | 0.9* | 6.9% Pa of eis | 14.8 | 20.6 | 22.0% | 29.4* 
atime —— sae cst ‘s —- | ee! sain o peace saniaiegietinenl —|- poole —— 
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TABLE 8 
ALOG N ‘ ‘ 
MEAN APPARENT GRADIENTS, ot CM~!, FOR H, Cat, Ca 1 
MEAN HeEiGHTX1076 Ku 
ATOM a ee = % 
3.92 | 10.60 | 17.8 25.4 
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* Mean height for this entry, 10.2 * 10®km. 





4. Comparison of observed and theoretical gradients.—Inspection of Tables 6 and 8 and 
of Figure 5 shows that the apparent gradients of most of the atoms and ions investigated 
are remarkably similar. The only exception is Ca 1, which has a steeper gradient than any 
of the other particles in the lower portion of the chromosphere. Ca 11 may share in this 
peculiarity, although not so markedly. Since the method of determining log N for Ca1 
and Ca 11 in the lowest level differed essentially from that used for the other ions and 
atoms, these apparent differences in behavior may be due, at least in part, to erroneous 
or inaccurate procedures followed in the reductions, although the writer believes them to 
be essentially correct. At future eclipses special attention should be directed toward ob- 
taining more exact and reliable gradients in the lowest portions of the chromosphere, 
where the greatest difficulties and uncertainties arise. 

In all the results plotted in Figure 5, the apparent gradients show a consistent tend- 
ency to become less steep with increasing height; but, except for Ca1 and Call, the 
changes in gradient are not rapid. For a first comparison with theory we may omit Ca, 
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neglect the other variations with height, and note from Tables 6 and 8 that the mean ap- 
parent gradients are of the order of 


A log N ; 
——8 “" = 1.0 X10-!2cm-", 
Ah xX cm 


If the chromosphere were in hydrostatic equilibrium at constant temperature, it 
would be characterized by a density-height relationship of the form 


nN = No Ee (m9 KT )h — noe—o : 
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I'IG. 5.—Mean apparent gradients in the chromosphere of Zeta Aurigae. The unit of the ordinate 
scale corresponds to a ratio of 1:10 in N, but the various curves are arbitrarily related to one another. 
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and the numbers of atoms in the ling of sight would be given by!” 


é 2nR\'/? 
N= (=) noe. 
a 


For this case the apparent gradient is (natural logarithms) 


Thus the assumption of hydrostatic equilibrium leads to the prediction of apparent 
gradients proportional to the atomic weights of the particles, whereas the observations 
yield practically identical gradients for all constituents, including hydrogen. This result, 
which in itself clearly rules out the possibility of hydrostatic equilibrium, is not new. It is, 
however, probably still of interest to make some numerical comparisons. 

if we adopt 20 © and 200 © as reasonable values for the mass and radius of the K 
star, respectively, the surface gravity is g = 13.7 cm/sec~*. Hence for hydrogen at a tem- 
perature of 3300°, a = 5.0 X 10-" cm~. By comparison, our adopted mean observed 
value of (A log V)/Ah = 1.0 X 10-” cm™ corresponds!® to a = 2.30 X 10-” cm’. 
Thus the hypothesis of hydrostatic equilibrium yields a gradient for hydrogen about 
twenty-two times greater than that observed. For elements of atomic weight 50 the dis- 
crepancy is fifty times greater. 

The approximate equality of apparent gradients for all atomic weights is strongly sug- 
gestive of turbulent support in the manner suggested by W. H. McCrea."® In fact, Well- 
mann® found excellent agreement between the turbulent velocities required to give the 
observed gradients and those derived from the mean curve of growth for the lower 
chromosphere. The present results do not indicate such close agreement between these 
two quantities. 

According to McCrea’s theory, for those atoms whose temperature kinetic velocities 
are less than the turbulent velocities (i.e., all except hydrogen in this instance), the quan- 
tity @ is given by 


i) 

ll 
=| th 

log 


my 


The observed turbulent velocity, V7, has been tabulated in Table 3 as a function of 
height. The corresponding a’s range from 1.6 X 10~" to 6.5 X 10-" cm™', compared to 
the observed values of about 1.5 X 10~-” to 4 X 10~” cm™ derived from the data of 
Table 6. In other words, the turbulent velocities derived from the curves of growth are 
inadequate to account fully for the support of the chromosphere of the K star; they lead 
to gradients about ten times greater than those observed. Even so, McCrea’s hypothesis 
yields results far closer to the observed facts than does that of hydrostatic equilibrium 
and must almost certainly have some validity. Particularly suggestive are the rise of 
turbulent velocity and the decrease of gradient with height. Inevitably in a comparison 
such as this, a number of errors and approximations have been insinuated into the re- 
sults; perhaps, if all could be eliminated, McCrea’s theory would be completely suc- 
cessful. If not, some additional factor of chromospheric support must be sought. 

In any case it must not be forgotten in making the above comparison that all the param- 
eters used to describe the physical state of the chromosphere are mean values of some 


17D. H. Menzel, Pub. Lick Obs., Vol. 17, eq. 20.30, 1931. 


18 This value of a agrees very closely with that found by F. E. Roach (A p. J., 93, 1, 1941) by an appli- 
cation of Menzel’s method to the observed light-curve of the 1939-1940 eclipse. Roach finds a = 2.40 X 
1072 cm™!. 


19 Y.N., 89, 718, 1929. 
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kind o>tained by measuring integrated effects along lines of sight perpendicular to the 
radius of the star. The derivation of the corrections from mean to true values does not 
appear to be a very simple or direct process, owing to the rather involved way in which 
the parameters are interrelated, nor does the effort to derive such corrections appear jus- 
tified unless the variations with height found in this paper are confirmed at future 
eclipses. Attention, however, is directed to the fact, that since the mean integrated values 
of turbulent velocity are found to increase with height, the true values are probably less 
than those given in Table 3. Hence the inadequacy of the hypothesis of turbulent sup- 
port must be even greater than that noted above. 

5. Ionization and excitation in the chromosphere.—The study of the ionization in the 
chromosphere of the K-type component of Zeta Aurigae is beset with numerous diff- 
culties. In the first place, the physical arrangement is not simple. The atoms in the chro- 
mosphere are subiected to the radiation from the cool K-type star, which is moderately 
dilute (W ~ 3), as well as to the much higher temperature and much more dilute radia- 
tion from the companion. The latter radiation may be additionally weakened by the 
opacity of the chromosphere itself, and any such opacity may well be a function of wave 
length. Moreover, the observations have yielded values of both neutral and ionized 
atoms only for calcium. It seems evident, then, that a direct frontal attack is not possible 
and that progress is to be expected only from a trial-and-error procedure. The results of 
this procedure must be tested as far as possible by comparison with observation, and the 
validity of the conclusions reached must be judged largely by their general consistency 
with the facts. 

In order to minimize the effects of observational error, al] calculations will be restricted 
to the two chromospheric levels at heights of 7 and 14 X 10°km, since it is for these that 
the determinations of Nea; and Nea y are most reliable. 

Although we are dealing with an assemblage which is probably far removed from a 
state of thermodynamic equilibrium, it is instructive to begin the discussion by making 
some calculations based on the assumption that thermodynamic equilibrium prevails. 
By combining the Boltzmann and Saha equations for hydrogen, the number of hydrogen 
atoms in the second state is related to the number of hydrogen ions by the formula 
NiMe _ _ 5040x2 +1.5logT+ 14.78, (13) 
No T 
where x: is the “ionization potential’ of the second state, 3.38 volts. Equation (13) im- 
plies either that thermodynamic equilibrium exists or that the deviations from it are the 
same for the second state of hydrogen and for the state of ionization. For calcium the 
ionization equation is 





log 


nn, 5040 e sa pers 
log —— = tent $5 hae TE 95.98, (14) 
No T 7 
If the apparent gradients in the chromosphere were constant, the numbers of atoms 
per cubic centimeter, 2, would be related to the numbers in the line of sight by the equa- 


tion!’ 
a \'2 
n= N (5-5) . 
27R 


We have seen that the chromosphere is characterized by nonconstant gradients, i.e., 
variable values of a. The variation is not extreme, and, since a enters only to the power 
>, it is reasonable to expect that the use of an appropriate mean value will give values of 
which are approximately correct. We adopt a = 2.3 X 10~” cm™' for this purpose, ex- 
cept that for the height 14 & 10®km, the value 1.15 X 10~" is used for hydrogen in order 
to make some allowance for the low gradients of this element observed at the higher lev- 
els. From the data of Table 7 we find the results in Table 9. 
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We now make the further assumption, which will be seen to be justified by the results, 
that practically all the electrons come from hydrogen, i.e., that v; = m,. in equation (13). 
Thea, eliminating , between equations 13 and 14 and inserting the values of log mo, 
log Nea 1, and log nea n for kh = 7 X 10° km, we find 


( 
tes a+ 3 log T= — 3.90, 


from which 7 = 3370. The corresponding electron density computed from equation (13) 
is log n. = 9.04. A similar computation for h = 14 X 10°km yields the results T = 3070° 
and log nm, = 8.30. The foregoing procedure would be correct under conditions of thermo- 
dynamic equilibrium. Under the actual conditions it would appear to have merely formal 
significance, and the close correspondence found between 7 and the effective tempera- 
ture of the K-type star would then be merely a coincidence. 

The next step is to make the more reasonable assumption that the ionization of cal- 
cium is governed by the radiation of the B-type star. A. Pannekoek*® has derived an 


TABLE 9 


VALUES OF LOG N AND LOG 7 FOR H, Ca 1, Ca I 


h=7X106 Ku h=14X108 Km 


log N2 =15.85, logm, =+3.06 log No =15.20, logm, =+2.11 
log Neca: =12.74, log mce1=—0.05 | log Nea: =11.93, log aca, = —0.86 
log Nean=15.90, log Meen=+3.11 | log Nean=14.86, log tcan=+2.07 


equation applicable to this situation, which, although only an approximation, is still the 
best available. His equation is 
nN; > moan (eek) oe a 
—n, =W-T,T'” ae e-x/kT, 2 81 (15) 
No h £0 


With the radius of the B star adopted above and the known orbital elements, the dilu- 
tion factor is W = 3 X 10~*. The temperature of the B star may be taken as T; = 
15,000°. When these values are inserted into equation (15), the ionization formula for 
calcium reads 
Nn; : 
log — n, = } log T + 12.60, (16) 
No 


( 


where 7 is the local electron temperature. 

Equation (16) may now be used to compute », for a series of values of 7, and corre- 
sponding values of m, may be calculated from equation (13) for hydrogen. The results 
are given in Table 10 for h = 7 X 10° km. 

From Table 10 it is clear that consistency between calcium and hydrogen can be ob- 
tained only for very high electron temperatures, of the same order as the assumed surface 
temperature of the B star. This result is physically improbable; 7 should undoubtedly be 
less than 7). Hence if the ionization of calcium is produced by the radiation of the B star, 
an electron density considerably higher than that obtainable from hydrogen is appar- 
ently required. Since hydrogen is presumably much more abundant than all the remain- 
ing atoms combined, the correct conclusion seems to be that the B star is not responsible 
for the ionization of calcium, and it is necessary to look for a source of opacity which will 


20 Handb. d. Ap., 3, Part I, 289, 1930. 
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reduce the ionizing radiation from the companion (A ~ 2000 A for Ca) throughout most 
of the chromosphere. 

The preceding calculations are strengthened by a consideration of the ionizatign of 
iron. On plate Ce 2194, corresponding to h = 7 X 10®km, more than four hundred lines 
were measured for purposes of identification. Among them were several strong lines of Fe 
11, although there were not enough to be useful in forming curves of growth. In any case, 
however, there is no doubt that at this height m; and n, are of the same order of magni- 
tude for iron. If we now use the standard ionization equation and insert the values for 
log n, and T found in similar fashion from Ca and H, namely, log n, = 9.04, T = 3370, 
we find log n,;/no = +0.18, n; = 1.5 n.. If, on the other hand, it is supposed that the 
B-type star is responsible for the ionization of iron and Pannekoek’s equation is employed 
with W = 3 X 10-*, T, = 15,000, T = 15,000, log nm, = 11.5 (the latter two values from 
Table 10 in order to have a solution consistent with both Ca and A), we find log n;/n, = 
2.30, n; = 200n,. With only one atom of iron in two hundred neutral it is difficult to see 
how the lines of Fe 1 could predominate as they do. 


TABLE 10 


COMPUTED VALUES OF LOG », FOR 
h=7X10®° KM 


7 | Ca H 
2,000°........ .f 11.09 | 7.15 
CC eee 8.70 
4.000........... 11.24 | 9.49 
een 11.29 9.99 
6,000. .......... 11.33 |} = 10.33 
8,000... ..| 11.39 | 10.78 
10,000.............. Ha | Ha 
Soe a | ee 
Oe. ..kicaucet St + fhe 


If opacity, 7, is effective in reducing the ionizing radiation, the right-hand side of equa- 
tion (14) should be multiplied by the factor e~’. For the electron densities derived above, 
n-e ~ 10° or 10°, electron scattering will not suffice, since the scattering coefficient per 
electron is 7 X 10-*. Thus for m, = 10°, r ~ 10° X 10" & 7 XK 10-% ~ 10? independ- 
ent of wave length.”! On the other hand, the source of opacity proposed by Menzel” to 
account for the light-curve of Zeta Aurigae is more promising. Menzel supposes that the 
opacity arises from the interaction of electrons with positive ions and derives an expres- 
sion*’ for r, which we may write with ample accuracy as 


Cok (xR\7 
T= —]} evhkTy? (17) 
a 


~ pT /2 
In equation (17), which gives 7, for the line of sight along which the central electron 
density is ,,C, = 2.67 X 10*4, k is the Boltzmann constant, T the local kinetic tempera- 
ture, and R the radius of the K star. The equation was derived on the assumption of an 
exponential density law, n; = n. = n. e~*", which is not strictly true according to the 
present results; hence we shall again adopt a = 2.3 X 10-” cm™ as a reasonable ap- 


21 This argument may be used against the high-electron densities in the second column of Table 10. 


If the latter were correct, there would be appreciable opacity due to electron scattering at kh = 7 X 108 
km and the eclipse should begin earlier than observed. 


% Harvard Circ., No. 417, 1935. 23 Tbid., eq. (8). 
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proximation. The choice of T is also uncertain. Menzel adopts for T the same value as 
the effective temperature of the K star, namely, T = 3200°. This appears reasonable, 
especially if most of the chromosphere is screened from the ultraviolet radiation of the 
B star. To illustrate the effect of varying 7, the coefficient of 22 in equation (17) is tabu- 
lated for several wave lengths and temperatures in Table 11. 

The optical depths of the chromosphere may now be computed by using the values of 
n- aS Calculated for hydrogen from Table 10, together with the coefficients of Table 11. 
We find the results given in Table 12 for h = 7 X 10° km. 

Table 12 is very instructive. First, if T lies in the range 3000°-4000°, especially if it is 
close to the lower limit, the opacity at \ 2000 A is ample to screen most of the chromo- 
sphere from the radiation of the B star, which is therefore eclipsed, while for \ > 3000 A 


TABLE 11 


COEFFICIENT OF 2? FROM EQUATION (17) 








| | | | 











PN | T =2000 T = 3000 T =4000 T = 5000 
i. os icon: | 3.3x10-™ | 1.4x10- | 4.1x107% | 1.1107 
eae | 7.1X107% | 1.8x107% | 3.6x10 | 3.0x10 
See | 4.2x1078 | 1.010 | 3.5x10 | 5.5x10-23 
$000......-...-...| 26x10" | 18x10" | 15x10 | 3.2x10™ 

| | | | 
TABLE 12 


ty FOR THE CHROMOSPHERE OF ZETA AURIGAE AT h=7X10° KM 





| 
| 











| 
N T =2000 T =3000 T =4000 T =5000 
2000A..... | 66X10? | 35 3.9 1 44 
SOP. vc ccscncnaget  deaelest 4.5107 3.510"? 2.9X10 
4000...... x0) */r/r 2.5xX1¢- 3.4X 10-3 5.3X10™3 
|) A ne 6 | * Ss2xCIe* | 


4.5X10-* | 1.41073 3.1X10" 
| 





there is no eclipse, in agreement with observation. Since the ionization of calcium would 
then be governed largely by the radiation of the primary, the calculations made in the 
first portion of this section should be essentially correct. Moreover, for T = 3000°, the 
opacity at A 3000 is about a hundred times greater than that at A 5000. Such a large dif- 
ference should be observable if photometric observations at future eclipses can be ex- 
tended sufficiently far to the violet; the eclipse should begin earlier for the shorter wave 
lengths. In fact, if such an effect could be measured with sufficient precision, not only 
would the underlying theory used here be confirmed, but important quantitative results 
bearing on the conditions in the chromosphere might be expected. 

There remains for consideration the excitation temperatures found from the a°F and 
a°F states of Fe1 (Table 4). These two states are metastable as, indeed, are all those 
(except the ground states) for which gradients have been derived in this investigation. 
It is therefore natural to inquire whether metastability can play a role in producing the 
apparent rise in excitation temperature with height in the chromosphere. According to 
Rosseland’s theorem” for a three-state atom subject to dilute radiation of temperature 
T, if the middle of the three states is metastable and lies close to the ground state, then 
its population can approach, but not exceed, that of the Boltzmann distribution for the 


4 Mt. W. Contr., No. 309; Ap. J., 63, 218, 1926. 
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VALUES OF LOG (W x 2100) 






























































Element, Ce 2191 
Transition, Ce 2185 2192 Ce 2252 
Wave Length 2188 2194 | Ce 2199 | Ce 2245 | Ce 2248 2253 
Fel 
aD - 2>p° 
3440.6 a. 223 -50 -78 
3441.3 is -69 ).89 
3443.9 ) i .84 
3465.9 a6 -20 oy 9 -0. -0.44 -92 
3475.5 As -83 -0. -0.38 -98 
3490.6 ce Pes 2 6 -0. -0.46 .09 
aoF - 269 
3521.3 We -0. -0.84 
3526.2 25 -0. -0.56 
3565.4 3. -10 -65 -0. -0.59 0.92 -1.26 
3570.1 eo st7 -50 -0. -0.47 -61 -1.26 
aoF - 25G0 
3587.0 ae -0. -0.52 99 
3589.1 : -0. -1.14 
3608.9 3. -66 -0. -0.61 . 84 
3618.4 3. -62 -0. -0.51 .06 
3631.5 3. 53 -0. -0.50 .63 -0.94 
3647.8 3. .60 -0. -0.54 .85 
aD - z>F° 
3649.5 0. -0. -1.07 
3679.9 ZL. 78 -0. -0.58 
3683.0 O. -0. -0.59 
3705.6 i 28 Py 5 § -93 
3707.8 aA 15 -0. -0.77 .28 
3719.9 Z. 1.02 -54 -0. -0.43 -57 -1.25 
3722.6  & -62 -76 -0. .98 
3733.3 1. -76 -00 -0. -0.66 10 
3737.1 2. 07 51 -0. -0.38 66 -0.98 
3748.3 25 58 -69 -0. -0.57 78 
aoF - yor? 
3687 .5 2. -99 -0. -0.60 15 
3709.2 2: -70 -93 -0. -0.57 -90 
3727 .6 2 -70 .83 -0. -0.63 -10 
3734.9 3. 
3743.3 2. -96 -0. -0.72 -04 
3749.5 3. 19 -61 .66 
3758.2 3. 15 -61 -0. -0.51 -70 
3763.8 3. 37 -69 -0. -0.49 -73 
3767.2 2. 4g .85 -0. -0.64 13 
3787.9 2. -16 -0. -0.63 37 
3795.0 2. -00 -0. -0.65 10 
a-F - y>p9 
3815.8 3. -14 a a! -0. -0.54 . 86 -1.47 
3827.8 3. .33 .85 -0. -0.55 .94 
3841.0 3. -60 -01 -0. -0.63 -07 
3888.5 o. 
3903.0 3. -66 99 -0. -0.61 14 
aor - y>D9 
3820.4 3. -93 -58 -0. -0.47 -59 -1.03 
3825.9 ¥, -09 .60 -0. -0.55 .69 -1.19 
3834.2 3. 28 “74 -0.5 -0.60 Ay oe -1.06 
3840.4 2. 48 .87 -0. -0.62 sOT 
3850.0 Zs 53 -06 -0. -0.88 -26 
3865.5 25 55 12 -0. -0.68 -30 
3872.5 2. 05 -0. -0.78 -48 
3878.0 Ys .66 05 -0. -0.69 68 
3887 .0 2. -48 15 -0. -0.64 05 
3898.0 1. -1. -1.10 
3917.2 2. -0. -1.02 
3940.9 is -1. -1.14 
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Element, Ce 2191 
Transition, Ce 2181 | Ce 2185 2192 Ce 2252 
Wave Length | Log ef 2183 2188 2194 | Ce 2199 |Ce 2245 |Ce 2248 2253 | Ce 2254 | Ce 2255 
Fel 
a°D - z22p0 | 
3824.4 oe -1.59 -0.87 -0.62 -0.56 rp ee 
3856.4 Le -1.38 -0.78 -0.46 -0.60 -0.99 
3859.9 2. -1.05 -0.54 -0.49 -0.48 -0.67 -1.28 
3878.6 ie -1.60 -0.87 -0.50 -0.56 -1.07 
3886.3 =p -1.53 -0.76 -0.55 -0.52 -0.75 
3895.7 1. -1.72 -0.98 -0.63 -0.63 -1.30 
3899.7 z; -1.72 -0.89 -0.60 -0.62 -1.12 
3906.5 se -0.60 -0.62 
3920.3 4. -0.95 | -0.65 -0.55 -1.18 
3922.9 1. -0.90 | -0.62 | -0.56| -1.16 
3927.9 re -0.94 -0.59 -0.59 -1.19 
3930.3 i. -0.90 -0.68 -0.56 -1.15 
aF - yr 
4045.8 3. -1.01 -0.70 -0.38 -0.44 -0.76 
4063.6 3. -1.14 -0.77 -0.52 -0.58 -0.93 
4071.8 3. -1.16 “| -0.55 -0.56 -0.96 
| 
NiI | | | 
aD - z>p0 | 
3414.8 6.90 -1.08 -0.74 -0.52 | -0.56 -1.00 
3458.5 6.55 -1.75 -0.95 -0.61 | -0.59 -1.35 
3515.1 6.82 -1.51 -0.96 -0.61 -0.66 -1.24 
aD - zp? 
3446.3 6.70 -1.85 -0.93 -0.56 | -0.70 =1.8 
3472.5 6.24 -1.29]/ -0.62 | -0.76 -1.55 
aD - z5p0 | | 
3493.0 6.64 -0.96 | -0.48 | -0.52 -1.25 
3524.5 6.95 | -1.38 -0.73 -0.47 | -0.52 -1.05 
MgI | 
35p0_ 33p | 
3829.4 9.79 | -0.91 | -0.66| -0.82] -0.50] -0.62] -1.00 
3832.3 10.13 -0.88 -0.62 -0.49 -0.50 -0.57 -0.85 -1.45 
3838.3 10.32 -0.64 -0.43 -0.42 -0.45 -0.42 -0.57 -0.83 | -0.71 
All 
3°p9_ 42s 
3944.0 
3961.5 
Cri 
a's - yp 
3578.7 7.02 -1.04 -0.59 -0.48 
3593.5 6.98 -0.87 -0.57 -0.54 
3605.3 6.82 -1.08 -0.63 -0.50 
Till 
bir - 2 4p0 
3318.0 7.66 -0.58 -0.54 -0.53 -0.51 -0.46 -0.83 
3322.9 7-91 -0.41 -0.41 -0.31 -0.34 -0.34 -0.40 
os 7.52 -0.66 -0.48 -0.47 -0.43 -0.48 -0.68 
3e00:5} 7.95 0.47 | -0.46 | -0.37 | -0.30] -0.38] -0.37 
3398 20} 7.84 -O-42 | -0.43 | -0.45 | -0.80] -0.39] -0.53 
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Element, Ce 2191 

Transition, Ce 2181 |Ce 2185 2192 Ce 2252 

Wave Length | Log gf 2183 2188 2194 | Ce 2199 | Ce 2245 | Ce 2248 2253 | Ce 2254 
Till 
nade 7.83 -0.55 -0.51 -0.41 -36 -0. -0.34 -0.38 
ad Se 7.47 -1.23 -0.72 -0.58 -49 -0. -0.54 -0.79 
3346 «73 4 <0 -0.64 -0.48 4 -0. -0.52 -0.6 
pass Seed 7.43 97 9 5 9 

vip - z4s0 
3332.1 -91 -0.89 -0.69 -0.58 -58 -0. -0.53 -0.75 

a°F - 2°G9 
3341.8 8.19 -0.39 -0.42 -0.36 .29 -0. -0.27 -0.36 

ap - ztg0 
ee 8.06 -0.40 -0.37 -0.33 -26 -0.26 -0.35 -0.31 
3372.7 i ee a ss % - 
3372-86 8.13 0.35 0.37 0.33 28 0.16 0.30 | 0.32 
3380.31 7.53 -0.56 -0.42 -0.32 -15 -0.21 -0.25 -0.38 
3383.8 8.07 -0.33 -0.35 -0.32 35 -0. -0.28 -0.29 
3387.8 7-73 -0.51 -0.46 -0.39 o2T -0. -0.31 -0.46 
3394.6 7.66 -0.56 -0.48 -0.42 «45 -0. -0.39 -0.52 
3407.2 6.69 -0.91 -0.77 -50 -0. -0.84 -1.20 
3409.8 6.59 -1.08 -0.76 -48 -0. -0.83 -1.36 

vir - z'tg0 
3444 3 7.30 -0.89 -0.66 -0.41 -0.39 -0.55 
3461.5 7.38 -0.80 -0.63 -0.43 -0.47 -0. -0.41 -0.60 
3477.2 7.37 -0.83 -0.57 -0.41 -0.42 -0.60 
3489.8 6.26 -1.43 -0.78 -0.69 -0. -1.27 -1.48 
3491.1 7.25 -1.01 -0.73 -0.48 | -0.35 -0. -0.45 -0.64 
3500.3 6.41 -1.25 -0.87 | -0.67 -0. -1.23 

b°G - y°G 
3504.88 . . y i a ss “4 
3504.92) | 9°49 1.16 0.91 0.70 0.59 0. 0.73 0.98 
3510.8 | 9.41 ms Io -0.83 -70 -0. -0.89 =126 

a°F - ztpo 
3561.6 -02 -1.64 -1.34 -66 -0. -1.30 -1.68 | 
3573-7 Bh -1.27 -0.80 +73 -0. -0.96 -1.39 | 
3596.1 «47 -1.33 -0.79 -0.59 .58 -0. -0.71 -0.83 

ap - z@s0 
3624.8 8.26 -0.71 -61 -0. -0.76 -0.99 
3641.3 8.41 -0.87 -65 -0. -0.83 

a°F - 22p? | 

| 

3685.2 | 31 -0.40 -0.40 -0.39 -42 -0. -0.36 -0.39 -0. 

a°F - z°FO | 
3759.3 | 8.09 -0.41 -0.42 -0.36 -39 -0. -0.28 -0.37 =-0. 
3761.3 8.08 -0.44 -0.43 -0.39 43 -0. -0.29 -0.36 -0. 

a2 - 22G0 | 
3900.5 8.48 | -1.25 -0.80 -0.56 -52 -0. -0.60 =2«2 
3913.5 8.44 | -1.26 -0.83 -0.56 -58 -0, -0.56 -1.08 -1. 
Cril 

atp - yp 
3336.4 -00 -1.29 -0.96 -0.68 -57 -0. -0.68 -0.88 
3339.8 -14 -0.84 -0.58 -0.50 -50 -0. -0.56 -0.70 
3342.6 -23 -0.75 -0.65 -0.54 -50 -0. -0.46 -0.65 
3347 .8 -05 -1.13 -0.79 -0.61 -50 -0. -0.67 -0.86 
3358.5 32 -0.70 -0.56 -0.50 42 <0. -0.41 -0.56 
3368. -63 -0.46 | -0.43 -0.43 41 -0.3 -0.40 -0.34 
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Element, }Ce 2191 
Transition, Ce 2181 | Ce 2185 2192 Ce 2252 
Wave Length | Log ef 2183 2188 2194 | Ce 2199 | Ce 2245 | Ce 2248 2253 | Ce 2254 | Ce 2255 
Cril 
ap - ztpO 
3382.7 10.10 -0.97 -0.73 -0.57 -0.53 -0.39 -0.54 -0.58 
3391.4 9.64 -1.51 -1.46 -1.11 -0.78 -0.73 -1.12 
3403.4 10.27 -0.58 =O. 57 -0.53 -0.51 -0.44 -0.41 -0.54 
3408.8 10.40 -0.51 -0.48 -0.49 -0.39 -0.40 -0.34 -0.49 
3421.2 10.27 -0.75 -0.68 -0.57 -0.55 -0.55 -0.60 -0.70 
3422.8 10.32 -0.55 -0.55 -0.46 -0.45 -0.43 -0.40 -0.44 
3433.3 10.30 -0.70 -0.61 -0.47 -0.37 -0.33 -0.49 -0.53 
ap ~ z6p0 
3495.4 9.06 -1.18 -0.83 -0.77 -1.40 -1.75 
3511.8 8.96 -1.34 =2.36 -0.94 -0.74 -1.22 -1.32 
Sc 
aD - z>p0 
3369.0 7-16 -0.96 -0.76 -0.49 -0.48 -0.76 
3372.2 7.28 -1.25 -0.72 -0.50 -0.46 -0.42 -0.53 -0.75 
aD - z>p9 
3558.5 6.87 -1.56 -0.84 -0.68 -0.72 -1.44 
ber sidli 6.78 “1.41 | -1.28 | -0.70] -0.60/ -0.51] -0.85| -1.28 
sere enh 7.21 -1.00] -0.66 | -0.54 | -0.53 | -0.50| -0.59] -0.73 
pede Bee 7.11 “1.31 | -0.78 | -0.64| -0.62| -0.56| -0.72] -0.95 
3580.9 7.31 -0.59 -0.39 | -0.35 -0.44 -0.73 
bn oded 6.58 -1.45 | -1.27] -0.80| -0.62 | -0.63} -1.00/ -1.35 
aD - z2F0 
; | 
pert 7.31 -0.95 -0.51] -0.45 | -0.46 | -0.46 | -0.68 
3630.48 7-18 -1.42 -0.57 | -0.55 | -0.53 | -0.56 | -0.84 | 
Erneae ty 7.10 -0.48 | -0.46] -0.49] -0.60] -0.71 
be nefeS 6.59 -0.70| -0.63] -0.58] -0.80 
3651.8 6.66 | -0.82 -0.63 -0.59 -0.84 
MnIL 
aD - 25p0 | 
3442.0 9.70 ~OsT -0.55 -0.45 -0.50 -0.47 -0.41 -0.51 
3460.3 9.55 -0.77 -0.57 -0.42 -0.47 -0.43 -0.44 -0.54 
3482.9 9.35 -1.05 -0.63 -0.51 -0.52 -0.44 -0.55 -0.66 
3488.7 9.28 -1.15 -0.70 -0.58 -0.57 -0.52 -0.65 -0.72 
3495.8 8.85 -1.40 ~5.39 -0.74 -0.74 -1.09 
3496.8 8.42 -1.61 -1.01 -0.66 -0.66 -1.16 -1.48 
3497.5 8.78 -1.37 -0.78 -0.36 -0.57 -0.95 -1.35 
Vil 
aP - 250 
3517.3 7-78 -1.42 -1.19 | -0.96 -0.77 -0.78 =Esia -1.34 
aF - y>p0 | 
3530.8 7.68 -1.38 -0.95 -0.73 -0.74 -1.06 
3545.2 7.85 -1.45 -0.99 -0.78 -0.76 -1.05 
3556.8 8.10 -1.20 -0.84 -0.69 -0.53 -0.47 -0.88 -1.10 
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temperature 7. If this same result may be presumed to apply to a complicated atom 
like ’e1, the fact that the measured excitation temperatures all exceed that of the K-type 
star leads us to attribute them to the influence of the B star. This point of view can ap- 
parently be supported qualitatively, although it does not appear feasible to make nu- 
merical comparisons. 

If we now suppose that the chromosphere possesses the opacity given by Menzel’s 
formula, it is, of course, completely opaque at all wave lengths when the line of sight is 
tangent to the limb. If observations could be made at this point, one would expect tc 
find an excitation temperature equal to that of the K star. As the line of sight passes at 
successively greater heights above the limb, the opacity decreases, the ‘‘clearing”’ taking 
place first in the red and gradually extending to greater frequencies. At first, the ioniza- 


TABLE 14 
EQUIVALENT WIDTHS OF H, K, \ 4227, AND H 7-H 12 














Element Ce 2181 Ce 2185 gg, Ce 2199 | Ce 2245 Ce2248 Ce 2252 | Ce 2254 Ce 2255 
Line Dec. 16 | Dec. 17 Dec. 19 | Jan. 27.) Jan. 28 | Jan. 29 Jan. 30 | Jan. 31 
Dec. 18 
3 UG: ee 0.48 0.52 0.67 eee Pee ety 0.77 0.67 0.59 0.57 
| ees ; .70 yf 94 ta 2.87t .92 87 81 .70 
Ce i€227.....:. ee a aK 2:67% 1.53§ He ihe pa tea Ju Sis ie alee 
“oT ay oe 45 45 a.” a Peet pita same .60 .59 54 .56 
ae 34 43 .46 0.35 0.55 .54 44 | a .38 
a .28 By .40 0.32 | 0.40 44 .39 <2F 34 
mA... .30 PEO AL air Sen esinie cs renin bento eaten 40 .40 . .38 
it are 24 . 28 .29 Sn eee 40 | .36 .28 | 0.37 
Wi2....: | O22 0.27 0.29 0.40 aves HO 0.30 Oe Tee 


*Wak = 9.86, Wk = 12.89, a = 3.36, corrected a = 1.41. 
t Wek = 6.47, Wx = 12.89, a = 3.36, corrected a = 1.78. 
tWaex = 3.87,Wk = 4.46, a = 1.17, corrected a = 0.49. 
§ Wek = 3.34,Wk = 4.46, a = 1.17, corrected a = 0.62. 


tion is unaffected, but transitions from the ground state and the low metastable states of 
/’e and similar atoms to the higher nonmetastable states become increasingly due to the 
dilute radiation of the companion. The exact effect of these processes on the low meta- 
stable states is difficult to determine; but probably there will be an enhancement of their 
populations which will be reflected in apparently higher excitation temperatures. In fact, 
the result that a’F yields consistently higher excitation temperatures than a®F may pos- 
sibly be due to the relatively greater metastability of a°F. To proceed from the latter to 
the ground state, a°D, an atom must make an intersystem transition, unless an ionization 
process is involved and the intersystem lines are, with some exceptions, not very strong. 

As the top of the chromosphere is approached, its transparency becomes complete at 
all wave lengths, and one would expect both ionization and the relative populations of 
atomic energy states to correspond to the dilute radiations of the B star. Unfortunately, 
by the time this situation is attained, there are no longer enough metallic atoms in the 
line of sight to permit the observations necessary to confirm it. Ina general way, however, 
the preceding considerations appear capable of accounting for the behavior of the excita- 
tion temperature over its observable range. 
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ABSTRACT 


This investigation deals with the curves of growth and the abundances of the elements in a group of 
F stars of a wide range of luminosity. Line intensities of about three hundred and fifty lines have been 
measured on McDonald coudé spectra (Table 2) in s UMa, p Pup, @UMa, a CMi, and a Per. A dis- 
cussion of central intensities shows that the spectrum of 7 UMa, a “metallic-line A star,” is not of binary 
composite origin. Hydrogen-line contours show only small dependence on luminosity in the F stars. 

The theory of the curve of growth is examined from the point of view of model atmospheres. It is 
found that the use of a Milne-Eddington model with constant » appreciably changes the curves of 
growth from the Schuster-Schwarzschild model. An estimate is made, from models of a dwarf F star and 
of the sun, as to the actual variation of 7 with optical depth. In a comparison of the F stars with the sun 
some of these effects of stratification are partially ‘eliminated. The deduced value of the damping con- 
stant in the sun and the F stars is much reduced by use of the M.E. model. Deviations from the theo- 
retical curves of growth remain in the best-observed solar curve. 

The semiempirical solar-line strengths of K. O. Wright are used to analyze the atmosphéres of the five 
F stars. Similar empirical line strengths are derived from 7+ UMa. Curves of growth are given in Fig- 
ures 1-10; the damping constants are low, and turbulence increases in the giant stars. From these curves 
the apparent abundances of the elements are derived for each star (Table 7). The temperature and pres- 
sure at a representative point in the atmospheres are determined by a simultaneous solution giving the 
correct level of ionization and opacity for some standard elements. This also yields the total pressure and 
surface gravity. After correction for level of ionization, the abundances relative to the sun of about 
twenty elements are given in Table 12. No well-established abundance changes by a factor of 2 exist 
(except in the peculiar star, s UMa). In the mean the stellar and solar abundances are identical. A slight 
tendency exists in the supergiants for greater abundances of the heavier elements as compared to the 
dwarfs. An analysis of the hydrogen lines predicts the observed null-effect and suggests that the hydro- 
gen/metal ratio is the same in the F stars as in the sun. 


The present investigation is concerned with the effects of absolute magnitude on 
stellar spectra and with possible variations of the abundances of the elements from star 
to star. Even with the highest dispersion now available, the instrumental and physical 
blending of spectral lines is serious for all stars of types G and later. From a survey of 
available McDonald coudé spectra, it was found that stars of type F5 were most suit- 
able for this investigation. One particular object of interest is the so-called “‘metallic-line 
A star,” + Ursae Majoris; since, in fact, 7 UMa isa peculiar F star, a group of stars near 
F5 was chosen. The stars selected for analysis are standard stars in the Yerkes Aélas of 
Stellar Spectra.! The measures of a CMiand a Per were made in the Photometric Allas of 
Stellar Spectra® and will be discussed in more detail by Greenstein and Hiltner® in Paper 
II of this series. 

The McDonald coudé plates have a dispersion of 2.8 A/mm at Hy; the slit width 
ranges from 0.03 to 0.05 mm; and the resolution is near 30,000. Eastman 103a-O emul- 
sion is used throughout. The spectral types and approximate luminosities are listed in 
Table 1, together with m, the number of measured tracings. Actually, @ UMa was meas- 
ured on two completely independent microphotometer tracings of the same plate, re- 
duced separately in a study of the accidental errors. Most lines were measured on three 


* Contributions from the McDonald Observatory, University of Texas, No. 145. 

1 Morgan, Keenan, and Kellman (Chicago: University of Chicago Press, 1943). 

2 Hiltner and Williams (Ann Arbor, 1946). 3 Ap. J., in press; to be Paper II of this series. 
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plates in s UMa; several different plates were used to obtain the intensity tracings in 
the Photometric Atlas? of a CMi and a Per, although few lines are measured on more 
than one plate. 

The plates cover only the region AX 4000-4800 A. The calibration, described else- 
where,’ consists of a wedge-slit spectrogram taken with the coudé spectrograph and 
developed together with the stellar spectra under standard conditions. The final contrast, 
as measured on the microphotometer tracings, varies less than 10 per cent from night to 
night. The variation of contrast with wave length is very slow. A tube-photometer ex- 
posure is usually taken as a check on the wedge spectrogram; no systematic difference 
is found. The tracings obtained with the Yerkes microphotometer (which is of the con- 
ventional transmission type), have a dispersion of 35 mm/A. Line depths were meas- 
ured every millimeter on the tracing, converted into absorptions, and numerically inte- 
grated to obtain the equivalent width. Overlap between successive tracings of a plate 
provided a check on the systematic agreement of individual runs. The extensive meas- 
ures and reductions, involving about fifty thousand settings, were made with the kind 
assistance of Miss Gertrude Peterson, Mrs. Wrubel, and Mrs. Greenstein. About three 
hundred and fifty lines were chosen for measurement. Identifications are based mainly 


TABLE 1 


STARS MEASURED SPECTROPHOTOMETRICALLY 











Star | Abs. Mag. Type | n Line Quality 
r UMa. +3: F6+A3 4 Broadened 
yn eee —5 PS) |) 4 Very broad 
oy ee —3 6. | 2 Broadened 
6 UMa. ee ee) ees F6. Ht | 2 Sharp 
OOM. acscscesc| 2.5 F5 IV |] 1 Sharp 


on Swensson’s study‘ of a CMi but take account of the strengthening of the ionized ele- 
ments in high-luminosity objects. For use, a line should be substantially unblended in 
the sun, in a CMi, and in the supergiants. Unfortunately, the increased strength of the 
lines and the turbulent broadening in a Per, r UMa, and p Pup makes blending serious; 
many useful lines had to be omitted in a Per. The lines selected had, in general,solar 
values of the line-absorption coefficient, log X;, available in an unpublished list by Dr. 
K. O. Wright, of the Dominion Astrophysical Observatory, who very kindly supplied 
his data prior to publication. A group of rare-earth and other important lines was 
added, many of which were weak, blended, or absent in the sun. For some lines new 
values of the solar log X; were determined; unfortunately, some could be derived only 
from the Rowland estimated intensities. 

Table 2 gives the spectrophotometric measures of —logio W/X. The wave lengths used 
are the laboratory values. A symbol # (or a single dot in the figures) indicates that the 
measurements are affected by blending on the tracings; the symbol P (or a double dot 
in the figures) indicates serious blending and very low weight. The excitation potentials, 
E.P., in electron-volts, are given for the lower level producing the line. The value of log 
no(7) is given for each line in tr UMa; analogous to the solar log Xo, it is the ratio at the 
center of the line of so, the line-absorption coefficient to the continuous-absorption coefh- 
cient, x». The yo(r) is read from the theoretical curve of growth of 7 UMa, using the 
measured intensity in that star. While the measured intensities are inferior in accuracy 
to the solar values and while s UMa is a peculiar star, these no(r)’s have considerable 
usefulness. In analysis of A and F stars many lines of ionized elements, especially rare 


“Ap. J., 103, 207, 1946. 














TABLE 2 


MEASURED LINE INTENSITIES IN F STARS 














ny | Element 7 UMa 
4017.16......| Fer 4.44p 
20:90)... | ‘Oma 4.75 
28.94:....., Fer 4. 86p 
1 a ie 0 4.41p 
8 | Mni 4.21p 
34.49......| Mnt 4.31 
35.73......| Mnr | 4.23p 
7e:......1 Fae pee 
Ge....5.4 Bes 4.29 
41.36......] Mnt 4.35 
A eee Fei 4.35 
45.82......| Fer | 3.83p 
S0.32...:..| Ret | ase 
49. 33.. Fel 4.76 
50.32 | Zri 5.52 
SS ao ae Muni 4.48P 
57.50......| Mgt | 4.30p 
59.39......) Mnr | 5.05 
SOT Se eccst el | 4.65p 
62.82......| Prat | 4.66P 
63:O:.....1 Fea | 4.18p 
65.07....... Vi | 4.85 
65:39. 2.5531 Fe 4.88 
67.98......| Fe1 4.38 
| en ae 4.46p 
TATE oo an 4.11 
oa Se eS 4.55 
73.48 Cell 4.70P 
Lp 3 eee Srl 3.88 
79.85 Fel 4.58 
82.94... Mni | 4.61p 
83.23.. Cell 4.72p 
84. 50 Fel | 4.43 
a lau | 4.61p 
1%: ... Fel | 4.95 
4109.07......| Fer | 4.80 
10.53 Cor | 4.62 
11.78 Vi | 4.79 
12.35 Fel | 5.00p 
14.45 Fel | 4.59 
ee Vi | 4.90P 
18.14 Cell | 4.87P 
1877. Cor | 4.39P 
20.83... Cen | 4.97 
21.32 Cot | 4.48 
23.23. Lau | 4.51p 
26.19.. Fel 4.57p 
26; 52... Cri | 4.91p 
28.05......| Sim | 4.38p 
ya: Feu | 4.50p 





* When log no(r) is negative it is given in the form log no(r) + 10. 
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—log W/d 
| } | 
pPup | @UMa | a CMi a Per ae E.P. | Notes 
© fit ON | cz no(r) 
eae Lh ee A See 1.52 | 3.04 | 
[ERS LOTG | 4.79 4.84p | 0.60} 0.43 | 
|. Oe fi: cua. 0.38 | 3.27 | 
| 4.50 4.14 1.65 | 1.88 
Taha 4.24 | 4.01P | 2.80] o | 
} | 
Poel a: | 4.38 | 4.08 | 2.20] o | 
| 4.29 | 4.06 | 2.67] 2.13] 1 
ees 4.61 4.43p | 0.75 | 1.47 
4.49 4.35P | 2.30| 3.27 
a | 4.37 4.22P | 1.95} 2.11 
|. eee 4.34p | 1.95 | 2.82 | 
| (ab SO 3.97. | 3.88 3.72P | aes 1.48 | 1 
| | 5.65P | 5.00P | 5.01P | 9.70} 2.27 | 
| alle | ARIE Langan | 0.58} 2.58 
Bs a. 5.35 a eae | 9.48 | 0.71 | 
| | 
ee 4.50 | 4.56) | 1.37] 2.13 
| 4.19p | 4.28 4.15 4.19 | 2.25| 4.33] 1 
| 5.31P | 5.19P | 5.16p |....... | 0.08 | 3.06 | 
4.73p | 4.87 | 4.87 | 0.85 | 3.53 
| 4.91p | 5.28 | 5.50P |......... | 0.82 | 0.42} 1,2 
| 
| 4.06p | 4.20p | 3.97 | 3.95P | 2.95| 1.55) 
| 4.93 eet 3 age | 0.40} 3.78 2 
| 4.84P 4.93p | 4.57p eset ses-ap) CRE -Cnoaee 
4.30 4.55 | 4.42 4.25 | 1.80] 3.20 
4.48) | 4.69 | 4.50 4.37p | 1.44] 3.23 | 
| 4.08 | 4.16 | 4.10 | 3.99 | 3.28] 1.60 
| 4.62 4.80 | 4.56 4.40 | 1.13] 3.42 
4.80P | 5.38P | 5.35P |....... | 0.72] 0 
| 3.85p | 4.15 | 4.02 3.75P | 4.00} 0 1 
| 4.53p | 4.72 | 4.56 |......... 1.03 | 2.85 
2a.) ak” eee 0.95 | 2.17 
( ae! Se 2 eee | 0.67 | 1.30 
4.43P | 4.61 | 4.43 4.4Ip | 1.56] 3.32 
| 4.56P | 4.91 | 4.77 gunn f Oe @ 
| 4.84 | 4.95 | 4.94 4.73P | 0.23 | 2.82| 3 
| 4.70p | 4.86 am Teo 0.50 | 3.28) 3 
4.80 | 4.82p | 4.92 4.82P | 0.92} 1.04) 3 
4.86p | 4.87 | 4.86 4.86p | 0.52| 0.30 3 
Seceeee| 4.969 | 4.96 4.82P | 0.15} 3.38} 3 
4.54p | 4.70 4.61 4.50 1.00} 2.82 3 
4.87P | 5.00P | 4.95P | 4.81P | 0.32) 0.28 3 
ro. A eS Bee | 0.37 | 0.22 
4.33P | 4.49P | 4.43P |......... | 1.75] 1.04| 1 
5.11Ip | 5.47p | 5.61P | 4.84P | 0.20} 0.92 
4.43 4.62 4.44 4.37P | 1.37 | 0.92 
4.50P | 4.89 | 4.75P | 4.38P | 1.27] 0.32 
4.43P | 4.70 a7 eae | 1.06) 3.32 
“ae el ea | 0.30} 2.53 
4.35P | 4.64P | 4.467 | 4.15P | 1.80| 9.79 2,4 
4.44) | 4.82 4.64 4.24P | 1.30) 2.57 
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Element 


Fei 


Vu 
Vi 
Feu 
Zrii 
Vi 


Fet 
Ce ll 
Fel 
Felt 
Niu 


Fet 
Fert 
Fet 
Fel 
Vu 


Eu 
Mn 
Fet 
Cri 
Zru 


Feit 
Fet 
Gd 1 
Sril 
Fel 


Felt 
Fet 
Pru 
Cal 
Fel 


7 UMa 


.38P 
.14p 
.45p 


79p 
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Element 7 UMa p Pup @UMa 
Fei 5.35p 5.28P 5. SIP 
Vu 4.83P | 4.84p | 5.15p 
Feu | 4.19P | 4.12P | 4.41 
Fel 4.3lp | 4.25P 4.47 
Fei 4.17 | 4.12 4.28 
Fel 4.56p 4.46p 4.63 
Lau 4.54P 4.74P 5.02P 
Fel 4.81p 4.59 4.67 
Mnit 5.33 3.42 5.45 
Niu | 4.69 5.02 5.48 
Fer | 4.41 4.35 4.47 
Fel 4.48 4.49 4.66 
Seu 4.31p 4.20 4.40 
Fel | 4.32 4.29 4.42 
Fel | 4.54 4.5ip 4. 64p 
Cell 4.72 4.92p 4.93P 
Fel 4.29 4.23 4.41 
Fel 4.25 | 4.16 4.33 
Gd 4. 68p 4.83 Sago 
Cri 4.4Ip | 4.51 4.82 
Cri 4.20 4.18 4.38 
Fel 5.02p 4.95P 4.85P 
Fei 4.19 | 4.09P 4.29P 
Crir | 4.32p 4.33 4.59p 
Lau | 4.89p 5.03P 5.32 
Fel 4.83p 4.72p 4.80 
Fei 5.10 4.95p 5.04 
Fel 4.87 | 4.73 4.96 
Fel 4.58 | 4.46 4.58 
Fel 4.30 | 4.23 4.38 
Fel 4.18 4.08 4.19 
Crt | 4.24 | 4:18 | 4.35 
Fel | 4.84 | 4.77P | 5.01 
Fei | 4.29 | 4.21 | 4.48 
Car |; 4.70 | 4.32 | 4.49 
Mn 5.33p 5.52 | §.90p 
Cru 4.44 4.44P | 4.73 
Fei 4.56 4.45p 4.58 
Tit 5.00P 4.75P 4.64P 
Lau 4.54 4.62 4.62 
Tet 5.24 9.00 4.99 
Tit S00 [oases 4.74P 
Tit | ot Ee ee 4.52P 
Fel 4.75 4.61 | 4.77p 
Sem | 4.95 | 4.65 | 4.69 
Feu | 4.21 | 4.18 | 4.46p 
Tit 4.90 | 4.73P | 4.58P 
Tin | 4.19 | 4.05p | 4.30p 
Fel 4.92p Site 4.62P 
Til 4.24p 4.17P 4.43P 
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TABLE 














| Element 
| 


| 














| x UMa 
Car | 4.53p 
Feu 4.30p 
Nadu 4.61p 
Tiu | 4.31 
Gdu | «5.11 
Ti 4.65 
Zru yy 
Cal 4.69 
Lat 4.96 
Sem 4.48p 
Fel 4.09p 
Ti 4.69P 
Zru 5.09p 
Lau 4.46 
Fel 4.5l1p 
Fet 4.41 
Seu 4.77 
Car | 5.10 
Ndi | 4.80p 
Niu | 4.58 
Fei | 4.51P 
Cri 4.60 
Secu 4.62P 
Yu 4.23 
Fet 4.33 
Vi 4.79 
Cell 4.81 
Fel 4.13 
Feu 4.23P 
Fet | 4.62 
Fet | 4.48 
Fer | 5.07 
Vi | 4.80p 
Mgu | 4.86P 
Fet eB i 
Tiu | 4.47 
Tin | 4.14 
Tin | 4.54 
Yu 4.47 
Tit 4.30 
Seu 4.68p 
Fet 4.18 
Vi 4.97 
Pru 4.85P 
Nii 4.60p 
Ti 4.70p 
Fet 4.16 
Se 11 4.82P 
Feu 4.29 
Tiu 4.30 











45P 























2—Continued 
| | 
woe log a 
6UMa a CMi aPer | | E.P Notes 
| | mo(r) | 
4.37P | 4.37p | | 1.20} 1.89] 1 
4.52P | 4.43p | 2.25] 2.69 
S.cer | O23 fi... c...4 | 0.95] 0 
4.36 4.29 4.06 | 2.20} 1.18 
5.43 5.79P | 4.91P | 9.99 | 0.66 | 1,2 
4.73 4.65 4.16p | 0.85 | 2.04 
5.02 OR Sept ae | 9.84] 0.71 
4.50 4.41 4.14 | 0.75 | 1.89 
5.43 5.79 4.60P | 0.22| 0.17 
4.37 4.33 4.12p | 1.37] 0.59] 3 
4.16 4.12 4.13p | 3.36! 1.60! 3 
. 2k”. ee 0.75 | 2.04] 3 
Se | 5.46? |...:..... | 0.02} 2.40] 3 
4.81 5.06p | 4.64p | 1.44] 0.17] 3 
4.48 4.57 4.48P | 1.27] 1.55 | 3 
4.45 4.50 4.43 1.65 | 2.21 
4.67p | 4.66 4.53p | 0.56} 0.60/ 3 
4.70 4.56 4.75P | 0.00} 2.70] 3 
5.22 Lg eae 0.50} 0.32 
5.05 | 4.85 4.55P | 1.03} 4.01 
4.83p | 4.56p |......... ,a7 1 2.97 
4.62p BE Coc ies as | 0.97 | 1.00 
4490 | 4.48 |......... | 0.92 | 0.62 
4.42P | 4.44 |. 07] 2.67] 0.41] 1,2 
4.51 4.42 4.19 | 2.07! 0.02 
4.65 oe ee eee | 0.52 | 0.30 
5.16 oor |.......... Cae) Om 
4.09 4.11 4.14 | 3.20] 1.48 
4.46p | 4.36P |.........| 2.67 | 2.77 | 
<< 2b. ee | 0.92 | 3.06 
4.60 4.50 Shen Sat oe 
4.89 | 4.78) | 5.00P | 0.05 | 0.05 
4.72 | 428 |..... 0.50 | 0.27 | 
SOs BR eee he ae 0.38 | 9.96 | 1,2 
5.15 | 4.94P | 5.18 9.97 | 3.86 | 
| | 
4.50 4.42 4.28 | 1.40] 1.22 | 
4.24 4.21 | 4.00 | 3.15] 1.08 
4.59 4.50 4.20p | 1.16} 1.24 
ip thar |... ...| 1.40] 0.13 
4.39 | 4.37 | 4.05p | 2.25] 1.23 
4.43 | 4.44 | 4.11P | 0.77 0.60 
4.15 4.16 | 4.06 2.95 | 1.55 
4.83 5.04P | 5.05P | 0.20) 0.30 
ak). 2 eee 0.40) 0 1,2 
2) a ee | 0.97] 3.29 | 
4.78 | 4.60 
om | aes 
4.3m | €51P |. ........ 
4.52 4.42 
4.50 4.37 
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» | Element | 7UMa | pPup | @UMa aCMi | aPer | log E.P. | Notes 
| | | no(7) 
4418.34......]) Tim | 4.55 | 4.40P | 4.63 | 4.56 |......... | 1.13 | 1.23 | 
21.95......| Tin 4.63 | 4.46 | 4.69 | 4.57 | 4.29 | 0.90} 2.05 | 
7.an.. ... | Smu | 4.61 | 4.71 | 4.83 | 5.04P |.........] 0.95] 0.48] 1,2 
25.44......1 Cat 4.69 | 4.33 | 4.46 | 4.42 | 4.31 0.75 | 1.87 
27.31 ceoidl Fe 4.29 | 4.17 | 4.34p | 4.31p | 4.23 2.30 | 0.05 
| | } } 
2:08... | Mgt | 4.86 | 4.88P | 5.0% | 5.16P | 4.67P | 0.38| 9.95 / 1,2 
30.62......| Fer 4.38 | 4.30p | 4.44p | 4.40p |..... | 1.80] 2.21 | 
re eee | Seu 5.17P | 4.99 | 4.85 | 4.87 | 4.67p | 9.91} 0.60 | 
2.9....:. | Fer 4.8% | 4.30P | 4.97 | 4.83 |......... 0.34 | 3.56 | 
a... | Fer 4.48 | 4.46P | 4.58 4.54 | 4.6lp | 1.37] 3.00 
} | } } 
Co ae | sua | 4.76 | 4.77 | 5.00 | 5.08. |........ 0.58 | 0.38 
35.69......) Cat | 4.42P | 4.32p | 4.45 | 4.49 4.35P | 1.61] 1.88/ 1 
37.57......| Nal 4.82 | 5.00 | 5.08 | 4.81P | 5.13 0.46 | 3.66 | 
38.35......| Fes 4.86 | 4.83 | 4.89p | 4.78P | 5.05p | 0.38| 3.67 
.5...... Fe 4.36 | 4.29 4.45 4.44 4.33P | 1.90] 2.19 
43.80......| Tin 4.23 | 4.17 4.38 4.32 4.20P | 2.67 | 1.08 
72: Fe 4.37 4.31 4.48p | 4.39 4.29 1.85 | 2.21 
55.89......| Cat 4.62 4.40 |° 4.47 4.41 4.35p | 0.92] 1.89 
57.43......1 Oa) 4.65 4.52p | 4.57p | 4.59 4.54p | 0.85] 1.45 | 1,2 
0...:.. Ndu | 4.76 4.88 | 5.02 Be ts, Poe. 0.58 | 0.56 
.8:.....1- 7 5.13p | 5.09 5.12 5.29 | 5.12P | 9.96] 1.73 
66.55......| Fer 4.30 4.24 4.48 4.42 4.24 2.25 | 2.82 
GMs... Smu | 4.73p | 4.92 5.16 5.61P |.........| 0.65] 0.66 
68.49...... Tiu 4.24 4.17 4.38 4.30 4.13 2.60} 1.13 
eee | Fei 4.29 4.27 4.50p | 4.42p | 4.16 2.30 | 2.83 
16.02......| Fet 4.30 4.27 4.43 4.36 4,20 2.25 | 2.83 
pe” Fet 4.60P | 4.62P | 4.85p | 4.65P | 4.67P | 0.97} 3.67 
80.14...... Fet 4.60p | 4.55P | 4.67P | 4.58P | 4.66P | 0.97| 3.03 
81.13......| Mg | 3.99 3.97 4.27 | 4.12 3.90 3.70 | 8.82 
84.23...... Fel 451 | 4.47 | 4.73 | 4.64 | 445p | 1.27 3.59 | 
| ' 
85:08... <... Fe1 4.66 4.62 4.77 | 4.75 | 4.59 0.82 | 3.67 | 
=“ 2 Ti 4.41 4.40 4.50) | 4.52 4.28 1.65 | 3.11 
89.18......| Fen 4.26 4.24 4.52 4.44p | 4.13p | 2.47] 2.82 | 
ee a4 Fet 4.75p 4.63P 4.70 GRE beaaeeck ss 0.60) 0.12 | 
90.08...... Fe 4.78 ee a a oe | ..| 0.54} 3.00 
| | | | } 
91.40...... Feu 4.31 4.29 | 4.59 4.46 | 4.20 | 2.20] 2.84 | 
93.53......| Tim 4.81 4.83 | 4.93 4.91 eeeeee-| 0.48] 1.08] 1 
94.06......] Fer 5.04p | 5.00P | 5.08 | 4.99P |..... | 0.09 | 3.97 | 
94.57...... Fe 4.35 4.26 | 4.44 4.39 4.16 | 1.95} 2.19 | 
95.97......| Fet 4.99 | 5.00P | 5.15P | 5.21P | 5.08P | 0 a 3. 64 | 
4501.27...... Tin | 4.24 4.18 4. 36 4.34 | 4.16 | 2.60] 1.11) 
02.22......| Mni | 4.91p | 4.87 5.04 han eee 0.30 | 2.91 | 
.8...... Fe 5.03 4.96 5.00p | 5.09P | 5.03 0.11 | 3.25 | 
06.74...... Tin 5.09P | 5.07 5.03p | 5.06P |..... 0.02 | 1.13 | 1 
Gs... Feu 4.23 4.22 4.51 4.40 4.04 2.67 | 2.84 | 
| 
a ee Mnu | 5.19 5.44 ON AD SPOS BP ere or 9.88 | 10.61 | 1,2 
yy: oe Tit 4.83p | 5.00 4.80p | 4.98 4.88 0.44) 0.83 | 
ie ee Fe 4.22 4.22 4.50 4.43 4.05 2.74 | 2.83 | 
‘a... ..h ee 4.79) | 4.86 4.89 4.89 5.06P | 0.52} 3.06 
20.23......] Fei 4.23 4.24 4.48 | 4.38 4.10 2.67 | 2.80 
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d | Element | 7 UMa pPup | @UMa aCMi | aPer | aa | EP. | Notes 
| | | 
4647.44...... | Fer | 4.43p | 4.38 | 4.63 | 4.63 | 4.52p | 1.56 | 2.94 
48.66......| Nix | 4.33 | 4.33 | 4.68 | 4.59 | 4.40P | 2.07) 3.41 
51.28......| Crt | 4.60p | 4.67 4.82 | 4.85 4.72 | 0.97 | 0.98 
52.16......| Cro | 4.54 4.54p | 4.73 | 4.68 | 4.51 1.16} 1.00 
Py eee | tan | 4.90 4.95P | 5.41p | 5.41P | 4.91P | 0.32] 0 
68.14....... Fer | 4.50p | 4.44p | 4.60 4.62p | 4.51P | 1.30| 3.25 | 
68.56......| Nar | 4.87p 4.88 5. 26p 5.30 |........| Ga, aan 4 
S.47..... 4: Met 4.60 4.50 4.70 4.62p | 4.74 | 0.97| 3.64 | 
74.60......| Smu | 4.76p | 4.93 5.14 S Ale boos. vcs), Qed es ee 
76.91......| Sm | 5.22 | 5.19 | 5.59 Ce” se eer 0.04 | 2 
82.32......1 Ya | 4.68P | 4.55 | 5.03p | 4.86P |......... | 0.77! 0.41! 2 
S639, ..,..] Waa 4.61 4.67 | 5.01 | 4.95 4.9p | 0.95 | 3.58 
ae | Si 4.78 | 4.77 5.09 | 5.08p | 4.86 | 0.54} 6.50/ 1,2 
ae. ..:.1 Os 5.05P | 4.98P | 5.40P | 5.31p | 5.10P | 0.08} 6.50} 2 
17e.....:1 Be ..2P | 3.2 5.59 | 5.63p | 5.39 9.84 | 6.50} 2 
| | | | 
4702.99...... | Mgt | 4.30 | 4.19 4.32 | 4.23 | 4.12 2.25 | 4.33 
03.81......) Nir | 4.56 | 4.7Ip | 5.05 4.86 | 5.09P | 1.10} 3.64 
04.96......) Fet 4.83p | 4.71p 4.95 ry De eee 0.44 | 3.67 | 
O5.46......1 Ree | S55 | Sime | SE $2 Loi... eee 
07.28 Fer | 4.39 4.37 | 4.51 4.48 | 4.48 | 1.75 | 3.23 
| | | 
10.29......| Fer | 4.52 | 4.60 | 4.70 | 4.64 4.89 | 1.23 | 3.00 
14.42......| Nit | 4.24p | 4.24 | 4.52 | 4.44 | 4.37 2.60 | 3.36 
15.78......| Nir | 4.46 | 4.53 4.79 | 4.74 | 4.72 1.44] 3.53 
22.16......| Zant | 4.43 | 4.51 | 4.73 | 4.68 | 4.80 | 1.56] 4.01 
30.03......] Mgt | 4.80P | 4.72P | 4.78P | 5.18P |.........| 0.50] 4.33 | 
| 
31.44......] Fem | 4.29P | 4.27 | 4.58 | 4.51 | 4.19 | 2.30] 2.88 
33.60 | Fer | 4.68p | 4.65» | 4.69 | 4.78 | 4.68p | 0.77] 1.48 
35.85 | Fer | 4.78 | 4.73 | 4.88 | 4.93 | 5.04 | 0.54] 4.66 | 
56. 78...5.) Fer | 4.34p | 4.32p 4:55 | S:0Re 1. .ccass.- 2.00 | 3.20 
45.81... | Fer | 4.70 | 4.54 4.80 4.80 | 4.75 0.72 | 4.09 | 
48.73 lau | 4.97p | 5.19 | 5.31 | 5.68 | 5.33P | 0.20} 0.92 
eee | Mnit | 4.48 4.40 | 4.55 | 4.53 4.54 1.37 | 2.27 
55.73......| Mau | 4.09P | 4.74P | 5.20P | 5.25P cievct Mean). See 
58.12 | Tir | 5.38 | 5.11 5.16 | 5.38 | 5.47P | 9.64] 2.24 
59.27 | Dex | 5.34p | 5.19 | 5.16 | 5.60p 5. 64P 9.69 | 2.25 
66.43......| Mnt | 4.52p | 4.49P | 4.63p | 4.60 4.58 4:23} 291 
70.00......) Cr | 5.05p | 5.36p | 5.02p | 4.98p | 4.87 0.08 | 7.45] 1 
79.99......| Tin | 4.53 | 440 | 4.61 | 4.60 4.15 1.20} 2.04 
83.42......| Mnt | 4.44p | 4.39 | 4.53 | 4.49 4.10 1.52} 2.29 
4805.10... | Tin | 4.39 | 4.25 | 4.43 | 4.46 4.15 1.75 | 2.05 
| | | 
10.53... Znt | 4.43 | 4.40 | 4.68 | 4.68 4.63 1.56] 4.06 
12.35......} Cru | 4.54 | 4.48p | 4.81 | 4.75P | 4.51 1.16} 3.85 
23.52 | Mn | 4370. i 42 ic...:. 4.46 ere. ee 
| | | 








NOTES TO TABLE 2 
1. The line has very substantial contributions from other elements and is not used in all stars. 
2. The solar strength is poor for various reasons. In most cases the strength in s UMa was used for 
the analysis of the other F stars. 
3. In the wing of a hydrogen line; not used in the curve of growth. 
4. Almost certainly not Si 11; strong in many F stars. 
5. The only accessible Eu 1 lines are very badly blended. 
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earths, are needed. Such lines may be very weak in the sun, e.g., 5 mA, and may reach 
50 mA in tr UMa. The blending effects of neutral and ionized elements in 7 UMa also 
more closely resemble those in the A and F stars. 

Accidental errors of the photometry are small. From the two independent tracings 
and reductions of the same plate of 6 UMa it was found that the average difference 
(without regard to sign) was about 5 per cent of the equivalent width for good lines. Thus 
the total error of the microphotometer, of the drawing of the continuum and the line, 


TABLE 3 





EQUIVALENT WIDTHS, IN ANGSTROMS, OF LINES 
MEASURED ON OTHER SPECTROGRAMS 
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Star | Type | Source Hy Hé | Hr Hn | Hé | K 
(C 5 
ia Ae. dk | AO V | {e2 21.646) aa) 14. 5(4) 11.1(3) | 8. 6(3) 0. 80(4) 
| (4 * . o’* 2: Re O.8.608 oe 1 eh ee oe oe zt oD 0.8 684 6G 6.6 es we ea . 
| | | 
| | ~ r } Led 
eal , | fAt | 17.0 St i ee Seen Serre er 0.71 
ots AIV | tar | 16/4 fp Ae bonne Haeee Sheies rawaate 
+ Gem A1V | Al | 15.0(2) “St eG ee Ree ep cesecx ft SGD 
n Oph } A2V | CQ] 17.5(2) 14.9(2) | 12.8(2) | 9.7(2) 7.5(2) 2.22(2) 
« Tau / ASV | CQ} 17.5(2) | 17.4(2) | 10.3(2) | 8.8(2) 6. 1(2) 4. 15(2) 
a Car FOI | Cd .. wi me eee . eekig ae ak eee 4.9(2) 
= {CQ 7.4(3:) | 6.7(3:) 5.7(3) | 5.8(3) | 4.1(3) 5.9(3) 
a Boo. | F2V ‘ | | | 
| \Hy Sach, MAE MO ate oe ee | ei 4.4 
a CMi | FS IV J Hy r | Ae Cpa ree | | se Once 
eee iene MIR MEO Ui Pakene a 
| (CQ | 6.6(2) ry a ee 7.1(4) 
pPup... | FoIl ,Cd 8.4(2) aE I do se s's AS capes ai Melle ota torte <eeerrs 
| Sy Bibeln!) FRA Si ie AT Ae! Seta 5.5 
| t, 3 Saer woe) BAe ae 8.7(1:) 
: = | }Cd 5.6 SS (hea, eleee pips 
6 UM: Fo IIT | ¢ po eae ee . 
‘ weed Es See 2 a Bee ee. Pee eee Nomis | 6.7 
| } Br Gomes cee cian) (careers aca) aren eee (ere ee . faa 
| Pid | 
| (CQ | 11.1(3) 9. 3(3) 7.6(3) 7.1(3) | 4.9(3:) 3.39(3) 
7 UMa A+F | <Cd | 11.0(3) ie ee Tih PERE Mieke ok 4s 
| %. 2 eee Oe tee ee | SIM EE PEP 2.8 
15 UMa | A+F CQ | 11.4(3:) | 8.2(3:) | 7.3(3:) | 7.2(2) | 5. 6(2) 3.19(3:) 
¢Lyr A. | A+F CQ | 17.1(3) 17.4(3) | 10. 8(3) | 8.5(3) | 7.0(3:) | 3.83(3) 
| | 





| | 


and of the measurement and reduction is about 3 per cent per plate. A larger error arises 
from the systematic plate-calibration error. For 60 good lines measured on three dif- 
ferent plates of t UMa, the average deviation of an observation from the mean was 
4.7 per cent for strong lines, 5.3 per cent for average, and 7.9 per cent for weak lines. 
After correction for the errors of measurement we find 5.5 per cent error per plate arising 
from plate calibration. (Of course, the entire calibration system may be wrong by a large 
amount, but no evidence for large systematic errors has yet been found.) In stars like 
6 UMa, a CMi, and a Per, where a single plate was used, a systematic error of about 6 
per cent of the equivalent widths is possible, corresponding to +0.03 in log W/X. A 
systematic error enters nearly linearly into the final value of the turbulent velocity de- 
rived and ina larger degree into the opacity, pressure, and surface gravity. These quanti- 
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ties are less well determined than the other deduced parameters, such as the level of 
ionization and the relative abundance of the elements. 

Certain lines could not be satisfactorily measured on the present coudé plates. 
Table 3 contains results of my measurements of the hydrogen lines and the K line of Cam 
on coudé and on other types of plates. The 500-mm camera, with two quartz prisms and 
Eastman Process plates, was used for the CQ series; hydrogen lines were also measured 
in the Photometric Atlas* (‘At’), on my own coudé plates (““Cd”’), and by Aller® (‘Al’). 
Some new measures of relatively low weight were made on Yerkes Bruce plates (“Br”), 
and some were available by Hynek® (“‘Hy’’). In parentheses I give the number of plates 
used. On short dispersion many metallic lines are included in the measured width of the 
hydrogen lines; the coudé tracings are also unsuitable for such measurements, since the 
hydrogen lines are about 6 feet wide. On the whole, the data in Table 3 must be con- 
sidered of rather low weight. Table 3 also contains measures on certain standard A and F 
stars and on two other ‘‘metallic-line A stars,” 15 UMa and ¢ Lyr A. 


LINE CONTOURS 


The dispersion is sufficiently high to permit a study of the contours of strong lines; for 
moderate lines the instrumental contour requires investigation. Only in a Per is the 
turbulence large enough to permit a direct estimate of the Doppler broadening; even in 
this star a special investigation will be required on more suitable fine-grained plates. 
The apparent line widths decrease in the order a Per, p Pup, r UMa, @ UMa, a CMi, 
which proves to be the order of decreasing turbulence. The stars are thus nearly free of 
rotation. Some general considerations on the central intensities may be of interest. In a 
preliminary analysis let us consider that the instrumental and the true line profile are 
both of Gaussian form. Let the true absorption, A, at a distance, x, from the center of 
the true line be 


A (x) = A (0) e—(#/e)* , (1) 
Let the instrumental contour be , 

K (x) =2— = eA" " (2) 

BVT 

The observed contour, .1’(x) will be 

- A(O)a = e~ (= 4? +8) 

a (x) = _ — ae = P (3) 
(a? +> #7) *" 

The equivalent width is 

W = Vad (0). (4) 


In an investigation’ of a Car I found that 6 was of the order of 100 mA; the Doppler 
broadening and the strength of the line determine a. For very weak lines a ~ AXp, 
the Doppler width, and ranges from 100 mA to 20 mA for velocities of 10 and 2 km/sec. 
Now consider lines of equal equivalent width in two stars which have different Doppler 
broadening, a; and a2. The true central absorptions will be 


A (O, 1) = a2 








ear tel et aa eee (5) 
A (0, 2) ai 
The observed central absorptions will be 
A’ (0, 1) = (ete). fo 
A’(0,2) \a?+6?/ ° 


The effect of Doppler broadening is to make the lines shallower; in stars of very large 
turbulence, like a Per or e Aur, weak lines will eventually disappear because of low cen- 


sAp. J., 96, 321, 1942. 6 Ap. J., 82, 338, 1935. 7 Ap. J., 95, 161, 1942. 
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tral absorption and increased blending. For example, assume 8 = 100 mA, a; = 100 mA, 
and a2 = 20 mA; then the apparent central absorption A’(0, 1) = 0.7 A’(0, 2), by 
equation (6). 

In all F stars investigated, the apparent central absorption for strong lines (including 
the hydrogen lines) approaches 0.86. This is also true for s UMa, the “‘metallic-line A 
star.”’ One hypothesis to account for the apparently composite spectrum of 7 UMa is 
that it is an unresolved binary, consisting of an F star and an A star. In such a binary 
we should expect to observe a central absorption, A’’(Q) in a line of the F star given by 


A (0, F)L (F) 
L(F) +L(A)’ 


(7) 





A” (0) = 


if L(/’) and L(A) are the luminosities of the F and the A stars at the given wave length. 
Since A”(0) (without correction for instrumental blurring) is 0.86, 1.00 > A(0, F) > 
0.86. From (7) we derive L(A)/L(F) < 0.16. Consider the superposition of an A-star 
spectrum in which the K line is absent on an F-star spectrum in which it has equivalent 
width W(K). The apparent equivalent width in the composite spectrum would be 
W (K)L (F) 


hia 
HW (K) =F TEA)’ (8) 
which involves a maximum possible reduction of less than 14 per cent of W(A). Ac- 
cording to Table 3, the K line in s UMa is about 50 per cent as strong as in a normal F6 
star. We may then conclude that no superposition of two spectra can be responsible for 
the metallic-line A-star spectrum. 

Plotting the observed central absorption, A’(0), against equivalent width in several 
stars gave the statistical relation between A’(0) and W. No significant difference exists 
for these relations in a CMi and in 7 UMa; since the former was measured on direct- 
intensity tracings’ made at the University of Michigan and the latter on the Yerkes 
transmission microphotometer, the agreement shows that the photometric reductions 
are consistent in scale. For example, the values of W at which A’(0) = 0.50 are given 
in the accompanying tabulation in various wave-length regions. Note that the increase 





» 4050 | d» 4250 A 4550 
aCMi............ 15mA | 133mA | 146mA 
7 UMa.... | m6 | sm 171 

os 


in W required to obtain A’(0) = 0.50 arises mainly from the prismatic dispersion; in 
fact, if we express the absorption in equivalent millimeters, the required W actually 
decreases about 20 per cent from \ 4050 to d 4550. 

The hydrogen-line contours are almost unaffected by the instrumental contour, ex- 
cept for scattered light. The extreme wings are easily lost when the continuum is drawn 
in. Smoothed contours for Hy and #6 in the F stars are given in Table 4. The most 
striking feature is their similarity, over a range of 8 mag. in absolute luminosity; only 
small differences of A’(0) or W exist between a CMiand a Per. The observational accu- 
racy is not high, but a similar comparison at type AO would show differences in W by a 
factor of 5. It is known that the strong negative luminosity effect in the A stars arises 
from the decrease of Stark broadening. On the other hand, in giant G and K stars the 
hydrogen lines are observed to be strengthened. Thus a null-effect in the F stars is not 
unexpected ; more observational data on the hydrogen lines in F, G, and K stars is needed 
to explore these effects. We shall see in the last section of this paper that the strength 
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of the hydrogen lines and the existence of extended wings in supergiant F stars is in 
accordance with theoretical expectation. The star s UMa has stronger hydrogen lines 
than is normal for an F star but weaker than a normal A star. The star @ UMa has 
weak metallic lines and has the weakest hydrogen lines. as well. Although he has not 
given a complete theoretical explanation, we may note that Hynek® has shown that 
some late F and G giants and subgiants have weaker lines than either dwarfs or super- 
giants have. 
THE THEORY OF CURVES OF GROWTH 


Theoretical methods for the analysis of the chemical constitution of stellar atmos- 
pheres can be divided into two main types. One involves the construction of a curve of 
growth for the star; since laboratory or theoretical intensities are lacking for most 


TABLE 4 


SMOOTHED HYDROGEN-LINE CONTOURS 
A'(0) IN PERCENTAGES 























Hy H6 
6X | ee eae ae ee ee oe ai) 

| 7 UMa aPer | pPup | @UMa! aCMi | 7 UMa a Per pPup | @UMa ! aCMi 
mee, Te 89 85 86 87 | 85 87 81 86 89 
_ Serer: 68 79 71 58 67 | 67 69 67 53 74 
eae | 37 68 56 44 54 | 58 58 55 | 41 60 
1.5. a 58 48 37 45 | 52 50 49 | 37 50 
2 49 53 45 32 42 48 44 45 | 31 45 
Fe ivtuyeveed See 38 28 34 | 42 | 36 40 24 37 
ORE Se tn | 38 | 40 32 24 30 | 38 | 29 33 18 29 
ee ie | 34 | 35 29 20 26 | 32 |] 24 30 15 26 
6 | 30 31 26 17 24 | 29 20 27 12 22 
8 | 24 | 24 20 13 18 | 22 14 22 9 16 
10. | 19 | 20 14 | 10 16 | 17 8 18 6 11 
Se eae a ae uw. g 12 | wr -2 15 4 7 
15. 12 | 9 Se} § 8 10 | 0 10 2 2 
Rem, 8 | Oo 2 ia 1 5 | O 3 0 0 
ie ia i sae see 0 1 | oO 0 0 0 
30. fr #t"s 0 | oO eis 0 0 0 0 
35. [ Sd 0) O 0; O 0 0 0 0 

| 


metallic lines, a curve of growth of the sun is used to determine semiempirical line intensi- 
ties for the metallic lines. Another approach is taken in the analysis of the sun by Bengt 
Strémgren,* who obtains a detailed model giving the temperature, pressure, and opacity 
as a function of optical depth. For those few lines for which laboratory or theoretical 


f-values and damping constants are known, he computes rigorously the expected line 


contour and equivalent width for various abundances of the element and of the metals 
compared to hydrogen. This latter exact approach involves a knowledge of the physical 
parameters of the star—effective surface gravity and temperature. Since we are inter- 
ested in many elements which lack f-values and since the gravity and temperature of 
most of our stars are unknown, we proceed by using a curve of growth. The availability 
of the exact theory, however, permits us to criticize and partially justify many of the 
assumptions of the theory of curves of growth. 

Chandrasekhar? has recently obtained an exact solution for the absorption A, in a 
line as a function of »,, the ratio of the line-scattering coefficient to the continuous- 


5 Pub. Kobenhavns Observatorium, No. 127, 1940. 9A p. J., 106, 147, 1947 (Paper XX). 
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absorption coefficient. The results are valid for the case in which the line is produced in 
an atmosphere where 7 is independent of optical depth, r: 











= : - , (9) 
Sp Ky 
/9 
ai Ba, 1—N 2 
Ay = 1 =r (ast Bas Xt Dn ai). 7 
3° 2BO ; 


The first and second moments, a; and az, of certain H-functions are tabulated for a set 
of values of \. The constants B) and B™ measure the limb darkening; in the usual 
linear approximation for the temperature as a function of 7, 


B®) 8 kTo xv 


oe ae (11) 
BO) 3 Ww x 


Since we plan to use a single curve of growth for all frequencies, we must chose BO / BO 
constant; its value is near 0.39 x,/x for the sun. To compare with other computed curves 
of growth, e.g., Strémgren’s,® we actually adopt B!/B™ = 2, corresponding to the lat- 
ter’s value: 


A value of xo/n near 8 might be preferable, since x,/x is near 0.7 for the sun. On the 
assumptions that 7 is independent of depth and that the line is formed by scattering, 
Strémgren obtains 

eee. En... 
143 732" 


Ay (12) 


wire | 


A comparison of the values of A, computed according to these two Milne-Eddington 
(M.E.) models, equations (10) and (12), is given in Table 5. The ratio in the sense of 
Chandrasekhar divided by Strémgren, is in the fifth column. For comparison I also give 
the value of A, for a Schuster-Schwarzschild (S.S.) model in the last column. The S.S. 
model gives 
Ss 

~1i+s, 
and differs in its asymptotic form as s, — 0. To permit a comparison I have adopted 
x, = 0.4641 in the S.S. model, so that s, = 0.4641 n,. Then the S.S. model agrees with 
the Strémgren M.E. model both for small and for large s,. In spite of this forced agree- 
ment, the deviations reach 20 per cent and are very systematic in nature. We can then 
expect serious differences in the curves of growth between the S.S. model and the M.E. 
model. The same remarks are valid for those curves developed by Unsdéld, who uses 


_ A(0)s, ina 


" £2@) +s, 


A, (13) 


The data in Table 5 could be used to compute a complete curve of growth on the 
exact M.E. theory. For the present I limit myself to an estimate of the errors produced 
by the use of equation (12). For very weak lines, with no < 1, the line absorption is every- 
where small, and the exact value of the equivalent width will be about 9 per cent larger 
than that given by Strémgren. For very strong lines, yo > 1, the line is saturated, and 
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the two expressions agree; in the extreme wings », < 1, and a 9 per cent error appears. 
The equivalent width will be less than 9 per cent in error, of course—probably near 4 
per cent. Since the errors vary from 9 per cent for weak lines to 4 per cent for strong, the 
shape of the curve of growth will be nearly correct. An error of 5 per cent is 0.02 in 
logio W/X; on the flat part of the curve of growth, where d log W/d log no is about 0.25, 
errors of 0.08 in log no may occur. The curve for the S.S. model is very different in shape, 
and, if the conventional formula in equation (13) had been used, the strength of weak 
lines would have been doubled. Consequently, the theoretical curves of growth used by 
Allen,’ K. O. Wright,'' Unséld,” and J. G. Baker'’ in most recent investigations of the 
solar and stellar curves of growth will not agree with those computed on the exact theory 
with constant 7. In particular, the damping constant is systematically increased by the 
use of the S.S. model. 


TABLE 5 
PREDICTED ABSORPTIONS, A, 








dy ™ | . — Strémgren | Ratio 3s 
Se: 0.000 0.0000 | 0.0000 . 0.0000 
0.9. 0.111 0.0519 0.0477 1.087 0.0464 
eee Pe 0.250 0.1061 0.0984 1.078 0.1040 
6.9... 0.429 0.1631 | 0.1526 1.069 0.1659 
0.6... 0.667 0.2238 | 0.2112 1.060 0.2363 
0.5. 1.00 0.2890 0.2753 1.050 0.3170 
0.4 1.50 0.3609 0.3468 1.041 0.4104 
0.3... 2.33 0.4420 0.4288 1.031 0.5199 
6.2... 4 0.5385 0.5276 1.021 0.6499 
SS Rs 9 0.6660 0.6593 1.010 0.8068 
See. 19 0.7588 0.7550 1.005 0.8981 
ea ae oo 1.0000 1.0000 1.000 1.0000 




















* Note that, as n, — 0, the first-order expansion is A, = 0.4641n, in Strémgren’s formula (12). 
In eq. (10) it is necessary to obtain asymptotic expansions of the moments a, and a,. I have done 
this only approximately and find A, ~ 0.4910n,, so that this ratio is 1.058 as n, —>0. The expan- 
sion of eq. (10) is based on the values of a at \ = 1.0 and A = 0.9, not on the exact expansion at 
\ = 1.0. The probable limiting value of the ratio is near 1.096, 


For the present analysis we must decide whether, in fact, the M.E. model with con- 
stant 7 is to be preferred to the S.S. model, in which the lines are formed in a layer 
where the re-emission in the continuum can be neglected. If, in fact, 7 decreased very 
rapidly inward, the S.S. model might be preferable. Only a detailed model for each type 
of line in each star will justify a choice—and if such models were available, the use of 
curves of growth would become unnecessary. Since we compare an F star with the sun, 
we wish to estimate the order of magnitude of the error produced in the F star, as com- 
pared to the sun, by the approximation 7 = constant. At present, model atmospheres 
for the sun’ and for a bright dwarf F star'4 (@) = 0.8, log g = 3.5) have been published 
by Strémgren and his collaborators. These models give @, log P,, log P., and log k as a 
function of 7, at frequent intervals in 7. Let us assume that the ionization and excitation 
follow the formulae of Saha and Boltzmann, with equal excitation and ionization tem- 
peratures. Then, for any element in a given stage of excitation, the number of active 


10 Mem. Commonwealth Solar Obs., Canberra, No. 5, 1934; No. 6, 1938. 

Ap. J., 99, 249, 1944. 

12 Physik der Sternatmos phdren (Berlin, 1938), Fig. 85 and p. 266. 

134 p. J., 84, 474, 1936. 14 Pub. Kobenhavns Observatorium, No. 138, 1944. 
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atoms can be computed at each 7; if we know the f-value and the damping, we can com- 
pute », and eventually the exact line profile by an integration over r. I have neglected 
the increase of damping with depth and have computed the absorption produced by 
various atoms in the cases, 7 = 0.1, » = 1.0, and n = 10, at optical depth 7 = 0.3. The 
latter value is a useful representative point in the star; the range of values of » covers 
both weak and moderately strong lines. The line absorption was computed from 
i-—A 
A= (1s 


sae ’ 


143V3 Vi 





where \ and V2 are properly weighted averages of \ and V) in the atmosphere. The 
method of averaging, using a five-point Gaussian division, follows that given by Strém- 
gren.’° Unfortunately, if \ varies with 7, the points in the atmosphere A», about which 
the Gaussian division should be taken, should be determined so as to give the most 
accurate representation. This problem requires further exploration. If we arbitrarily 
take A» to be the value at the boundary of the star, say at r = 0.01, we heavily weight 
the outer layers of the star. This representative point is best for very strong lines and 
undoubtedly exaggerates the effect of the variation of \ with 7 for normal lines. Except 
in the most luminous stars, broadening of lines by collisions either with electrons or with 
hydrogen atoms produces an effective increase of » with depth in the wings of a line. 
Since most of the decrease of » normally arises from the increase of x,, which is propor- 
tional to P., pressure-broadening tends to make »n independent of depth and further 
reduces the effects revealed in the model that we have adopted. 

Typical atoms listed in Table 6 in various states of excitation were chosen. I com- 
puted, with xo/n = 4, the absorptions, A(F) in the F star and A(©) in the sun. The 
table also gives A(n), from equation (12), computed on the assumption of 7 = constant, 
and A(S.S.) according to equation (13). The variations of n are quite large; in the F star, 
n for metallic lines decreases by a factor of 10 from 7 = 0.05 to + = 1.0, and for the 
hydrogen lines shows a slow increase. In the sun the resonance Fe1, Feu, and Cal 
lines show larger decreases; the excited Fe 1 lines have constant n, and the hydrogen 
lines have 7 increasing by twenty times in the same range. Since Table 6 neglects the 
pressure dependence of n and overweights the upper layers, it gives line absorptions that 
lie rather close to the S.S. values. Nevertheless, if we compare the F stars and the sun, 
we find in the main that the differences are small, i.e., that if two lines have the same 7 
at a representative point in an F star and in the sun, the line absorption will be similar. 
Variations are of the order of 10 per cent, except for the wings of the hydrogen lines, 
which are produced at great depths in the sun. (The pressure-dependent Stark broad- 
ening will further increase the latter effect.) 

A preliminary test was made of the effect of weighting less strongly the upper layers 
of the atmosphere. For large 7 this will introduce only small changes in Table 6, since 
such lines are formed at small 7. However, for 7 = 1.0, I chose Xo to be the value of \ 
at r = 0.3 and made the Gaussian summations about that value of \o. The results for the 
Fe 11 line at 0 volts were A(F) = 0.293, A(©) = 0.295; for the hydrogen lines, A(F) = 
0.288, A(©) = 0.284. These absorptions lie close to the value for 7 = constant, i.e., A = 
(0.275, and show little change from star to star. We may take this evidence and the data 
in Table 6 asa first attempt to justify the use of curves of growth. In the main the effects 
of stratification cancel out when we compare the F stars and the sun. Over wider ranges 
of temperature and pressure this cancellation may not occur. Comparing dissimilar lines 
in the same star leaves a larger effect. Since changes of the order of 25 per cent occur be- 
tween the predicted absorptions for different elements in different stages of excitation, 
similar systematic changes of equivalent width may occur. It is possible that the abnor- 


16 Thid., No. 127, p. 243, 1940. 
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mally low excitation temperature indicated in all stars by metallic lines of low excitation 
potential is connected with the systematic weakness of the excited lines in Table 6. The 
low opacity of the outer layers produces a rapid decrease of y with increasing depth; at 
low excitation potential the large boundary value of n gives very strong absorption lines, 
while for highly excited lines, 7 may be constant, and the line will be relatively weak- 
ened. Lines of high excitation potential may be strengthened by stratification especially 
if subject to pressure broadening. Different curves of growth for different elements and 
deviations from a simple theoretical curve of growth may also be expected. 

In the actual analysis a set of curves of growth based on the M.E. model with con- 
stant » was available from the computations of Pannekoek and van Albada.’® They 
have shown that their curves agree within 0.01 in log W with that given by Strémgren. 
They give the equivalent width in units of the Doppler width, (4/26), as a function of 
log so/x (our log no) for various values of the ratio, a, of the damping to the Doppler 


TABLE 6 


COMPARISON OF ACTUAL LINE INTENSITIES IN MODEL ATMOSPHERES AND 
THE PREDICTED ABSORPTIONS WITH 7 CONSTANT 





























| 7=0.1 n=1.0 | n=10.0 
ee | Ee WEES Nes le ie a® i 
{LEMENT | (Vours) | | ] 
| | A(P) A(Q) A(F) A(O) | A®) | 4(Q) 
ren | 0 0.055 0.050 0.38 0.35 | 0.82 | 0.78 
Fen = 048 049 34 31 3 | .72 
eee ee. 047 047 32 34 .78 80 
Fet.... aay | 042 O41 30 31 76 76 
Beant la 059 049 39 32 83 .78 
es fucks. | 10 0.050 0. 105 0.29 0.30 | 0.67 0.60 
A(n) 0.043 | 0.275 0.674 
MB ciscscinys 0.044 | 0.316 | 0.823 








width. To transform to the notation most used recently, we proceed as follows: The 
observed curves of growth, in which log W/X is plotted against log X;, are slid both 
horizontally and vertically until a best fit with the theoretical curve is obtained. From 
these shifts and the value of a, we derive 


lo sit l A ay A le = (16) 
at ey ies i 
log =e log X,=A log X,, (17) 
K 
W 
log V =A log he 10.18, (18) 
log no= log X;+A log X,; , (19) 
r 
log — = log aV — 2.92. (20) 
Yel 


16 Pub. Astr. Inst. Amsterdam, No. 6, 1940. 
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The velocity parameter, V, is 
. Ad 
V we0 tere (21) 
d 


and can be converted into a root-mean-square velocity by multiplication by V/3/2. 


THE OBSERVED CURVES OF GROWTH 

The homogeneous nature of the observational data in Table 2 provides an oppor- 
tunity for a systematic study. However, the interpretation must be based on several 
assumptions and approximations. We must attempt to derive information as to the 
physical conditions in the stars and as to the abundances of the elements by indirect 
means. We assume that the radiative transfer in subordinate lines follows the general 
lines of that within a resonance line. The distribution of atoms in the excited levels is 
supposed to follow a Boltzmann formula, with a unique excitation temperature, Texe. 
The ionization of all elements is supposed to follow a Saha formula, without reference 
to the detailed ionization and recombination processes, at a single ionization temperature, 
Tion, and electron pressure, P.. The ratio of s,/x, is taken as independent of optical 
depth. If turbulence exists, we assume that all atoms possess the same mean peculiar 
motion, described by a Gaussian distribution with velocity V. We must also permit the 
effective value of the surface gravity, g., of a star to differ from the gravitational value g. 

With these assumptions we can proceed to compare the F stars to the sun. Based 
on the accurate solar intensities of Allen'’® and the Utrecht A¢d/as,'!7 many solar curves of 
growth have been prepared, with either theoretical or laboratory intensities. In the 
analysis of the sun by K. O. Wright," laboratory intensities are used to obtain a curve-of- 
growth relation between W and laboratory intensity, log X; (with arbitrary zero point). 
Once this curve is established, semiempirical values of log X; for all solar lines can be 
obtained. There is a systematic difference between the best-observed solar curve and 
the theoretical curve based on the S.S. model fitted to it by Wright. He found" residuals 
of about +0.17 in log X;. Unfortunately, a re-analysis with the theoretical curves of the 
M.E. model does not improve these residuals appreciably. The shape of the observed 
curve differs from that of either theoretical type.!7* One important factor may be the 
omission of the variation of x, over the wave-length range covered by the solar observa- 
tions; this same omission may partly explain the low solar excitation temperature. A trial 
fit of Wright’s observed curve of growth with the M.E. curves gives 


log V =5.34+0.04 , 
log a= — 1.8, 


. 


Yel 
log no = log X;+2.14. 


K. O. Wright found I'/y = 2.61 X 10-*, which corresponds to I'/y.1 = 15. Our new 
solar damping constant is only one-third the old. Since it has been pointed out for some 
time that most stars had apparently excessively large damping constants, this reduction 
is important. A re-analysis of my curve of growth for a Car,’ which had I'/y.. = 10 
when interpreted with Baker’s S.S.-type curves of growth,!* gives a corrected value of 


4340.5, 


17 Minnaert, Mulders, and Houtgast, Photometric Atlas of the Solar Spectrum (Utrecht, 1940). 


1% Note added in proof: A redetermination of the solar curve of growth by Pierce and Goldberg (Quar- 
terly Progress Report, ONR Project M720-5 [Ann Arbor, October, 1947]) results in slightly smaller residu- 
als when a M.E. model is used and when the variation of x, is taken into account. Large discrepancies 
persist in the damping portion of the curve. 
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'/yc1 = 5. All the F stars in this investigation prove to have nearly the classical damping 
constant. It is worth noting that the collisional damping for \ 3933 of Ca has been 
derived by Strémgren for the sun.* From quantum-mechanical computations the damp- 
ing is found and is proportional to the total gas pressure; if we evaluate it at a representa- 
tive point, 7» = 0.3, where log P, = +4.80, we find log a = —1.8, in perfect agreement 
with the statistically determined value of log a given above for the neutral metallic 
lines in the sun. We have not justified in detail the use of a constant value of » for 
neutral subordinate lines in the sun or in the F stars. However, it is probably still to be 
preferred to the S.S. model, which corresponds to n = 0 except at the boundary. 

The analysis of the stellar-line intensities proceeded in the conventional manner. The 
stellar values of log X; for a line of excitation potential, x, were computed for different 


excitation temperatures from 


et rit ! 1 
log X; = log X,+ 5040x| ay -ra | E (22) 


The excitation temperature for the Fe 1 lines was determined by trial and error. Wright’s 
value of T(©) = 4850° was adopted for Fe 1, and it was assumed that in the star all 
elements had the same excitation temperature. For most ions only partial curves of 
growth could be prepared. These were shifted horizontally to obtain a fit with the Fe I 
curve; a composite curve of growth for the ions and the neutral elements, excluding 
Fe 1, was thus obtained. It was found that in all cases the theoretical curve determined 
for Fe 1 represented equally well the observed curve for Fe1 and the composite curve 
for the other elements. From the measured intensity in the star log X;’; (*) was read 
for each line from the stellar curve of growth. Then the mean shift was determined for 


element 7 from 


era 
Xj, i (*) ae 


For each star a scale correction, 6, to the log X;’ of Fe 1 is required, because of the chang- 
ing abundance of Fe 1. Define 


5 =log n, — log X;’. (24) 
The value of 6(©) proves to be +2.14; for each other atom or ion, 
lag 22S) =§,+ 6(*) — 6(O). (25) 
From the definition of no, we find 
Ns (*) 3 
A log ¢; (*) =log ae = log ores + log ries ; (26) 





kv (©) 


where A log ¢; (*) may be considered the apparent relative abundance of the given atom 
in the star as compared to the sun; it is analogous to (NH) in the S.S. type of analysis, 
the number of atoms above a square centimeter of the photosphere. From equation (26) 
we determine the relative number of atoms of a given ion per gram of stellar material, 
in units of the continuous absorption coefficient per gram. In this discussion we shall 
neglect the small variation of x, over the 750-A range covered. 
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We may wish to use a value of 7 in a given star, as predicted from its value in the 
star t UMa, for which the observational accuracy was greatest. Since we shall have 
tabulated the values of A log ¢, in various stars, we use the relation 

ere m V (#) 
log no (*) =log no(r) +A log ¢;(*) —A log ¢; (7) —log VG) (27) 


In the sun we read log X; from the observed curve, while in tr UMa we used the theoretical 
curve of growth. While there is an inconsistency in principle, in practice the stellar data 
cannot certainly establish a difference. We are thus now able to predict the intensity of a 
line in a star from its intensity both in r UMa and in the sun. Different observational 
errors enter these two predictions; the blending effects in the F stars are in part elimi- 
nated by using measures in the same type of star, as observed with the same dispersion. 
The spectrum and probably the physical conditions in p Pup and a Per resemble 7 UMa 
much more closely than they do the sun. 

A systematic comparison of the values of log X;’ and log no(r) for different elements is 
of interest. Let us assume a linear relation: 


log No (rT) =a+b log tg : (28) 


We find that 4 is nearly unity for most elements, except that 6 = 1.48 for Cru and 
6 ~ 1.4 for strong lines of Ti 1. The solar X}’ are poor for La 1 and Ce 1, which give 
b = 0.6. Thus Cru, and Ti 1 slightly, may show different curves of growth in certain 
stars, when plotted against solar log X;’. Aller'® pointed out what may be an extreme 
example of this phenomenon in a Cyg, where the curves of growth for Crit and Ji 1 
differed substantially from that for Fe 11. In several of this group of F stars, the curve 
of growth for 77 1 is definitely peculiar. There may be physical processes, such as stream 
motions or variations of » with depth, that actually alter the curves of growth of certain 
elements in the sun and the stars. The previously noted differences between the solar 
observed and theoretical curve of growth are also quite significant. Let us read from the 
new theoretical curve of growth of the sun the values of log mo(©). Then, if we write 


log n, (O) =a+B log Hg : (29) 


we can choose ranges of log X;' w here f differs very substantially from unity. For —1.5 < 
log X;’ < —0.5, I find 6 = 0.7; for —0.5 < log xX < < +0.5, B = 1.0; for +0.5 < 
log X;’ < +1.5, 8 ~ 1.3. In the mean, @ is near unity. 

The final results of the analysis of the various stars are collected in Table 7, which 
gives the values of A log ¢, for 32 elements. The number of lines used is given in paren- 
theses, with a colon (:) if the determination is poor. The table also contains parameters 
derived from the curve of growth, the excitation temperature (exe = 5040/Toxc), and 
the spectroscopically estimated absolute magnitude, M,. Other tabulated quantities 
which will be discussed later are the absorption coefficient, x,, at a mean wave length 
near 4300 A; the ionization temperature, Ojon, the electron pressure, P., the total pres- 
sure, P,, and the surface gravity, g, and g. The quantities 6 are defined in equation (24). 

The curves of growth for r UMa, p Pup, and @ UMa are shown in Figures 1-10; the 
curves for a Per and a CMi will be given in Paper II of this series. They are plotted 
against log X;’, the solar values corrected to the excitation temperature shown. The 
observational scatter is small; the Fe 1 curve has about 115 plotted points, of which only 
10 lie more than +0.20 in log W off the theoretical curve in t UMa (Fig. 1) and only 
5 each in p Pup (Fig. 4) and @ UMa (Fig. 8). Most discrepant lines show appreciable 
blending. In Wright’s curve of growth for the sun" about 5 per cent of the lines also 


18 Ap, J., 95, 73, 1942. 
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TABLE 7 
UNCORRECTED RATIO OF APPARENT ABUNDANCES, F STAR TO SUN 





























A log ¢: 
Element 7 UMa p Pup } @UMa a CMi a Per Notes 

C1 | —0.4 ( 1:)} —0.5 ( 1:)} +0.3 ( 1:)) +0.2 mS eee Wer ae 
Mgt —1.30 ( 5:)| —0.92 ( 5 )} —0.45 ( 7)| —0.10 ( 5:)| —0.9 (4) 
Meu +1.9+a: ( 3:)| +2.3+0: ( 3:)} +2.5+a: ( 3:)| +2.2+a: ( 2:)| +2.6+a: ( 1:) 1 
Si +0.25 ( 2)| +0.49 ( 3)} +0.25 ( 3)| +0.17 ( 3)| +0.48 (3) | 
Cal —1.49 ( 9)! —0.61 (10 )| —0.25 (10 )| —0.07 ( 8)| —0.59 (8) | 

| | | | | 
Cau —0 78+a2( 1:)| —0 18+a2( 1:)! —0.18+a2( 1:) a2 ( 1:)} —O.1+a2 (1) y 
Seu | —0.58 ( 8:)} +0.03 (10 )| +0.35 ( 8)| +0.41 ( 8)| +0.5 C$) 
Tit —0.74 (12 )} —0.57 (10 )} —0.14 ( 13 )} —0.43 ( 8 )| —0.57 (9) | 
Tit. +0.47 (27 )| +0.77 ( 26 )| +0.54 ( 26 )| +0.71 ( 25 )| +0.96 (20:) | 
Vi ...| —1.14 ( 5 )| —1.02 ( 6 )| —0.73 ( 6 )| —0.93 ( 5)} —1.3 Ca | 

j | | 
Vu +0.56 ( 4)| +0.63 ( 4:)] +0.03 ( 4:)}| +0.7 ( 4)| +0.6 (3) 
Cri | —0.30 ( 10 )} —0.30 ( 9)| —0.28 ( 10 | —0.23 ( 9)| -—0.4 (5) 
Cru | +1.20 ( 9)| +0.88 (10 )| +0.49 ( 9)} +0.57 (10 )| +1.24 (8) 
Muni | —0.47 ( 12 )| —0.67 ( 7)| —0.45 ( 7) —0.18 (12 )| —0.4 (8) 
Mau |; as (| 4:)! a3 ( 6:)} —O.2+a3 ( 5 )} —0.4+a3 ( 3:)} +0.5+a3 ( 1:) 1,3 
Fei | -0 60 (120 | —0.52 (115 )} —0.43 (121 )} —0.23 (117 )} —0.63 (84 ) 
Feu .| +1.20 ( 21 )| +1.06 ( 22 )| +0.56 ( 21 )| +0.98 ( 20 )| +1.37 (16 ) 
Cot | —0.73 ( 4)) —0.88 ( 4)| —0.7 ( 3)} —0.5 ( 4:)} —1.0 € Sb... 
Vii | +0 18 ( 9 )!} +0.03 ( 8 )| —0.08 ( 9 )} —0.03 ( 9)| -0.41 C2) 
Nin... ...| 40.9+as ( 2)) +0.50+as( 3 )] +0.44+04 ( 3 )} +0.2+04 ( 3)| +0.7+04 (3) 4 
Zn1 14035 ( 2)| +014 ( 2)/ 4005 ( 2)} OO ( 2)! -0.4 eo) 
Sril ..| +0.70 ( 3)| +0.85 ( 3)} —0.0 ( 3)} +0.49 ( 3)| +08 (2) 
Ki. <. | +0.99 ( 5:)| +1.07 ( 5 )I +0.45 ( 5 )} +0.55 ( 5)| +0.9 (ff) 
Zr +0 18 ( 7:)| +0.69 ( 6 | +0.15 ( 7)| +0.36 ¢ %) 
Ball.... +0.77 ( 2)| +0.55 ( 2 } +0. 23 (ry «e ( 2)} 0.0 (1) 
Lau | +0.97 (10 )} +0.73 ( 7)| +0.34 9 )| +0.35 ( 9)| +0.9 ( 4:) 
Ce | +0.90 ( 8)| +0.58 ( 8)| +0.32 8 )| +0.05 ( 8)| +0.8 ( 3) 
Pru | +1.0 ( 3)| +0.8 ( 3)| +04 ( 3:)} 0.0 ( 2:) 5 
Ndu | +1.1 ( 3)}| +0.8 ( 3)} +0.5 ( 3:)} —0.1 ( 2:)].. 5 
Smit fp FR ( 4)! +0.9 ( 4:)| +0.5 ( 4)| +0.4 ae | i eae a te ni 5 

| | | 

Euu +1.9+a5 ( 2:)| +1.6+05 ( 2:)| +0. 5+05 ( 2)| +0 8+05 ( 2:)]| +1.2+a5 ( 2:) 5 
Gdit... ..-1 +0.9 ( 4) +0.6 ( 4)| +0.4 ( 4:)} 0.0 ( 4:)} 41.1 ( 1:) 5 
5(*) +1.28 +1.25 | +1.61 +1.79 +1.06 
log V +5.60 +5.70 +5.44 +5.46 +5.80 |...... 
1/yet ie 15 12 1.7 1.4 1.5 
fis 0.91 | 0.95 0.98 0.96 Ose. Vhss.45 
Spectrum ; } F6 I1+A3 Foll | F6 Ill FSIV FS 1b 
M, ae | +8 —3 +1.5 +2.5 —5 
log x, | —1.62 —$, 36 —1.00 —1.18 —1.64 
Sion rane 0.86 0.83 0.87 0.86 0.82 
log Pe 0.0 +0.4 +0.6 +0.5 tee Boo 
log Po 4+-2.7 +3.0 +3.9 +3.6 +2.3 
log ge +1.6 +2.1 +3.4 +2.9 L1.2 
log g | +4.0 2.5 +3.5 +3.7 +1.7 








NOTES TO TABLE 7 
The high excitation potential of Mg 11 and Mn 11 makes these determinations very uncertain. If there are departures from 
a dail Boltzmann distribution or if the scale of Texe is incorrect, the comparison of F stars and the sun is difficult. Let the value 
of log no(©) require an arbitrary correction (— a: or —a3); then ‘the intercomparison of the F stars can proceed, subject to this 
zero-point correction. 

2. The great strength of 3933 of Ca 1, the only available line, makes this a very poor determination. The measured in- 
tensities are taken from different sources. In particular, the damping constant, which is the dominant quantity for strong lines, is 
poorly determined observationally in the F stars. Two values of log no(©) may be used, one based on the extrapolation of the 
observed curve of growth (+6. 19) and the other on the theoretical curve (+6.82). The latter i is exactly StrOmgren’s collisional 
—— value. If we write log no(©) = +6.82 — a2, we may later try to adjust a2for the normal F stars. 

. The identification of Mn u is very poor, and only Rowland intensities were available. The arbitrary zero point, as, will be 
set cur 

4. A systematic difference between the results for Vit and Ni 11 indicates that a zero-point correction to the solar strengths 
is — Both Nit and Nit are at present somewhat unsatisfactory. 

The rare earths are weak and badly blended in the sun, and Rowland intensities had to be used. Arbitrary zero-point cor- 
saechins may be needed. In practice the line strengths in + U Ma, no(r), were used to determine the relative abundances in the 
F stars. The latter comparison is accurate, and the uncertainty appears relative to the sun. 
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Fic. 1.—The curve of growth of Fe1 for the metallic-line star, 7 UMa. The abscissae are the line- 
absorption coefficients, X4 based on the solar values of K. O. Wright. They are derived from the observed 
solar curve of growth, corrected to the excitation temperature of the star. The zero-point shift, 5(+), 


is given in Table 7. The theoretical curve of growth is plotted. 
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Fic. 2.—The curve of growth for other elements in rs UMa 
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deviate by +0.20 in log W. Since all solar errors reappear in the stellar curves, it seems 
probable that nearly all the residual scatter can be explained by errors in solar log X;’- 
values and by the increased blending in the stars. The curves drawn are the theoretical 
curves, parameters of which are given in Table 7; the same theoretical curve is used in 
the plot for Fe 1 and for the other elements. 

Figure 3 is a special curve for Fe 1 in 7 UMa. Instead of using the solar log X;’, based 
on Wright’s observed solar curve of growth, I redetermined log no (©), using the theoretical 
solar curve of growth. These 1 (O) were corrected to the excitation temperature of 
7 UMa, giving the revised solar no used in plotting Figure 3. The complicated residuals 
exemplified i in equation (29) reappear in Figure 3 and result in a very peculiar diagram. 
(The plotted theoretical curve for 7 UMa is the same as in Figs. 1 and 2.) The scale of 
log no is compressed for lines that fall at the transition between Doppler and flat portions 
of the curve of growth of the star. It is enough expanded near the damping portion to 
require a damping less than the classical value. No theoretical curve would fit satis- 
factorily when the scale of log 7g is used. 

If we were to plot the curve of growth of tr UMa against the no(r) given in Table 2, 
we should have zero residual scatter by the definition of no(7). If we prepare curves of 
growth for p Pup and 6 UMa, using no(7) computed according to equation (27), we have 
a test of the quality of these no(7). Figures 6, 7, and 10 present such curves of growth, 
together with the original Fe 1 theoretical curve derived for these stars. The residual 
scatter is considerably reduced in Figure 10, compared to Figure 9, for @ UMa. But the 
curves for Fe 1 (Fig. 6) and for the other elements (Fig. 7) in p Pup show, I believe, less 
scatter than any previously published curves of growth. No point deviates by +0.20 in 
log W, and only 10 per cent of the lines deviate by more than +0.10. Several elements 
have been omitted from Figures 7 and 10 because their A log ¢,(*) were poorly deter- 
mined. (In all these curves it should be remembered that a systematic positive residual 
in log W is to be expected for very weak lines; they will be absent on plates in which they 
are accidentally weak ; blending also increases log W.) 

The curves of growth seem quite normal, and no large systematic deviations are de- 
tected for any elements. The rare earths, Ce 11 and La tt, fit the standard curve quite 
well, especially when no(7) is used. Certain elements which are greatly weakened in 
T UMa, like Ca1, Sc u, and Zr u, still fall on the standard curve. The poor solar X;’ of 
Cr and Ti 11 found in the discussion of equation (28) appear to have only small effect. 
Certain important lines are badly blended, even on this 4 wears The strongest Fe I 
line, \ 4045, is far off the curve, especially in r UMa (Fig. 1). Examination of the line con- 
tour shows that what was measured as Fe I, \ 4045.82, actually included lines measured 
by Swensson‘ in a CMi at AA 4045.39, 4045.64, 4046.01, 4046.42. In supergiant F stars, 
as \ 4045.82 widens, its intensity is increased very rapidly by such blending. (The great 
width of the turbulently broadened lines in supergiants probably has a different origin. 
Much recent work has indicated that line contours in supergiants may be very appreci- 
ably broader than those predicted from the turbulence given by the curve of growth.) 
Some of the excessive strength of \ 4077.71 of Sr u compared to \ 4215 has the same 
origin; the lines at AA 4076.60, 4076.81, 4078.39, and especially \ 4077.35 of Lam and 
\ 4077.94 of Dy 1, blend with ‘Sr. In Figure 2 for 7 UMa and Figure 5 for p Pup, the 
Sr 11 doublet deviates in slope from the theoretical curve. In Figuré 7, however, where 
no(7) was used in p Pup, the doublet falls close to the curve. These and other blending 
effects must be important for classification and luminosity criteria on low-dispersion 
spectra. The intensity of a badly blended line varies rapidly as the blending changes, and 
many strong features of low-dispersion spectral criteria are such blends. One example 
is the group of lines at \ 4172, A 4178, important in F stars. They appear as a strong 
doublet in the Yerkes Adlas of Stellar Spectra;' in supergiant stars like ¢ Aur, a Per, and 
y Cyg, the 4178 component is very strong. Both \ 4172 and \ 4178 contain many lines, 
but the \ 4172 blend has important neutral-line contributors, while \ 4178 is dominated 
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Fic. 3.—The curve of growth for Fet in r UMa, with the nj (©) as abscissae; these are read from a 
theoretical curve of growth of the sun and are corrected to the excitation temperature of the star. Note the 
systematic nature of the residuals. 
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Fic. 4.—The curve of growth of Fe1 in the supergiant p Pup, using solar X/ 
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1G. 6.—The curve of growth for Fet in p Pup with the (7) of Table 2 as abscissae. Note how the use 
of stellar values of line strengths reduces the scatter when compared to Fig. 4. 
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Fic. 7.—The curve of growth for other elements in p Pup based on the stellar™))(7). Compare 
with Fig. 5. 
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Fic. 8.—The curve of growth of Fe1 in the giant @ UMa, using solar X} 
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by ionized lines of Y 11, Fe u, and Cru. In Plate 31 of the Ad/as it can be seen that the 
variations of \ 4172, \ 4178, form one of the most striking luminosity effects in FO stars. 
Detailed studies of blending effects, of the type suggested by Pannekoek and van 
Albada,"* should prove important in the prediction of low-dispersion spectral and lumi- 
nosity criteria. 

THE PARAMETERS OF THE STELLAR ATMOSPHERES 


The major problem of this investigation can be stated as follows: Does the change of 
curve of growth, temperature, and pressure from star to star completely account for all 
the changes of line intensity? Or are there actual changes in the abundances of the ele- 
ments? Since we lack f-values for most lines, we evaluated all apparent abundances in 
terms of the solar abundance of the element in Table 7. These apparent abundances still 
involve the level of ionization and opacity. The most fundamental approach is that taken 
by Strémgren in the solar atmosphere, where with a detailed solar model the absolute 
intensities of certain lines were predicted. For the general investigation of the F stars, 
the data required for the construction of the model stellar atmospheres is almost com- 
pletely lacking; only one star has an accurately known mass and luminosity. Eventually 
the parameters required for such models may be estimated. For example, the color tem- 
perature-effective temperature relation will be available from computations by Miinch 
based on the continuous-absorption coefficients of H and H~ (given by Chandrasekhar 
and Breen!® and by Chandrasekhar and Miinch”’) and the six-color photoelectric pho- 
tometry of bright stars. For stars of high luminosity it may not be possible to use the 
gravitational value of the surface gravity if other mechanisms contribute to the support 
of these extended atmospheres. The Balmer discontinuity and the color temperatures 
will ultimately determine both the effective temperature and the electron pressure. 

Meanwhile, we must proceed by indirect spectroscopic methods, based on a rough 
analysis of the star. We shall consider the level of ionization at a representative point 
in the stellar atmospheres, 7» = 0.25; at this point Aion = 1.10 6, = 0.92 6. We com- 
pare the relative level of ionization of various elements in the star and in the sun. Since 
we have a model for the solar atmosphere, we know 6jon(©) = 0.95, log P.(©) = 0.80. 
(These values differ slightly from Strémgren’s and fit better with the newer H~ absorp- 
tion coefficients.) Therefore, in principle, two elements of different ionization potentials, 
observed in two stages of ionization, determine both 6;.,(*) and P.(*). The ionization 
equation is 

N,(*) N,(Q) 


os hoe 


ie SN(O) Ar Bion) — "e (30) 
log SN (*) °F SV (0) K,. (8ion) — log P.. 





The =N is taken over all stages of ionization. Unfortunately, the simultaneous solution 
of two relations like equation (30) proves almost indeterminate. In fact the application 
of equation (30) to the observations results in a single approximately linear relation of 


the form: 
log £ + C29 ion Oy (31) 


where c,; depends on the observed A log ¢; and where cz is nearly independent of the 
ionization potential, averaging close to 9.0. While many elements of quite different ¢: 
and c; are observed in a single stage of ionization, in this investigation such elements 
cannot be used to determine 6jon and P,., since possible abundance variations from star 
to star cannot be excluded. In equation (30), even if an element has a gross abundance 
change from sun to star, both stages of ionization are affected, and no error is introduced. 

The actual determination of the level of ionization was carried through for the follow- 
ing elements: Fe 1/Fe 1 (wt. 2), Cr1/Cr u (wt. 1), 77 1/Ti 1 (wt. 1). The level of ioniza- 


19 4p. J., 104, 430, 1946. 20 Ap. J., 104, 446, 1946. 
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tion at the standard point, 7» = 0.25, was known in the sun; the A log ¢;(*) gave the 
ionization in the star, neutral element divided by total. Tables 8 and 9 give the results 
of these computations. Note in Table 9 the agreement of the observationally deter- 
mined log P, for the three elements. Note also how small the difference between the rate 
of change of P, with @ is for Fe 1 and Cr1; the constants cz in equation (31) are 9.1 and 
8.2, respectively. 

To obtain a second relation between 6;., and P., we make another type of assumption, 
which would permit changes of relative abundances of various metals to be determined, 
although not immediately giving their abundances relative to hydrogen. Let us assume 
that a certain group of heavy elements has the same fractional abundance per gram of 


TABLE 8 
IONIZATION OF STANDARD ELEMENTS 


OBSERVED STELLAR [ONIZATION 




















V(O oa 
Nr EL 
ELEMENT 8 =N ” - 
7 UMa p Pup 6UMa a CMi a Per 
(aoe —1.00 —2.80 | —2.58 | —1.99 | —2.21 —3.00 
OS re Me —3.36 —3.04 | -—2.63 | —2.66 —3.50 
ich res —1.98 —3.19 —3.32 —2.66 —3.12 —3.51 
TABLE 9 
DETERMINATION OF LOG P, FROM STELLAR IONIZATION 
| 4 
Gion = 0.7 Bion =0.8 Bion = 0.9 
STAR = | = 
Fet | Cri Ti1 Mean Fet Cri Tit Me ~ Fe Cri Tit Mean 
rUMa... +1.24/4+1.32 +1.63 +1.35; +0.31'/+0.50 +0.80| + —0.60 —0.31 —0.01|/—0.38 
p Pup. +1.46 +1.64/+1.50'+1.51) +0.53 +0.82 +0. 67|+0.04 — .38\+ .O1;— .14;— .22 


6UMa. +-2.05)/+2.05/+2.16+2.08 +1.12)+1.23'+1.33)+1.20) + .214+ .42/4+ .52/4+ .34 
aCMi....| +1.83 +2.02/+1.70 41.84 +0.90 +1.20 +0.87/+0.97, — .O1;+ .39+ .06/4+ .11 
aPer..... +1.04 +1.18/+1.31+1.14) +0.11 +0. 36|+0.48)+0.26, —0.80)—0.45|—0.33 —0.60 
stellar material in all stars and in the sun. Any gross change of A, the ratio of hydrogen 
to the metals, invalidates this assumption. The standard elements, together with weight- 
ing factors adopted, were: Ti(4), V(1), Cr(2), Fe(4), Ni(1), Y(1), Ba(1). These ele- 
ments prove to be completely in the singly ionized state in F stars. (In r UMa, Ti and V 
were omitted because of their possible slight weakening in that star.) In the analysis of 
the sun’ A is equal to the ratio P,/P., since the electrons are contributed by the metals. 
In the F stars hydrogen is about 1 per cent ionized and provides the electrons; then 
P,/P. varies as P,. A change of A does not affect P,/P, or the opacity and would remain 
undetected in the following analysis until the absolute strengths of the hydrogen lines 
were predicted. 

We find that the opacity of 7 and H~ in these stars is a slow function of temperature 
and nearly proportional to P,. From the observed A log ¢; for the singly ionized standard 
elements we obtain a mean ratio of log «,(*)/x,(©) and evaluate «,(*). With a fair 
degree of approximation we write 


log P. + (0) =log x, (32) 
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where $(6) is nearly a constant. A simultaneous solution of equations (31) and (32) proves 
highly determinate; the effects of observational errors in the final solution are 


A Bion ~ 0.1Ac,— 0.14 log x, . (33) 


The observational errors are about +0.10 (m.e.) in both A cq and A log x,, so that an 
error of + 0.015 in 9jo, might be expected, with a corresponding error of + 0.14 in log P,. 
The errors in the deduced log P, and log g, are about +0.30. However, while the internal 
agreement of different elements is good in the determination of log x«,, a larger systematic 
error may arise, owing to the errors of spectrophotometry. For example if our character- 
istic curve is in error so that all W’s are increased by e per cent, Jines on the flat part 
of the curve of growth will give errors in the deduced no of 2 to 4e, appearing in full in x,. 

The theoretical x,, including stimulated emission, is determined from the new H- 
absorption coefficients of Chandrasekhar and his collaborators.'* 7°. We evaluate and 
sum x, at \ 4300 for the H~ absorption and the total H absorption, bound-free and free- 
free. Detailed tables of K and x,(H~) are available elsewhere; the quantity x,(H+/), 
required in this type of analysis, is given in Table 10. Note that electron scattering is not 


TABLE 10 
LOG x,(H + H-) 














r) 
LoG P, | 
| 
0.5 0.6 0.7 0.8 | 0.9 1.0 

2. eon BT —3.05 «977 ~2.69 | 3.25 ~3.36 
—1..... —2.37 —2.05 —1.84 —2.23 | —2.51 —2.38 
he SE eee ee ae —1.37 —1.08 —1.19 —1.66 | —1.55 —1.38 
| 2 ee ee —0.38 —0.24 —0.73 —0.75 —0.56 —0.38 
eT ae +0.53 +0.26 +0.07 +0.24 | +0.44 +0.62 
+3..... oe +1.25 +0.88 +1.05 +1.24 | +1.44 +1.62 
tree eo +1.74 | +1.81 +2.04 +2.24 +2.44 | +2.62 





included; it would be appreciable in A stars and in supergiants and may slightly affect 
the results for a Per and tr UMa. 

Table 11 gives the individual values of A log ¢, for the standard elements in the ionized 
state. The level of ionization in F stars and in the sun is such that log fjon(*)/Cion(O) 
averages near +0.02. Since 








N (*) 
A log ¢, = log ae : (34) 
Ky (QO) 
ky (*) Lape ar Pere eee 
log af = + 0.02 —A log ¢; (ions) . (35) 


(In some stars in Table 11 the elements Y m and Batt show appreciable ionization.) 
The value of log x,(©) = —0.54; from the mean A log ¢; in Table 11 and from equation 
(35) we obtain the log x,(*) in the last row. 

The rather complex curves relating log P, and log x, were plotted for various 6; with 
log x, in Table 10 we read the log P., for each 6, which gives the required opacity. A 
plot of the log P. for each @ required by the ionization (Table 9) and now by the 
opacity gives 6jo, and log P, as spectroscopically determined. These are given in Table 7; 
it is interesting to note that the 6jon agree moderately well with each other and with the 
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accepted stellar temperature scale and are appreciably smaller than @cx.. This latter fact 
again suggests that the derived @x- are not very meaningful parameters of the stars. 
The detailed stellar models published by Strémgren and his collaborators give the 
relation between P,, P., and 6 for various hydrogen abundances, A. Adopting log A = 
3.8, I find the spectroscopic values of P, given in Table 7. The values of k adopted by 
Strémgren differ slightly from those recently derived by Chandrasekhar, and the range 
of Strémgren’s stellar models is too limited for us to proceed to evaluate the surface 
gravity exactly. Without exact models, an approximate method can be adopted. Since 
P./P,is very roughly constant, 

















ie 7, 
a5) ieee 1 aaa 
K (To) P, (To) 
TABLE 11 
EVALUATION OF STELLAR OPACITY 
A LOG & 
. J a a re een a ae eee 
ELEMENT j 
>UMa p Pup | 6 UMa | a CMi | a Per 
ee baer a se BES +0.77 | +40.54 | +40.71 | +0.94 
Bkba x cias hiv as oe | Py Sees ats +0. 63 + .30 | + .70 +0.79 
Crah; <3 Bir eet 2 +1.20 +0.88 | + 49 | + .57 +1.35 
cals REE Pe 4 +1.20 +1.06 + .56 + .98 | +1.36 
WERE 32 whlewes | 1 +0.90 | +0.50 | +. + .20 +0.77 
‘7 ee So +1.07 en ee ae neon 
Be cn tas } 1 | 40.77 4055 | 40a" | “COOP Tin 
Wit | ci et are +1.10 | 40.84 | 40.48 | +4066 | +441.12 
log x(#) .......-. | TRL ee nha. | tae | —1.00 | 1.18 | 1.64 
. | 
From the hydrostatic equation, 
2 
dP, = _ Se ; (37) 
dr x«(r) 
we obtain 
F, (To) (To) (38) 


Pa Bis. Mth bel 

Se y To : 
In this range of temperature, I find that log x,/x ~ —0.2, from the tables of Chandra- 
sekhar and Miinch.”° By choosing the representative point at 7» = 0.25, as before, the g, 
given in Table 7 are evaluated from purely spectroscopic data. Any agreement with the 
expected gravitational values of g, given in the last line of Table 7, is of considerable 
significance, since it justifies the assumptions made as to the abundance of the metals 
with respect to hydrogen. The gravitational g are approximately estimated from the 
masses, luminosities, and temperatures of the F stars. Systematically, g. < g; this is 
expected for the supergiants, and it is interesting to note that the dwarf + UMa, in 
spite of being 6 mag. fainter than p Pup, has a lower g, than that star. This unexpected 
discrepancy is in line with the large turbulent velocity found for r UMa (4 km/sec); no 
dwarfs had previously been found with appreciable turbulence. Another peculiar case is 
# UMa, which has a relatively large g, compared to a CMi, although of about the same 
luminosity. The weakness of all lines in 9 UMa demands the high x, and the consequently 
large g, derived. Criticism of the g, can be made on both observational and theoretical 
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grounds; photometric errors affect x, directly, and in stars like a CMi the variation of 
P, and g with P, is very steep. Errors of +0.3 in the log ge may be expected. 


OBSERVED RELATIVE ABUNDANCES OF THE ELEMENTS 


In Table 7 we have tabulated the parameters of the atmospheres required to discuss 
the relative abundances of the elements. With @jon, P., and x, determined from a small 
group of standard elements, we compute the level of ionization of all other elements. 
For each atom of type i in state of ionization r, we write the predicted values of the 
apparent abundances, 





N 4 : ,7 cy * 3; ( 
A log ¢;, , = log 6s log Ef A log svat log ie (39) 
dS Vi DE Es (C) ie 


The quantity z,(*)/z,(©) represents the abundance ratio, the number of atoms of the 
element 7 per gram of material in the star as compared to that ratio in the sun, i.e., 


= 
oe ed ; N i>re (40) 
Tr 


If the elements were present in the stars and the sun in the same proportions, all relative 
abundances 2,(*)/z;(©) would equal unity. From the observed A log ¢ ;(*) listed in Table 
7 and the ionization at Ojon and P., equation (39) gives the values of 2;(*)/z;(©) com- 
puted for those elements for which the data seem trustworthy. (The results for a Per 
should throughout be considered of relatively low weight.) If the ionization has been 
correctly determined, the values of the abundances should be the same in both stages of 
ionization. This is obvious if there is a true abundance change; it is also true if some 
peculiar mechanism should ionize an atom, say Ca 11, more heavily than is predicted by 
the Saha equation. The ratio Ca 11/Ca 1 would not be affected by the same mechanism, 
and Ca1 would be reduced in the same proportion as Ca 11; Ca would be mainly in the 
unobservable stage of Ca 11. 

For reasons previously discussed, it was necessary to permit arbitrary zero points, a, 
in the A log ¢, for Mg, Ca, Mn, Ni, and Eu. In the first four cases we evaluate these a by 
requiring that in the mean of the five stars the values of log z;(*)/z:(©) should agree for 
the neutral and ionized elements. This adjustment remains as an unfortunate feature of 
the abundances of these elements in Table 7. The values: determined, a; = —1.7, 
a2 = +0.74, as = +0.9, ag = +.0.75, are used in the final log 2,(*)/z:(©) given in 
Table 12. The case of Ca 11 may be taken as typical. The observational difficulties have 
been described. In the sun the collisional damping constant of the K line agreed with 
the damping found for the average metallic lines in the analysis of the curve of growth. 
The F stars may not show the same equality, and the deviation observed is in the sense 
that the K line is too weak in all F stars as compared to the sun. Before adjustment, the 
abundances of Ca indicated by Ca 11 and Ca I were as shown in the accompanying tabula- 
tion. The systematic nature of the required correction is obvious. (The results for r UMa 


| + UMa p Pup | a Per @UMa a CMi 





5S Sn | —1.11 —0.15 0.0 +0.07 +0.25 
Cau —1.80 —0.97 —0.6 —0.63 | -—0.63 


Difference...) —0.69 —0.82 | -0.6 —0.70 | —0.88 
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show the great weakening of Ca in that star.) It would have been possible to adjust Ca 1 
to agree with Cat, but then a large mean negative value of the Ca abundance would 
have resulted. Since the analysis of the K line is subject to greater uncertainties, the 
adjustment of Ca 11 seems reasonable. In the cases of Mg 11 and Mn the solar X;, is 
suspect because of the high excitation potential involved. The case of Ni 11 is unsatis- 
factory; it was adjusted to give an abundance in agreement with Ni1, but the mean 


TABLE 12 


THE RELATIVE ABUNDANCES OF THE ELEMENTS IN UNITS OF THE SOLAR ABUNDANCE 
LOG 2;(*)/2i(O) 


| 





Element Z | rUMa | pPup | aPer 6éUMa a CMi | Qual. | LP. Volts 
Mg! ne Benes | —0.8 | -0.3 | +0.2 | +0.01] 40.34] a |........]........ 
eee Ge | ee fh = BP ee eae ee 
Mg...........| 12 | -—0.85] — .25] — .2:} + .12]} + .18:] b | 7.61 14.97 
OMe ke ties Jeceeeef 8.06] — 15 Os) 4 Ot ead Qibeiea BS gear 
Can. verde cecceh om ee ce ee 
Ca...........| 20 | —1.05| — .19| + .05| + OO] + .18] b | 6.0 11.82 
Sew..:......¢ 2 1 SEBRT FRE ee Be ee ee 1 23 
Tit seceafeesecs] | GLP — OR is GR th 2 — OR err 2. 

Tiu vecsefeeeeee| —O.61] — 05] — .14] + .08| + .07] a |........ 
re ea 04} — .03| + .16] + .01| a | 6.81 13.6 
Vi ccapealionscc], EL See weak a ee ee ee eee Kee 
Vil..........h.....4 —OSE] — 9] — 5.] — 4} +66] Bb none 

V .o..e.| 23 | -0.62] — 35] — .6: | — .40] —.25| b | 6.71 14.1 
en ee oe ee ae ee lc ee 

2D | ee ihic.ece) Wee | Oe 06; + .14] + .03} — .07} b ey Cee. 
Cr ceeeeeee| 24 | 40.13 | + .18 | + .16] + .07}] + .07] a | 6.74 16.6 
en ee ce ee — 04} + .24/ a | cay 

dL SET es ee i + .34| — .14] d 

Mn...........| 25 | -0.05} — .02} + .3: | + .09] + .11] b 7.40 15.6 
Fe ...{ 0.12 | + .10 | 00; — 01; + .19] a 

Feu wealeeeeee| 40.12 | + .24] + ..27] + ..10] + .34] a a - 
Fe..... pa 0.00} + .17| + .14] + .05| + .26] a 7.86 16.16 
Col ...| 27 | -0.25} — .26] — .3: | — .28] — .08] b | 7.85 17.1 
Nil.... pew | OO] + OT + 3 1) SE Se ae PP seco lee ae 
i. een eee ee ee ee oe + .69| + .32] c Noes 
ere fo ee ee eee ee ee 7.61 18.4 
Znt... ...| 30 | 40.58) + .55| + ..1 + .25| + .20| b | 9.35 17.89 
Sru..........} 38 | -0.26] + .14]) — 1 | -— 44] -— 21] db J........) 10.98 
Yu........... © | 6G! +.B + 2] + Ol — OB ge [...-....) te 
Zreu........... @ | ~@00| =—.18 > = .3] =—.30) = 28) «2 fc...) 1 
Bawts:;. vit SG) Oe | Be eR poe — .07| — .62 b are ae 9.96 
Lau ....| 87 | —0.06| — .0@) —.1:] — 22] — .27] a |........| 1.38 
R.E.1........|58-64| 0.00} — .03 0: | — .02:} — .55:| b |.... 11.4 
Eun.........| 63 | +0.9 | 40.8 | 40.1: 60 | 402°} @ 1.5... 11.21 


| | ES | | | | 


residual is left positive in all F stars. The excitation potentials of both Ni tand Ni 1 are 
higher than average. 

The final abundances are given in Table 12. The rare earths (except Eu 11) are lumped 
together as ‘‘R.E. 11.”’ Where both stages of ionization are available, the third entry for 
each element is the adopted mean abundance. The column headed “Z” gives the atomic 
number of the element; “Qual.” measures the reliability of the determination, on a scale 
from ‘“‘a,” good, to “‘d,” very poor. The last two columns give both first and second ioni- 
zation potentials where relevant. In further discussion of the abundances in Table 12 we 
shall exclude t UMa, which will be the subject of Paper III in this series; it apparently 
shows large abundance changes. 
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An error of excitation temperature will change some of the derived abundances. If 
the error of the difference @exc(*) — Oexe(©) were as large as 0.1, elements of excitation 
potential (E.P.) of 5 volts would have errors of log z,(*)/z:(©) of 0.5. A weak correla- 
tion of abundance differences with excitation potential actually exists, in the sense that 
elements of high excitation potential have slightly higher abundances in the F stars. 
Actually, this correlation arises from the more striking low abundance of Sr, Ba, Zr, and 
Sc, which amounts to about —0.2. The lines of these elements have low excitation 
potential; they are known to be strong at the very low excitation temperatures of K and 
M giants. Such a low-temperature enhancement may already be present to a slight de- 
gree in the sun, because of a steep decrease of y with optical depth. If so, their apparently 
somewhat low abundance in F stars is unreal. 

A curious effect is visible for Zn in Table 12; while only two lines are accessible, they 
are strong and unblended. All F stars show an abundance increase, largest in p Pup; in 
a Per, however, the lines are definitely weakened (to the eye as well), and the abundance 
is relatively low. Thus Zn 1 seems to show an absolute-magnitude effect with a maximum 
in the intermediate supergiants. 

The element Eu 11 is particularly difficult. The strong lines at \ 4129, \ 4205, are 
badly blended in all stars, and in the supergiants almost hopelessly blended. All rare- 
earth lines are strong in p Pup, a Per, and r UMa; and this strengthening is normal, not 
requiring any abundance changes. The strengthening of Ew 11, however, seems somewhat 
excessive. A similar excessive strength for Eu 11 lines is noted by Hiltner”! in 6 CrB, a 
peculiar F giant. 

Except for r UMa, it may be said that the four F stars show extremely small abun- 
dance changes from the sun. The spectroscopic differences between @ UMa and a Per 
are enormous to the eye, even on the lowest dispersion. Both differ even more strongly 
from the sun. Yet for about twenty elements in Table 12, there is no well-established 
difference of abundance of a factor of 2 between these stars. The accidental errors, espe- 
cially in a Per, are quite large; to reduce their effect let us group the two “‘giants,” 
p Pup and a Per, and the two ‘“‘dwarfs,”’ @UMa and a CMi. Form the differences in 


abundance, giant divided by dwarf, i.e., 


zi(a Per, pPup) _, 3: (@ UMa, a CMi) al 








A log 2 = log Z, (0) og 2:(@) 





Table 13 gives the mean value of these abundance differences between the F stars. A 
range of about 6 in absolute magnitude is involved. I have tabulated the elements in the 
order of their A log 2; in Table 13. 

The total range of apparent abundance changes is of the order of + 0.30, and of this at 
least +0.15 may be expected to be observational error. A very unexpected regularity 
appears in Table 13. The elements deficient in the supergiants are the lighter ones. The 
median atomic number, Z, is 23 for elements with negative residuals and 39 for those 
with positive residuals. If real, elements heavier than Ni are about 50 per cent more 
abundant in the supergiants than in the dwarfs and the lighter elements are 50 per cent 
less abundant. This small difference may have still another origin than in true abundance 
differences, since lighter elements have, on the average, lower ionization potentials and 
higher excitation potentials than do the heavy ones. 

If the stars are grouped in the same way and are compared to the sun, no systematic 
effect in atomic weight is apparent. The straight mean log z,(*)/z,(©) = —0.01 for the 
giants and —0.03 for the dwarfs. These near-approaches to zero difference between the 
stars and the sun are only in part forced on the data by the method of reduction. The 
opacities are determined essentially by the strength of Tin, Cri, and Fem, and the 
derived abundances of the other elements might well have differed greatly from the solar 


1 4p. J., 102, 438, 1945. 
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values. There is a slight tendency toward positive residuals in the dwarfs for the light- 
elements. There are many observational and theoretical uncertainties involved, but the 
predominant evidence shows only small abundance variations of the heavier elements 
among the ‘‘normal”’ stars of a wide range of luminosity. The abundance of the heavy 
elements with respect to hydrogen will be treated separately, but a normal value is indi- 
cated by the nearly zero mean value of log z2;(*)/z,(©). 


THE HYDROGEN ABUNDANCE 


The hydrogen lines are subject to Stark and collisional broadening; because of the 
high excitation involved, their broadened wings are produced at large depths, and 7 in- 
creases with 7. With detailed model atmospheres, the prediction of the complete line 
contour can be carried out. If the lines near the Balmer series limit could be observed in 
F stars as they are in B and A stars, the point of disappearance of individual high series 
members could be used to estimate P,. In B and A stars the run of W with series number 
is also used to estimate the number of excited atoms of hydrogen. Neither method can be 
applied to F stars, since lines beyond H¢ are blended with metallic lines. We require 
estimates of the hydrogen abundance accurate within a factor of 2, and the observa- 
tional and theoretical difficulties may well produce a greater uncertainty. 


TABLE 13 
ABUNDANCE DIFFERENCES 
SUPERGIANT/ DWARF 


4 log 3; Element 
AEM rats. i ccin hestadcs eoropotnee. Mg, Sc: 
—0.29-to —0..20...... oe cv nes. Se habe deh Ca 
son ME es EO Ss, orc tn a erate eee 2 T1, Ca: 
— .09 to Donk oh ck vate cdevstele ) are ives 
eo SO ree |. IO or oc cn oe eee Cr, Zr, Zn 
Ss ae. | er ee ae La 
AO 2B 10 OOo nine i Sao wee wei Sr, Y, Ba, Eu, 


rare earths 


After some consideration it is apparent that the contours of Hy and H6, available for 
our F stars, can determine the hydrogen abundance. The equivalent widths of these 
strong lines cannot be interpreted directly. The type of model atmosphere differs from 
star to star; the source of broadening may change from collisional damping to Stark 
effect. If the model changes, a line absorption at distance 6\ from the center of the line 
A(5X) may involve different (5A) from star to star. Such an effect should be smallest 
in the wing of the line. In the wing we also know that Stark effect dominates unless the 
collisional damping is many times the radiation damping. In the wings the Stark broad- 
ening gives a line-absorption coefficient of 


1(6X) =CN2P.T,“' (6d) —5” , (42) 


where C is given by the theory of the Stark effect and N2 is the number of excited hydro- 
gen atoms in the second level. Let us compute 7 in the star and the sun at wave lengths 


6\(*) and 6A(O): 
n[ér(*)] _ Pe(*) T.(Q) No(*) x» (O) EMons (43) 
n10\(Q)] P.(O) Te (*) N2(O) wr (*) VOA(*) J * 





Our assumption is that the star and the sun follow the same model and that therefore 
the same observed absorption in the wing of the line corresponds to the same 7 in star 
and sun. Measure the width of the line, 6A, in various stars at certain fixed values of the 
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absorption A; our assumption requires that the left-hand side of equation (43) equal 
unity. Thus V2 is determined, and an application of the Boltzmann formula gives the 
total number of hydrogen atoms, No. The abundance then is 





Su(*) _ - 5 1. OAC). x» (*) 0(©)P.(O) 
log eo + 10.16[6(*)—@(©)] + § log Fx) + log <0) OCH) P. (4) (44) 


The ionization of hydrogen can be neglected. A fundamental difficulty is to decide at 
what optical depth to evaluate x,, 6, and P, for equation (44). Since x,/P. appears and 
x, « P., the pressure variation is unimportant. The temperature variation has a large 
effect, however; we may ask whether the ionization temperature at to = 0.25 or 
the excitation temperature (which is usually low) should enter the first term in equation 
(44). Previous experience’ has shown that the low excitation temperature found for the 
metals cannot apply to the hydrogen lines; Strémgren found in the sun* that the ob- 
served value of V2 was consistent with the opacity and the hydrogen abundance when 
the temperature at a rather deep layer (to = 0.53) was used. However, only the dif- 


TABLE 14 
HYDROGEN LINE WIDTHS AND THE ABUNDANCE OF HYDROGEN 


| 














5A(* ) } ZH (*) 
66 6 
5(O) zH(©) 
oan Predicted 
} 
Observed ee P | Gion Gexe 
Bion | exe 
7 UMa..........| +0.62 +0.46 | +062 | +0.40 0.00 
prup...: ash ae + .63 | + 53 | — .18 + .08 
ee ae + .28 7 et ee ft = 2 | se 
a CMi | + .49 + 49 | + .44 | 00 | + ..12 
a Per +0.57 +0.67 +0.39 —0.22 | +0.45 
| 


ference 6(*) — 0(©) appears, and the uncertainties are correspondingly reduced. If 
were independent of optical depth, the present analysis would be quite satisfactory. 
The model dwarf F star, when compared with the sun, in Table 6 fortunately showed 
only small differences arising from the change of model, except in the extreme wing of the 
line. 

In the application of this analysis of the contours we use the solar contour given in the 
Utrecht Adlas,'’ obtained at the center of the solar disk. The hydrogen lines weaken to- 
ward the limb; the observations of Hy and Hé by Royds and Narayan” have been 
criticized by D. S. Evans.** While the absolute intensities of the former investigators 
may be in error, we adopt the scale of decrease toward the limb that they observe. 
Rather than compute the solar line in the integrated flux, I have arbitrarily weakened the 
hydrogen lines as observed in the Atlas by contracting the wave-length scale by 15 per 
cent (about —0.06 in log W). The line widths (which range from 2 to 30 A) were meas- 
ured at absorptions A = 0.1, A = 0.2, A = 0.4 in the sun and in the F stars (Table 4). 
The ratios 6\(*)/6A(©) should be constant and, in fact, do agree moderately well. An 
unweighted mean is given for each star in Table 14. If the hydrogen abundance is nor- 
mal, equation (44) gives the predicted values listed in Table 14. Predictions are given in 
both cases, using the ionization or the excitation temperature. The last two columns give 


2 Kodaikanal Obs. Bull., 109, 375, 1936. 23 M.N., 100, 156, 1939. 
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the hydrogen abundance deduced from equation (44), using the observed line widths. 
It is interesting to note that the mean observed ratios of line widths in Table 14 are close 
to the ratios of equivalent widths in Tables 3 and 4. 

Although sensitive to the temperature adopted, the general run of predicted line 
widths agrees well with the observed values. Most gratifying is the predicted strength 
of the hydrogen lines in the F supergiants, in agreement with the observations. In the 
discussion of Table 4 we found that an approximate null absolute-magnitude effect is 
observed for hydrogen lines in the F stars. The prediction in Table 14 actually suggests 
that the hydrogen lines should be enhanced in the supergiants (as contrasted to A stars, 
where the Stark effect results in weakened hydrogen lines in the supergiants). We may 
hope that eventually the positive absolute-magnitude effect in late-type giants will also 
be explicable without recourse to deviations from thermodynamic equilibrium. 

The scatter of the derived abundances is large; positive residuals have no physical 
reality, since hydrogen forms substantially all stellar material in the sun. In the mean 
the two giants show about the same abundance of hydrogen as in the sun. The giant 
§ UMa has abnormally weak hydrogen lines, probably correlated with the weakness of 
the metallic lines. Though we endeavored to explain the latter by a large opacity, the 
predicted hydrogen lines still remain too strong. This star requires further theoretical 
investigation. A converse small apparent excess of hydrogen may exist in tr UMa; our 
discussion in Paper III will show that the metallic-line A stars do have somewhat 
stronger hydrogen lines than their metallic-line type requires. The excitation tempera- 
ture may be slightly higher in the metallic-line A stars than it is in normal F stars; such 
an effect may be correlated with the observed turbulence, unusual in dwarfs. 

Neglecting these small deviations, we see that the hydrogen abundance in the F stars 
is compatible with that in the sun within a factor of 2. We have already shown that, 
on the whole, the metals show about the same relative abundances as in the sun. Large 
differences of absolute magnitude do not involve any gross changes of abundance. For 
the first time we may with some confidence say that the spectrum of a star could be 
predicted in detail from that of the sun. Since we have a satisfactory source of opacity, 
the color temperature, the Balmer discontinuity, and the absolute intensities of the lines 
of hydrogen and the metals are all predictable and, with the exception of the first two, 
have been now proved consistent with observation. One parameter of the stellar at- 
mospheres which is not directly given by the theory is the turbulence, which for some 
unknown reason increases systematically from dwarfs to giants. With this is correlated 
abnormally low surface gravity. Only + UMa, as a dwarf, has unusual turbulence and 
low surface gravity and shows several apparent abnormal abundances of the metals. 


I wish to express my gratitude to Dr. S. Chandrasekhar and to Dr. B. Strémgren for 
their invaluable discussion of theoretical problems and to Dr. K. O. Wright for providing 
solar-line strengths in advance of publication. 
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III. SCATTERING IN ACCORDANCE WITH RAYLEIGH’S PHASE FUNCTION 


11. The equations of the problem.—We have already indicated in Paper XVII, § 6, 
how the functional equations governing the angular distributions of the reflected and 
the transmitted radiations from an atmosphere scattering according to a general phase 
function, expressible as a series in Legendre polynomials, can be reduced to independent 
systems of functional equations. 

In the case of scattering according to Rayleigh’s phase function, we can express the 
reflected and the transmitted intensities in the forms (cf. Paper XIV, eq. [231]) 


3 , , 9 9 
1 (03 4, 93 Ms @) = 32n F[S® (wu, wy) — 4mm, (1 — uw?) (1 — w2)! 
(214) 


XS (uw, w,) cos (gy — gv) + (1 — uw?) (1 — w2) SO (us, wy) cos 2 (g — ¢,)] 


and 


“ 


it as ei : et tip ‘ 
I (7,5 — bs 5 Mer Pp) = 32, F(T (4, uy.) +4mumu, (1 — wu?) (1 — 2)! 





(215) 
XT (uw, My) cos (~ — g,) + (1 — uw?) (1 — wg) T (uy wy) cos 2(~—¢,) I; 


and the functions of the different orders (distinguished by the superscripts) satisfy inde- 
pendent systems of equations. Of these systems, the two governing the functions of order 
one and two are directly reducible to the standard forms considered in Section I. And 
the terms in the reflected and the transmitted intensities proportional to cos (g — ¢o) 
and cos 2(y — go) are of exactly the same forms as those given in Paper XXI, equations 
(223) and (224); only the functions X, Y™, and X®, Y®, must now be redefined in 
terms of the functional equations which they satisfy. These terms require, therefore, no 
further consideration. 

Turning to the functions S\(u, wo) and %(u, wo) of zero order, we find that these 
functions must be expressible in the forms (cf. Paper XIV, eqs. [241}-(245]) 


= +=) 5 (as wo) = 3 10H) 0 (ws) — x (w) x CH] oad 
+ 8[p (u) b (uo) — £ (mu) £ (uo) | 
and 
+ —2)re (4, wo) = 31x (mH) (mo) —v CH) x (Ho) | 
Ho py (217) 


+ 8[5(u) o (uo) —¢(u) £ (Ho) J, 


* Sections I and II of this paper have already appeared in Ap. J., 107, 48, 1948. The remaining Sec- 
tions III-V of the paper are published here. The numbering of the sections and equations continue from 
those of the earlier part. 
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where 
: dp’ 
vu) =3— wet & f (3 —n) SO(n, w’) =e (218) 
“0 
1 din’ 
d (mu) =u fw 259) (u, pw’) - al (219) 
0 bu’ 
ff 9 © . hovn dy’ 
x (wu) = (3 — pw?) eo re+ 3S (3 — p?)T® (p, wT (220) 
0 
and ; 
‘ Joon ( 
(um) = went 3 fe w?PTO (au, pw’) < (221) 
0 bp’ 
Further, we must also have 
dS) 
a7 = 4X (mM) x (Mo) EF (Hw) F (Coo) (222) 
a 
and e 
1 oT ( (0) (2 5 F 
i yb ta) etn) + 5 (hu) € (uo) | 
ito OT age ’ ; 


(223) 


1 ic , ‘ 
~ [5x (Hu) w (uo) +36 (Hu) > (Ho) }. 
Me 


Substituting for S and T according to equations (216) and (217) in equations 
(218)-(221), we obtain the following system of functional equations of fourth order: 


| ; . x 5 te 
¥ (uw) =3—w+ ou Ayu) h(n’) —x (Cu) x (vw) I du 
I , (224) 
+ lief noe. [o(u) d(u’) — F (un) Cw’) I dp’, 
0 M+om 
1 49 
, ph” , , ; , 
@(u) =ee+ Ju f —— [W (mu) W (u’) —x (u) x (Cw) Ida 
o M+E (225 
1 yu”? ) 
+3uf ——\[o(u) o(u’) —F (Hw) oH) I dy’,” 
0 Mu 
‘ ° 13—p” 5 , , , 
x (uw) = (3— yp") € rit tow fl Per [x (Cw) vn’) —v (Hu) x (we) du 
0 
(226) 
i Soy. Sn aT ee , 
tiuf ~(o(u) b(n’) —o(m) o (Hn) I dp’,” 
Jy) bap’ 
and 
' ty” ; 
(nu) = pre ri ef —s[x (mu) Ww (u’) —v (au) x Cw’) dp’ 
ore (227) 


9 


1 
$ suf ‘ [5 (mu) o (mu) — 6 (u) & (uD) dy’. 


12. The form of the solution.—In solving systems of functional equations of the type of 
equations (224)—(227), we shall be guided by the forms of the solutions obtained in the 
direct solution of the equations of transfer in a general finite approximation and the 
correspondence enunciated in theorem 9 between the X- and Y-functions occurring in 
such approximate solutions and the exact functions defined in terms of functional equa- 
tions they satisfy. 
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Accordingly, in the present instance, we shall assume that S((u, w’) and T(y, yp’) 
are of the forms (cf. Paper X XI, eqs. [221] and [222]) 


1 a : ee ete ’ n 
(G+=) 5, Mw) =X (uw) X Cw) [3 +e. (ute) teu’ 
—V(u) VY Ww) [3 —c1(u ty’) typ’) 278) 
+ co(mtu’)[X (wu) VY (uw) + Y (uw) X (nD) 


and 


( i “)To (u, w’) 
. * 


Y (u) X (vw) (3 — cr (eu — pw’) — wh’) 
—X(u) V (ww) (3 +¢1.(u— nw’) — wp’) 229 
— ¢o(u—p’)[X (uw) X (w’) + V (uw) ¥ (wv) I, 


where c; and ¢ are certain constants unspecified for the present, and X(u) and V(y) 
are the standard solutions of the equationse 


; Oe te crake abet ae th 
X (wu) =1+ suf MOF TX (wn) X (w") — ¥ (w) ¥ (vw) dp! (230) 
o M+y 
and 
. I 3 wane 2 reek r , r ‘ r , 
Y (u) == ere auf FY (u) X (wu) —X(u) Vu) ]du’, = aan) 
¢ ee 
having the property 
1 
of (3 = bh”) X (ph) du = y (3a9 — a) =] (232) 
and 
1 
A (3 — pw?) VY (uw) du = (3Bo— Bs) = 0 (233) 


0 


where a, and 8, have their usual meanings (cf. eq. [11]). 
An alternative form of equations (228) and (229) which we shall find useful may be 
noted here: 


SO (wu, vw’) =f (3 —w)[X (uw) X (w’) — Y (pw) VY (nh) 
+ (utn’) X (uw) (Cert) X (wu!) +e2eY Cw )) 0 
+ (utn’) ¥ (u)[coX (w’) + (ar—w) ¥ we) } 2, 
M+ pb 
and 
T) (uy mw’) = 1 (3 — mw) LV (wu) X (wu) — X (uw) V (vd) 
— (u-—p’) X (wu) [(erta) ¥ Cu’) + 2X (w')] 0g 


— (u— mw’) Y (w) [c2¥ (uw) + (cr— aw) X (uw) 1} morn 


13. Verification of the solution and a relation between the constants c, and c2.—The 
verification that the solutions for S$‘ and 7T\ have the forms assumed in § 12 will 


consist in first evaluating y, ¢, x, and ¢ according to equations (218)—(221) and then 
showing that when the resulting expressions for y, ¢, x, and ¢ are substituted back into 
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equations (216) and (217) we shall recover the form of the solutions assumed. In general, 
such a procedure will lead to certain conditions which the constants introduced into the 
solution (such as ¢; and ¢2 in the present instance) must satisfy. We shall see that, in the 
particular cdse under discussion, the conditions derived in the manner indicated do not 
suffice to determine ¢; and c2 without an ambiguity and an arbitrariness. This is a further 
example of the nonuniqueness of the solution, in conservative cases, of the functional 
equations incorporating the invariances of the problem. But, again, an appeal to the 
integrals of the problem resolves the ambiguity and the arbitrariness. 

Our first step, then, is to evaluate y, ¢, x, and ¢ according to equations (218)—(221), 
when S\(y, uw’) and T\(y, u’) have the forms given by equations (234) and (235). The 
evaluation of the integrals defining y, ¢, etc., is fairly straightforward if appropriate use 
is made of the various integral properties of the standard solutions of equations (230) 
and (231). It may be noted that, in addition to equations (232) and (233), use must also 
be made of the relations (cf. theorem 4, eqs. [44|-(46]) 


= 1+ 3 [3 (a?—$?) — (a?— 6?) |, (236) 
3p’) f X (u) X (u’) — ¥ (w) ¥ (w) 9 Xl) — 1 
Al) b+ yp’ *5 bs (237) 
+ (ai — Hao) i (u) = (Bi — wBo) Y (p) 
and 
3—) f Hite) — Btw) F AF ee. Si li 
0 cw 5 Me (238) 


+ (Bi, + uBo) X (uw) — (a;+ pao) Y (pu). 


Evaluating y, ¢, x, and ¢ in the manner indicated, we find that 


Y (uw) = (3+ em) X (uw) + cm Y (un), (239) 
x (mu) = (3 — cym) VY (mu) — copX (pu) (240) 
b(u) = tulqiX (vu) +q2¥ (wu) I, (241) 
as, 6(u) = —w[qeX (uw) +q¥ (4) | (242) 
where 
di = Ps (Cia2 + C282 +341) (243) 
and 
qo = > (¢€;B2o+ Coa2— 3B). (244) 


or ¥, x, ¢, and ¢, we next evaluate S\ and 7T\ 


Using the expressions (239)—(242) f 
d (217). We find 


according to equations (216) anc 


1 1 ; 
( [e: ) 5 (uy 2!) 
Pda 


= X(u) X (w’)(3+¢,(utu’) +43 0?— c2+8 (9?— 2) J up’) ee! 
— V¥(u) Y (vw )(3—¢, (utm’) +4{ c?— 62+ 8 (q?— 92) } wy’) 
+ c2(ut pe) (X (uw) V-(u’) + V (wu) X (n’)] 
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and 


a 
( = ) TO (u, w’) 
wo 


= ¥(u) X (w’)(3—¢, (u— mw’) — Ff ct — cf +8 (g?— 92) un’ 
—X (u) ¥ (w)[3 +6, (uw!) — 4 c2— 2+ 8 (g?— 92) Jun’) 
— ¢o(u— pw’) [X (wu) X (w’) + VY (uw) Y (v’) I. 


A comparison of equations (245) and (246) and (228) and (229) now shows that, 


among the constants ¢), C2, gi, and g2, we must require that there exist the relation (cf. 
Paper XIV, eq. [250]) 
c?— c8+8(q?— g2) =3. (247) 


1 


Substituting for g; and q2 according to equations (243) and (244) in equation (247), 
we obtain 


32 (c?— c?) +9[(c, +.,) (a, +8,) +3 (a, —8,)] 
(248) 
x ite, — C,) ie, 8, + 3 (a, +B,)] —96=0. 


After some minor rearranging of the terms, the foregoing equation can be reduced to the 
form 


[32 +9 (a2—B2)] (c?— c2) +27 (a, +B,) (a, +B.) (c, + ¢,) 


(249) 
+27 (a, —8,) (e,—- 8) (ec, — ¢,) +81 (a? — 8D — 96<0. 
On the other hand, according to equations (232), (233), and (236), 
3249 (a2— 62) =32+ (9a, —16)2— 818? 

= 288(1—a,) + 81 (a? — B?) (250) 

= 27 (a? — B?). 
Equation (249) therefore becomes 
(al BP) (ce? — ¢2) + (a, +8.) (a, +8) (c, + ¢,) 

(251) 


+ (a,—B,)(a,—8B,)(c,—¢,) + (a2?— 82) =0. 


Hence 


[Car + Bi) (C1 + C2) + (a2 — Bo) [ (ai — Bi) (1 — C2) + (a2 +B2)] =O. (22) 


It is apparent that one of the two factors in equation (252) must vanish. But within 
the framework of equations (224)—(227) it is impossible to decide which of the two it 
must be; and in either case we shall have only one relation between the two constants 
c, and ¢2. The problem is therefore characterized by an ambiguity and an arbitrariness. 
We shall show in the following section how this can be resolved. 

14. The resolution of the ambiguity and the arbitrariness in the solution.—It can be 
readily verified that the problem of diffuse reflection and transmission in accordance 
with Rayleigh’s phase function admits, as in the conservative isotropic case, the flux 











ie 


9) 
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and the K-integrals. The emergent values of F and K must therefore be given by equa- 
tions of the form (cf. eqs. [190|-[193]) 


F (0) =poF (1+) ; F (41) = wok (e710 + 1) , (253) 
K (0) = fuoF (— wot), (254) 

and 
K (11) = }uoF (— mo e770 + yit1 + 2) » (255) 


where y; and y2 are constants. 

It is evident that only the azimuth independent terms in the intensity will con- 
tribute to F and K. We have, accordingly, to evaluate F(0), F(71), A(O), and A(71) for 
emergent intensities of the forms (cf. eqs. (214], [215], 1234) ‘and (235]) 


3- 
1(0, w) = buok } 3, TX LX (Ho) X (u) — ¥ (wo) ¥ (u)] 
+ 3 X (uo) [Cer +m) X (u) + c2¥ (u) I (256) 


+33 ¥ (wo) [e2X (uw) + (r—w) VWI 
and 
3- 
I(m1,-4) = > Mol* 1% —1Y (uo) X (uw) — X (wo) ¥ (xu) ) 


Kho — 
— 33, X (mo) [c2X (wu) + (¢1— #) ¥ (u)) casz) 
— Vu) Corte) Xu) +eV Wt. 


With /(0, uw) and /(71, —) given by equations (256) and (257), the integrals defining 
(0), F(7), K(O), and K(7) can all be evaluated quite simply by using the various 
uh given in theorem 8 (eqs. [81]-{86]) and remembering that in the present case 


= iB (3a; — a3) and y= - (38; — B;). (258) 
We thus find 


F(O) = wok } 1+, :  X | (Mo) (Cra, + 281+ a2) + ix V (to) (6181; + C2a1 — Be) |, (259) 


F (71) = mol? t e7t/4o+ Ar X (mo) (6181 + C2a; — Be) 
(260) 


+ 3 V (uo) (141+ €28; + a2) } , 


K (0) = 4 Mol | — Mot 335 X (oo) (C142 + C282 + 3a) (261) 
+ 3% V (uo) (6182+ c2a2 — 381) § , 

and 

K (71) = {Mo | — Mo e770 — 3X (uo) (6182 + C2a2— 381) (262) 


— 3 V (mo) (crazt cobe+3ay) }. 
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Comparing the reflected and the transmitted fluxes given by equations (259) and (260) 
with those given by the flux integral (eq. [253]), we find that 


V1 = 35 X (Mo) (C141 + C281 + a2) + 3% V (uo) (6181 + C201 — Be) (263) 
and also that 


V1 = 7s X (oo) (6181 + C201 — Be) + 5% V (uo) (¢1a1 + €281+ az) (264) 


We must therefore require that 


C101 + 628; + ag = 618, + C201 — Be, (265) 


or 


(¢1— C2) (a1 — B}) tact fh, =0; (266) 


but this is one of the factors in equation (252). The appeal to the flux integral has there- 
fore decided which of the two factors in equation (252) must be set equal to zero. 
In view of equation (266) we can combine equations (263) and (264) to give 


n= wel (C1 + C2) (ai + Bi) + (a2— Be) | [X (uo) + Y (uo) | . (267) 


Next, from equations (254) and (261) we find that 


a= re X (Mo) (Caz + C2B2+3a1) + 3 VY (wo) (¢1B2 + Coax — 38;). (268) 


And, finally, from equations (255) and (262) we obtain 


mtity=— i6 X (po) (6182 + C2a2— 381) — 16 Y (Mo) (C1a2 + C282 + 3.04) . (269) 


Now, substituting for y: and y2 according to equations (267) and (268) in equation 
(269), we find 


[ (a1 +81) (61+ €2) + (a2— By) ) 71 = — 2 | (az + Be) (01+ C2) +3 (a1 — B,)] ; (270) 


or, solving for (c; + cz), we have 
z. (aa — Bo) 71+ 6 (a1 — B)) mn 
aTrts=— 55, a Ge” WY Beene ee (271) 
(ai +i) 71+ 2 (a2+ Be) 


Since we have already shown that (cf. eq. [266]) 


a2 + Be 
a; — Bi . 


(272) 


the solution to the problem is completed. 
IV. SCATTERING IN ACCORDANCE WITH THE PHASE FUNCTION (1 + x Cos @) 


15. The equations of the problem.—In the problem of diffuse reflection and trans- 
mission according to the phase function A(1 + x cos 8)(A < 1, 1 > x > —1) we can 

































RADIATIVE EQUILIBRIUM 195 


express the reflected and the transmitted intensities in the following forms (cf. Paper 
XIV, eqs. [196] and [199]): 


‘ nN . ~ 9 1 » 
1 (O03 My G3 Myr Gy) aah F(S® (, uw) +2 (1 — uw)? (1 — 2) 3 
M (273) 
XS (Cu, uy) cos (ye — ¢,) | 
and 
r +11 (0) ay 9\ 1 9 } 
I (71; — Ms 3 My» ,) aay og [T (uy wy) +2 (1 — a)? (1 — 2) 
a (274) 
KT) (p, ,) cos (gy — ¥,) ‘, 


The system of equations governing S“) and 7” are directly reducible to the standard 
forms considered in Section I. And the terms in the emergent intensities proportional to 
cos(¢ — go) are of exactly the same forms as those given in Paper XXI, equations (278) 
and (279); only the functions X‘” and Y‘” must now be redefined in terms of the func- 
tional equations which they satisfy. 

Turning to the ‘‘zero-order” functions S‘")(u, wo) and T\)(u, we’, we find that these 
functions must be expressible in the forms (cf. Paper XIV, eqs. {205]-[209]) 


i. 2s Ate? 
( +)s ”) (uy Mo) =W (u) v (Mo) — x (HM) x (Mo) 


ky (275) 
—x[o(u) & (uo) — (Hu) (uo) ] 
and 
. Be. a 
ik ~) To (ay Mo) =x (BH) Ww (Mo) — Wb (u) x (Ho) 
Ko (276) 
+ x [ ¢ (mu) d (Ko) —o (ws) ¢ (Mo) ] ’ 
where y, ¢, x, and ¢ are defined in terms of S‘ and 7\ in the following manner: 
nee as dy’ 
Vv (pu) =143f SO (pu, pw’) 5 (277) 
0 K 
1 
 (m) =u-rf SO (u, uw’) dp’, (278) 
0 
rutin f TO ») ay 
x(u) =e ae Ly Me iy MPs (279) 
and 
1 
¢ (pu) =p ent wt nf T ©) (mu, pu’) du’. (280) 
0 
Further, we must also have 
ASO 6 Pe 
— =x (Kw) x (Ho) — ¥F (ew) ¢ (Ho) (281) 
1 
and 
1 1\ oT © 1 - ds 
— 2) = (wd x (ae) +0 (uw) & (us) 
Mo BS OT, ~ Bo . 
(282) 


1 wv 
T?3 [x (nu) yp ( Mo) + x¢ (p) @ (Mo) . 


give oopermcre espns ath yen 
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Substituting for S‘” and 7‘) accerding to equations (275) and (276) in equations 
77)—(280), we obtain the following system of functional equations of fourth order: 


1 dp’ z , 
¥(u) =14+)d0f lw (uw) v (wu) —x (u) x (u’) | 
o Mth 


, ] (283) 
( 
— gorau f 2 Agni erat: 
0 My 
: tw’ dp’ ' , 
@ (un) = —aruf ae IY (mu) w (u’) —x (Hu) x(n’) | 
o BTH 284) 
‘d /; 
teak st mo - b(u) p(n’) — C(u) O(n’) ], 
0 
1 a, \ , 
x (mu) = er/H+ ody wh (mu) —b (pu) x (w’) | 
j (285) 
( , 
es | (un) b(n’) —h(u) C(u’) 1, 
and 
C(m) =p eret Dru f HS OOF Aik tes ede) 
(286) 


Ly , ee 
a ats (uw) b(u’) — (pH) &(n’) 1. 


16. The form of the solution.—The bene ne the reflected and the transmitted 
intensities in a general finite approximation have been found in Paper XXI (eqs. [276] 
and [277]|). Applying to these solutions the correspondence enunciated in theorem 9, we 
are led to assume for S((y, wo) and 7\"(u, wo) the following forms: 


SO (u, mw’) = |X (wu) X (w’) (1 —x (1 — A) cy (utp’) — x (1—A) wy’) 
— V(u) VY (vw) [1 +4 (1—-A) cy (wu tp’) — x (1—A) wy’) 


287) 
YTX (un) V (an! are ee... 
—x(1—A) co(utp)[X (uw) VY (uw) + Y (wu) X (n’) | |} — r 
M+ ob 
and 
TO (wu, ow’) =f V (uw) X (we) (14+4(1—-A) cy (u— pw’) +4 (1—)X) wh’) 
— xX (u) ¥ (w’)[1—*(1—d) cr (u— nw’) +e (1—d) w'l oo 


+e (1—Y) coum wEX (a) X Cw) + (w) VBE, 


where c; and ¢ are certain constants unspecified for the present and X(u) and V(,) 
are solutions of the equations 

ti+x(1—A . ; 
X (wu) =1+ 5dryu , Se ) #* [X (uw) X (w’) — VY (wp) ¥ (uy ’) J dy’ (289) 
and 


a | (1 “ 
¥ (a) = eet Edu f AEM (u) X (u’) —X (wu) V (w’)] dy’. (290) 


17. Verification of the solution and the evaluation of the constants in the solution in terms 
of the moments of X(u) and Y(u).—The verification that the solutions for S\(y, yp’) 











fc 








}) 
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and 7‘ (yu, u’) have the forms assumed in § 16, will consist in first evaluating y, ¢, x, 
and ¢ according to equations (277)—(280); then requiring that, when the resulting ex- 
pressions for y, ¢, x, and ¢ are substituted ‘back into equations (27 5) and (276), we shal! 
recover the form of the solutions assumed; and, finally, showing that the various re- 
quirements can be met. In the present case it will appear that the procedure outlined 
makes the soiution determinate. 

The evaluation of y, ¢, x, and ¢ according to equations (277)-(280) for SO(n, u’) 
and T((u, uw’) given by equations (287) and (288) is straightforward if proper use is 
made of the integral properties of the functions X(u) and V(y). Since these functions 
are defined in terms of the characteristic function 


V(u) =$rA[(1+4(1—-A) pl, (291) 
we have (cf. theorem 4, eqs. [44]-[46]) 
a,=1+ 4A [a?— 62+ x (1 —d) (a?— B) J, (292) 





ie ee oa 1X (we) X (w’) — Y (ue) ¥ (p’) Pe X (u) — 1 
idea if Lie wtp’ er ae dru (293) 
—x(1—A)[(a;— waco) X (wu) — (Bi — wBo) Y (nv) I, 
and 
i+e0-va f See ae (w) = enr/e 
0 Me p’ 3AM (294) 








—x(1—A)[(Bi+ 4Bo) X (uw) — (ait Hao) ¥ (u)). 


Evaluating y, ¢, x, and ¢ in the manner indicated, we find 


v (wu) = (1— gow) X (u) — pow Y (un), (295) 

x (uw) = (1+ qou) Y (wu) + pou X (nu), (296) 

(mu) =u[qX (uv) +pi¥ (wv) 1, (297) 

2 (uw) =u[piX (wu) +m ¥ (we) I, (298) 
where 

go= 3x (1 —A) (Cxao+ CoBo+ as), (299) 

po= 3x (1 — A) (6180+ Coao— Bi) , (300) 

gi=1+4A[x (1 —A) (C101 + 6281) — aol, (301) 

w Pi = 3dr[x (1 — A) (6181 + C201) + Bol. (302) 


Using the expressions (295)—(298) for y, x, @, and ¢ in equations (275) and (276) 
for SO and T, we obtain 


( a =) SO (uy p’) 

wo 

X (uw) X (w’) (1-9, (ut+u’) + bag pi— © (gi — bp) Sew’) os 
) 

—V¥ (uw) Vw) (1 +9, uta’) + b492— p2— 2 (G2 P| un] 


—p, (utou’)(X (wu) Y (Cu) + Y (uw) X (u’)) 


II 








198 S. CHANDRASEKHAR 


and 

( 7 ~)T (uy Hw’) 

— 
= ¥(u) X(w') (149, (u— a’) — a3 p2— # (g2— 2) ) ue 
— X (uw) ¥ (uw!) (1-9, (u— a’) — {48 p32 * (G2 93} ue 
+p, (u—m')(X (uw) X (w’) + VY (wu) VY (u’) I. 


(304) 


Now, comparing equations (303) and (304) and (287) and (288), we observe that we 
must have 
qo =r (1 = d) Cy and po= o{ 1 =e. d) C2 > (305) 
further, we must also require that 
~~ s ig? ~ 9%) =—x(1—)). (306) 
According to equations (299), (300), and (305), we have 
tj = A (Cia9+ C2Bo + a4) (307) 
and 
C2= 3 (€1Bo+ Coa0— Bi). (308 


Solving these equations for c; and c2, we obtain 


(2 — Nao) a1 — ABoh1 








_— ae. ee ee oat (309) 
x (1—)d) (2 — Xa,) ?— A28% 
and 
Oe Oe eK (2 — Xao) Bit XBoas (310) 
“  #(1— ) (2 —fa,) *— a9 


Inserting for c, and c from equations (309) and (310) in equation (301) for qu, we find 





a6 


j= 4 (2 — Nao) 1+A7 , = a (311) 
. (2— ha) *~ 09; 
Using the relation (cf. eq. [292]) 
4(a,—1) —r(a?— Bf?) = xr (1 — d) (a? — G2), (312) 
we can now reduce equation (311) to the form 
2 —,)(2-— 
pa 21ND = da) if 
(2—Xa,) ?— 262 
Similarly, ¥ ; 
i i 3 rBo (314) 


i °c 
(2~Aa)*— ee, 


It remains to verify that equation (306) is valid for go, po, gi, and ~: given by equations 
(309), (310), (313), and (314). To show that this is the case, we first observe that, accord- 
ing to equations (309) and (310), 

2 2 
a;— Bi 
(2:=— ha) *¥ = ME’ 


2 
0 


(315) 





q2— p2= x°d2(1—2)? 

















ve 


2) 


)) 
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while, according to equations (313) and (314), 
4(1—)A)? 








q?—-p?= A Soe —. (316) 
1 Pi (2 = Xa,) 2— v3 
Hence 
, : x(1—X : : e 
qQ2— p3— *(qi- Pp) = iz = y Ba: x2g2 l*e (1 — d) (a? — 82) — 4(1—d) ]; om 
0 0 
or, using equation (312), we have 
qo — Po— * (dt — B}) 
x(1—A)) eed ' 
= a——— 5 [4 (a, — 1) — A? (a5 — BF) — 4(1—A)] 
(2 — day) ies By ; ’ , (318) 
x (1—\) a ome 
ae _._ [282 — 4 4 as KES 
(2—na,)?— v7 Bo + 4ha, — das] 
=—x(1-A). 


The constants go, po, gi, and fi, as defined by equations (309), (310), (313), and (314), 
are therefore related, as required. 
This completes the verification. 


V. RAYLEIGH SCATTERING 


18. The equations of the problem.—When proper allowance is made for the polariza- 
tion characteristics of the radiation field, the laws of diffuse reflection and transmission 
are best formulated in terms of a scattering matrix S and a transmission matrix T (cf. 
Paper XXI, eqs. (533] and [534]). And, as we have already indicated in Paper XVII 
(the last paragraph of § 5 on p. 455), the equations governing S and T are of the same 
forms as equations (85)—(88) of Paper XVII, provided that these equations are inter- 
preted as matrix equations in which a phase matrix plays the same role as the phase 
function in the more conventional problems. For the particular case of Rayleigh scatter- 
ing the phase matrix is explicitly known (cf. Paper XIV, eq. [10]), and the required 
equations for the field quantities /;, 7,, U, and V'* can be written down. However, in 
view of the form of the solutions for U, V, and the azimuth dependent terms in /, and /, 
found in Paper XXI (eqs. [290]-[303] and [548]|-[551]) it is evident that the exact solu- 
tions for these terms in the scattering and the transmission matrices must be of identical- 
ly the same forms: only the various X- and Y-functions occurring in the solutions must 
be redefined in terms of the exact functional equations which they satisfy. Consequently, 
it is sufficient to confine our detailed considerations to the azimuth independent terms 
in 7, and J, which we shall now regard as the components of a two-dimensional vector 


[= (Ii; | (319)15 
Let 
F= (F,,F,), (320) 


14 For a definition of these quantities see Paper XXI, § 15, and the references there given. 


16 Strictly, superscripts (0) should be attached to these and similar azimuth independent quantities 
describing the diffuse-radiation field. We have suppressed them for the sake of convenience. They 
should, however, be restored when writing down the complete solution (cf. Paper XXI, § 19, eqs. [540]- 
[546]). : 
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where x/’, and z/’, are the incident fluxes in the intensities in the meridian plane and 
at right angles to it,'® respectively. The reflected and the transmitted intensities can then 
be expressed in terms of a scattering and a transmission matrix (with two rows and 
columns) in the forms 


3 ; 3 } ; 
(0, Mt) = —— § (np, bo) F and I(71,— ») = —— T (p, Mo) F. (321)15 
16u 16 
The equations governing S and T can be written down in analogy with equations 
(85)-(88) of Paper XVII by replacing p(u, 9; »’, ¢’) by the matrix 


P ~f2ti~-p)Uu =." a . 
etna -i( Mi w’?) + wp” A) 


(322) 


The resulting equations can be written most compactly by adopting the following 
notation: 

Let the “product” [A, B],,,’ of two matrices, A(u, uw’) and B(u, wu’), be defined by 
the formula 
, du” 


oa (323) 
M 


3 ; f ,? 
(A, Blan’ = f A(us Bu 


where, under the integral sign, the ordinary matrix product is intended. With this prod- 
uct notation, the iy satisfied by S and T take the forms 


- +2) 8+ o> =J+ [J, S] + [S, J] +[IS, J}, S), (324) 
— cy ne ee 
$e = exp} —n(C+—)| J+e 1 [J,T] +e 4 (7, J) + [[7, J], T] , 325) 
1 oT Ze 
— T+ —= ec r*J+ e1*[J,S) + (7, J) + [[7, J],S], (326) 
Ko O71 
and 
T+so= ere + (J, T] + erm (S, JI +S, JI,T). 27 


A discussion of equations (324)-(327) shows that S and T must be expressible in 
the forms 


BE v (un 23h (u) \ (¥ (2’) x (n’) 
ae i S (u nae ; ! Dhe (al ) 
Cars (u) 24¢ (wu) J \24¢ (u’) 24¢ (n’) 
(328) 
& (yu) st aly o (p’) 
og (pu) 246 (u) J \24y (u’) 236 (u’) 
and 
: 4 : E (pu) 23n (uw) \ (¥ (2’) x (u’) \ 
it amen T (pu, =( 4 ) , 
= 2 w= (oy haw) ) Laie (a) 28g ut) 
(329) 


-(’ (u) —- 24 (uw) ) hy a(n’) \ 
x (u) 24¢ (uw) J \24y (u’) 246 (u’) 7’ 


16 These directions are referred in the transverse plane containing the electric and the magnetic vectors. 
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nd where 
en ; 2 3 , dp’ paw f ah u , 
nd ¥ (uw) = w+ J aw [w’2Sir (us mw’) +Si2(u, wv’) I, (330) 
a ee po» e 
. o(u) =1-wts f ——(1— 2) Su (ue), (331) 
~ 8Yo mu 
3 1 dp’ faxes , . , ; 
ns x (#) =1+5 f Tr Le Sa Co )+So(u,u’) 1; (332) 
0 
ff ae sate, , 
2) ¢ (Cw) =f <r (L— a") Su (us a’) (333) 
0 
l ( iat /, 3 ' dy’ sory" yy la al , 
8 E(u) =y’e reps ff re Cy wD +P ir (us wT (334) 
0 
. 3 ci dy’ 
n(p) = (1—p?) ew n# 45 f "(1 —w) Tn (mu, w’)- (335) 
3) 8So ub 
so aa = ” 
o (hu) = a — [wH?T an (uy ow’) +T 2 (mu, vw’) I, (336) 
|- 8 Jo KM 
and 
3 1 1 ; , eh / 
+) a(u) = f — (1 — pw’) Tn (um, #’)- (337) 
8 0 be 
) Substituting for Su, etc., according to equations (328) and (329) in equations (330)- 


(337), we shall obtain a simultaneous system of functional equations of order eight. It is, 
however, not necessary to write down these equations explicitly. 

) 19. The form of the solution —The solutions for S and T in a general finite approxima- 
tion have already been found in Paper XXI (eqs. [539}-[546]). Applying to these solu- 
tions the correspondence enunciated in theorem 9, we are led to assume the following 


) forms for S and T: 
: . wih : Palit 
(S45) Su (us 0 = 2{X,(u) Xi (wu) (L4tm(uty’) +un'] 
— V,(u) Yi (e’) (1 —m (utp’) typ’) 338 
—v3(utm’) [Xi (u) Vilw’) + Vi lu) Xi (u’))}, 
(utn’) ta ( Volum) X, (uw) +X (u) Y, (ud) 
—yo[X.(u) X-(u’) + Vi (uw) VY, (u’)] 2 
+0 (vo—m) w’ [Xi (uw) + Yi (wu) WX, (He) — ¥,(#))}, 


1 ~~. . P 
( +=) Sia (sw) 
wow 


(utm’) fr [X,(u) Vi lu’) + ¥, (wu) Xi (v’)) 
—vo[X, (mu) Xr (u’) + V, (uw) Vi (u’)) 8 


1 1 ” 
(+ ) Sor (uy HM’) 
Me fas 


+0 (v2—) MIX, (uw) — VY, (uw) XH) + ¥i(v))}, 




























202 S. CHANDRASEKHAR 


ig 1 . , r ‘ r , , , 
t=) Sx (u bw’) =X, (wu) X, (we) [1 — uy (utu’) +usun’) 
— Y,(u) VY, (wu) (1 +4 (utu’) +u;un') 


+u3(utmh’)[X,(u) VY, (u’!) + Y,(u) X, (vd) eal 








—QOusuu’ (ut ow’) LX, (mH) — VY, (wu) EX, (Hw) — Y,(u)) 
+0 (uy— us) { w?[X,(u) — VY, (wu) EX, (ow) + Y, (uv) ) 
+ mw? [X,(u) + Y,(u) 1X, (ue!) — Ye (eH) )$, 





1 1 _— , , r , / j 
( _— \Tu (a 2’) = 21 Vi (4) Xi (wu) [1-1 (u— pw’) — wy’) 
BO 
—X,(u) Vile’) [14+ (u—w’) — wp’) 84 


t+y3(m— mw’) (X,(u) X,(u’) + Vile) Vile’) )$, 


([7— 5) Tia (us KB’) = (u—p’) tv [X.(u) VY, (u’) + Vi (we) X,(v’)) 
—y, [Xi (u) X,(e’) + Yi (u) Y, (u’)] 8 
—Q(v2—m) uw’ [Xi (wu) + Vi (wu) VX, (H’) — Y-(e1 4, 
bth. ae ag 
(5-2) Pa (u uw’) = (u— wp’) {vol X,(u) Vi (uw) + Y, (eH) Xv’) ] 
—[X,(u) X,(u’) + Y, (ue) ¥, (nu) O* 


—QO (v2—) w[X,(u) — Ye (w IX. (w’) + Vi (ev) I] 4, 
and 


Es ; , tee , / 
(5-5) Talus w) Y,(u) X,(u’) [14+ m5 (u— wv’) — uspy’] 


—NX,(u) V,-(e) [1 — m4 (u— wv’) — usu’) 
—uz3(u—pw)([X,(u) X,(w’) + Y,(u) Y, (nv) ) 
+Qusuu’ (u— pw’) [X, (Hu) — Y,(u) WX, (Hu) — VY, (ee) ) 
— 0 (%,— #3) {2 [X- (ue) — VY, (me) [X- (ve) + ¥- (2) 


— p(X, (uw) + Y,(u) [X-(H’) — Yee) 5, 


(345) 


where 4, v2, ¥3, V4, ¢s, U4, and Q are certain constants, unspecified for the present ; 
’ ’ ’ ; ‘ 
us, = 1 + 20 (us — U3) ; (346)!7 


X,(u) and Y,(u) are the solutions of the equations 


; 11—p"? ae ' . a : P 
X,(u) =1+ taf per (Xe (am) Xs (a!) — Ve (u) Ve (udp (347) 
and 
1{—yp” 


—>[V,(u) X,(u’) — X,(u) VY, (u')) dp’; (348) 
Mb 


Fie) = end teil 
0 


17 Cf, Paper XXI, eqs. (512)—(514). 








341) 


43) 


)) 


Tim, ew’) = 2up’ a 
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and X,(u) and Y((u) are the standard solutions of the equations 
~! ra — 
X,(u) =1+3 a= “EX (w) X,(u’) — Vi (mu) Vi (w’) | dp’ (349) 
and 
Y, (pu) =e weft mage ie VY, (u) X,(u’) — X,(u) VY, (u’) | du’, (350) 
having the property 


1 
cf (1 — uw?) X, (mu) du = 3 (av— ae) = 1 (351) 


a 


and 


J (1— yw?) Y, (nu) du = (Bo— Bo.) = 0. (352) 


For the purposes of the various evaluations in §§ 20 and 21, it is convenient to have 
equations (338)—(345) re-written in the following forms: 


Sir (a, ew’) = 2pp 7 [Xi (wu) Xi (uw) — Yi (wu) Vi (v’)) 
M+ om 
+X, (mu) (i+) X71 (u’) — v3 V1 (u’)) (353) 
+ Vi, (wu) [—13X1 (nu) + (4s — w) Yiu, 
Sio(u, vw’) = we’ in ([X,(u) V,(u’) + Yi (ue) X,(n’)] 
—vo[X,(u) X,(u’) + Vi (u) VY, (u’)) (354) 
+0 (vo—1) we [Xi (Hu) + Vi (wy dlX,(u’) — Y- (uv) )}, 
So (uy we’) = we’ in [X,(u) Vi (uw) + Y,(u) X,(u’)] 
—vo[X,(u) Xi (u’) + Y,(u) Yr (u’)] 5s) 
+Q (ve—11) M[X,(u) — ¥-(w) IX. (vw) + Vin’) )} 
. ! , i>. “7 , re = — 
Solu. w¥ wilen HTX, (u) X,(u’) — Ye (uw) Yr (n)] 
+o 
+X,(u)[(— uty) X,(u’) +137V,(u’)] 
+ Y,(m)[usX,(u') — (tatu) Y,(n’)] 
ae . : . ~ . py (356)18 
— Ousuu [X, (mu) =~] r (mw) LX, (u’) id Y,(p’) 
+0 (uy — Us) (u + uw’) (X,(u) X,(u’) — Y,(u) Y,(u’)] 
+O (ts — U3) (u — vw’) [X, (uw) VY, (u’) — VY, (pn) X, (uf, 
} 7 r ) , , , ena OE 
< s[ Vi (uw) X.(u') — X, (pw) Vi (v’) | 
hb 
— Xi (wl —Xi(u’) + (y+) Vi (n’)] (357) 
— VY, (wu) (@s— uw) Xi (n’) =i (u')1f, 


'’ The reduction of eqs. (341) and (345) to the forms (356) and (360) requires the use of eq. (346). 
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Tio (uy vw’) = mm’ lve [ Xi (u) V,(u’) + Vi (uw) X,(n’)) 
—v[X,(u) X,(u’) + Yi (un) Y, (u’)] 58) 
—Q(ve—m) [Xi (eH) + Yi (wh) ILX, (ue) — VY, (v’))3 


T (ph, bu’) = bu’ tye [X, (u) Y, (u’) + Y,(u) X, (u’)] 
—v [X,(u) Xi (u’) + V, (we) Vi (u’)] 359) 
— QO (ve—1) wM[X+ (Hw) — Ye (WX (ue) + Vi (ev) Vf, 


and 


9 


T x (pu, hu’) pas: bp’ eee r+ (ms)  ¢ (u’) Pa L (mu) - (u’) | 
— X,(u) [u3X,(u’) + (— ust) Y,(n’)) 
— Y,(u)(— (ust) X,(u’) +u5V, (u’)] 


(360)!8 


+Qusup’ (X,(u) — VY, (ue) )(X-( ue) — Ye (w’)) 
— QO (u,— us) (u— pw’) (X, (uw) VY, (u’) — Y, (ue) X, (nv) ] 


—Q (ug — U3) (ut pw’) [X, (uw) X, (w’) — Y,(u) VY, (u’)) . 


20. The verification of the solution and the expression of the constants 4, v2, v3, V4, U3, 
and uy in terms of the moments of Xi(u), Yi(u), X,(u), and Y,(u) and a single arbitrary 
constant Q.—We shall first evaluate y, ¢, x, £, &, n, 0, and 6 according to equations 
(330)-(337) for S and T given by equations (353)-(360); then require that, when the 
resulting expressions for y, ¢, etc., are substituted back into equations (328) and (329), 
we shall recover the form of the solutions assumed. As we should expect, this procedure 
will lead to several conditions'® among the constants 1, v2, v3, v4, M3, Ms, and Q introduced 
into the solution. We shall show that all these conditions can be met and that six of the 
constants (v1, v2, v3, V4, 43, and “4) can be expressed in terms of Q and the various mo- 
ments of X;, Y;, X,, and Y,. The constant Q itself will be found to be left arbitrary. This 
is a further example of the one-parametric nature of the solutions of the functional equa- 
tions incorporating the invariances of the problem in conservative cases. In § 21 we 
shall then finally show how this last arbitrariness in the solutions can be removed by 
appealing to the K-integrals of the problem. 

The evaluation of y, o, etc., according to equations (330)- (337) for S and T given 
by equations (353)-(360) is straightforward if proper use is made of the various integral 
properties of the functions X;, Y;, X,, and Y,. In addition to equations (351) and (352), 
use must also be made of the following relations (cf. theorem 4, eqs. [44|-[46]): 





ag= 1+3 [ (ao — Bo) i (ai — Bi) ], (361) 

1X:(p) Are’) — Vil) 7:65 .,, A:@ —1 

(1 — g* d i encase ageeieancareesieesins 
Hw) J e+p’ : ra (362) 


+ (a:— pao) X,(u) — (Bi— uBo) Vile), 


19 Actually, we shall see that there are twelve of them. 

















~~ 


OMe = 


S7> we LP fw 














. £¥idoda 
a-w) f tM) « 


: f X.(p) Xe (p’) — Ye (ue) Ye (w’) 
(1 — p?) Fe ace ne | 
0 


and 


ri V,(u) X,(u') — X-(u) VY, (u’) 
(1 — p?) _~—___———---—— ——-_ —-_---—- ( 
0 


where (cf. eq. [11]) 


1 
a= f X,(u) w'dy, 
0 
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) — Xi Cw) Vilu’) 


4M (363) 


+ (B, + Bo) XxX) (p) = (a; + bao) Y, (m) ’ 


Ay=1+ 3 [(As—Bo) — (Ai-B)], (364): 


gb (365) 


+ (A = u Ao) . () = (B, oi MBo)  e (u) ’ 


_ Yelle) — ow 


3 
g M (366) 


+ (By, + uBo) X,(u) — (AitudAo) Y,(u), 


1 
B= f Yilu) urdu, 


) 


; , (367) 
An = I X,(u) udu, and B= i; Y,(u) udu. 

Evaluating y, ¢, etc., in the manner indicated, we find that 
¥(u) = t+ul[qiXi(u) +92¥i (4) I, (368) 
E(u) = —w[geXi(u) +qVi(u) I, (369) 
@ (wu) = (1+ ryu) X,(u) —vyu Vi (u), (370) 
n(m) = (L—vu) Yr(u) +n Xi (Hu), (371) 
x (mw) = (14+ pin) X,(u) + pam Y, (uw) — tu? (X,(H) — Y,(u) 1, (372) 
o(u) = (1— pin) V,(u) — powX,(u) +tu?[X,(u) — Y,(e) 1, (373) 
, e(p) = — dy [voX, (pe) —n ¥,(w)] +30 G:—m) [Xr (@) — ¥-(u)], Oto 

anc 


6(u) = +43u[—nX,(u) +mV,(u)] — $0 (2—m) w?[X,(u) — Y,(u) 1, 375) 


ae whine <del ee ee (376) 
q2= $ [Bory — aays — Bi + 3 Aon — 3Bo2 + 30 (2-1) (Ai — Bi) J, Bis 
pi= 3 [+ Ai— Aotty+Bous +O (us — us) (A1— Bi) + Born — aval , oe 
po= 3 [—B,—Bous+ A ots +Q (us — 3) (A1— Bi) +a — Borel , — 

nt = ROL — (a2 + Bo) Gr) — (Ao + Bo) (tes) Hg (Ar — Bs). 280) 


We now substitute for y, ¢, etc., according to equations (368)—(375) in equations (328) 
and (329) and compare them with the solutions (353)-(360), which were originally as- 


sumed in the evaluation of y, ¢, etc. 
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Considering, first, 71,, we have 
1 i. 7 , ’ 

(_, - VP (us a) = EY (aw!) =H a) EH) 
wow 


+2[n(u) o(n’) — (pH) 9 (n’)] 


i 


=2;1V.(u) X,(v’) [1 —pi(p~y) = \ve—ve+ 3 ee q5) \up’| (381) 


“A he) Y {1 +2,4e0— #8) — iwi + 9 (qe @o up’ | 
+, (u— we )(X, (Cu) X,(u’) + Y,(u) ¥, (wd) I. 


Comparing this with equation (342), we conclude that we must have 


Dalia 1 2 We ee . 
yee (erm @)) = 1. (382) 


The consideration of S,; leads to the same condition, (382). 
Considering, next, Soi(u, u’), we have 


(+ 5) Sa (us 0! =x (uw) (u’) —o (mu) E(u’) 
+2(5 (wu) d(H’) — O(n) n(n’) ] 
= X,(u) Vi (uw) (+mut gow’ + [pige— pogi tv; — ry —Q (v2 -— 1) | wn’ 
+ V,(u) Xi (we) [+m t+ qou’ — | pide — pogi ty; — 1, — QO (v2 — 1) | ww’) , 


383 
+X, (mu) X,(u’) [vo + gin’ + (P11 — P22 + rw; — vey — QO (v2 — 1) | wep’) 
+ V,(u) Yi (u") | —vome + Qin’ bias (Piqi — pode +3 — vv, — QO (v2 — 4) } ma’ | 
+O (2-1) wut Ke )LX, (oH) — Ye (Hw) ITN, (H’) + Vi (n’)] 
+ wu’ [QO (vo — 4) (vy tvs) +4(g2— qd I[X,(u) — V,(WI[X,(u’) — Yi (w’) J]. 
Comparing equations (340) and (383), we find that we must have 
g2=" ; Ty = Te: 384) 
QO (v2 — 4) (vy +73) +t(q2- q) = () ’ (385) 
P1d2— p2qi +r; — vy =Q (v2 - 1) , (386) 
an 
Didi — P22 +r; — vay, =Q (v2 —-) - (387) 


The consideration of the other cross-terms, Siz, 712, and 72, leads to the same conditions 
as do equations (384)-(387). 
Finally, considering S22(u, u’), we have 


(Git 5) Sin (us we’) =x (wh) x (w’) —o@ (ph) o (y’) 
+215 (u) (Hu) — O(n) O(n’) ] 
=X (uw) Xe) (1+), (utu’) + {p?— p2+3 2 —v?) J up’) 
— Vi. (H) VY, )(1—p, (ut) + {p?—p2+ 3 G2 —v?) J uy’) 
+p, (H+ (X, (uw) Vu’) + ¥, (a) X, (1 OM 
— wa! (ut an’) (p — by) (+430 2») IEX, (uw) — ¥, W)IEX, (w’) — V, (wD) 
ttm? [X, (CH) — VY, Cw) LX, (oe) + VY, (ud) 
+u”{X, (u) +, WIEX, w’) — ¥, 1. 

















381) 


83 
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From equations (341) and (388) we now obtain the further conditions 


pPi= —-%4; p2= U3, (389) 
“PLT E O}—w) =u,=1420(u,-m,), (390 
(p, — P,) +20 (v3 —v?) =Qu, , (391) 
and | 
t= —Q(u,— U3). (392) 


The consideration of T22(u, uw’) leads to the same set of conditions as the foregoing. 
Collecting all the conditions among the constants that we have found and combining 
them with equations (376)-(380), we have: 


M1 = go= 2? [ — Bit Bors — agvg +3 Aon — $Bu2t+ 20 (v2 —) (A, — Bi) ] (393) 
—v2= Gi =3 [+014 ary — Bovs + 4Bory — 3 Acre + 40 (v2 —) (A1 — B,) J, (394) 
Uz = po= § [| —Bi — Boug+ Aouz + an — Bove +Q (4 — Us) (A,—B,)], (395) 


— Us= pr = 3 [+ A1— Aoust+Bous + Bors — agvet+Q (uy — u3)(A1—B,) ], (396) 
e+ 5 ae =F, (397) 

V2 (u3 +v3) —V, (M4 +4) =Q0 (vo — v1) ’ (398) 

—v, (Uz —v3) +r2(Uy—¥s) =O (¥2—-) , (399) 

QO (v2 — 1) (4 +3) +4 02+n) =0, (400) 

4? — 42+ } (vy? —v?) =u,=1+20(u,—4,) ; 401) 

—t(u,+u,) +30 2—v?) =Qu, , (402) 

t= —Q(u,— Us) , (403) 


and 


Baas 30 [ aie (v2 —) (a2+ Bo) = (us, — U3) (Ago+Bo) + U; (A,—B,) | ° (404) 


In considering the foregoing set of twelve equations, we first observe that, according 

to equation (403), equations (401) and (402) are equivalent. Further (cf. eqs. [400] 
and [403}), 

(vo — V1) Vg +¥3) = (tty — 3) V2+1) « (405) 


Next, adding and subtracting equations (398) and (399), we obtain 


Vo (Uy + U3 —V4+V3) —y (Ug + 3 +¥4—¥3) = 20 (v2 -14) (406) 
and 
V2 (vg V3 — Uy + U3) — Vy +r3+Uy— U3) = 0, (407) 
or 
(vo —V1) (ug + U3 — 20) = (vo +) (¥y — 3) (408) 
and 
(vo — vy) (vy +v3) = (v2 +r) (Uy — U3) « (409) 


Equations (405), (408), and (409) can be combined in the form 
votr ss vats a ust ts ~ 20 _1 (410) 


<= = ——< = — (say). 
Vo—-V Us — U3 V4—V3 » 
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It is now seen that equations (397) and (401) are equivalent; for, according to equa- 


tion (410), 
v4 v5 = up — U5 — 20 (u, — 4,) ; 


or, using equation (397), we have 
Se ee ee ee ee eT: : 
B= 9 Gist) magi Ie, —e,) ; 


but this is the same as equation (401). 


(411) 


(412) 


Now turning to equations (393)-(396) and rearranging the terms, we can re-write 


them in the forms 
(3 A — 8) ieee 3Bovry =16 (a; + Q23— Bovs) + 30 (Vo cca! (2 8, (A 1 — B;) ’ 


3Bove- (3Ag- 8) Vr, = 6(— 6, + Bors — Q2V3) + 30 (vy—1)) (4, —B,) ’ 


(3 Aor 8) Fees 3Bousz — (A 1 + Bor, a ols) oa 30 (us = Us) (A, — B,) ’ 
and 


S3Bouts — (34 " i 8) us = 3 ( —B, -++- av; — Bove) + 3Q (us = Us) (A 1 — B,) ‘ 


From these equations the following set can be derived: 
P, (¥v2—1) — 20, (vy —v3) = ae. 
Py (vo +r,;) — 202 (vy +r3) = a) , 
P, (uy — Us) +8; ¥2—v;) = bo, 
Po(ug+u3) +@2(2+r,) = 01, 
where we have used the abbreviations 
6(a,+ 8) =a, ; 3(4,+B,) =); 3 (aet+ Bo) =a: , 
6(a1—B,;) =a2; 3(4,—-B)) =b2; 3 (a2—By) =o, 
P, =3 (Ao +Bo) —8— 2082, and P,=3(Ao—By) —8. 
Using equation (410), we can reduce equations (417)-(420) to the forms 


P; (vo+r1) — 20, (y+ U3) = .- 40,0, 


We (vo+v;) +P2(uytuz) = d,, 


be 
r’ 


— 202 (vg tv3) +P2(v2+r1) = a). 
Solving equations (423) and (424) for (v, + ) and (us + uz), we have 


P; (¥y +73) +0, 2+”) = 


and 


A (vo +y;) = P, (S- 40,0) + 20,5, 
and 


A(uy+uz3) = —BWe (2- 40,0) + bP, ’ 


where 


A= P\P2+ 20D ° 


(413) 


(414) 


(415) 


(416) 


(417) 


(418) 


(419) 


(420) 


421) 


(422) 


(423) 


(424) 


(425) 


(426) 


(427) 


(428) 








a 





ua- 


$11) 


1) 


3) 


4) 


5) 


6) 


) 
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Similarly, from equations (424) and (425) we find 


A (v4 +3) == P, 3 a0, (430) 
and 


A (v2 +) = 2@2 s+ a,P\. (431) 


Equations (427) and (431) now determine }; for, according to these equations, we 
must have 


P,(“*— 40,0) + 20,6, = 20. S24 a;P,, (432) 


or 
A= ___ Pada — 2b. ——— , (433) 
a,P, —2 b\@, -+ 40,P.0 

It is now seen that equations (410), (427), (or [431]), (428), (430), and (433) determine 
the six constants 1, v2, v3, v4, 43, and “4 uniquely in terms of the various moments of 
Xi(u), Yi(u), X.(u), and Y,(u) and the constant Q. It remains to verify that, with the 
constants determined in this fashion, equations (397) and (404) (which we have not 
used so far) are also satisfied. 

Considering, first, condition (397), we observe that, according to equation (410), this 
is equivalent to 


(v4 +3) X (tg + 3 — 20) +3 etn) X (2+) =1. (434) 


Substituting for (vy + v3), (us + us), and (v2 + ) from equations (427), (428), (430), 
and (431) in equation (434), we have 


(boPs— ay@:d) (— ax + b:Pid + 40,0240 — 2A) 


+} (asP2-+ 20,5, — 40,XP,0) (a;4P; + 209bs) = 42. 
After some straightforward reductions, equation (435) becomes 
eA (42+ 26,62) (P\P2+ 20:02) — 2b.X4PVA = dA’, (436) 
or (cf. eq. [429]) 
$ (d;d2+2b,b2) =A+2b.P0. (437) 


Hence we have only to verify the truth of equation (437). 
Now (cf. eqs. [351], [361], and [364]) 


[3 (Ao +Bo) — 8][3(Ao—Bo) — 8] +18 (a3 — Bo) 
= 9(Aj—Bi) —48Ao+ 644+ 18 (a3— Bo) 
= 9(Aj—Bi) +16+418[ (4— a0) *— Bil (438) 
= 9(Aj—Bi) +48 +18 (as— Bs) — 48.0 

9 (A?—B?) +18 (a?— B2) = 4 (a,a2+ 25,52). 


II 


Hence 


3 (a;@o+ 2 bibs) = P, (Pi + 20 b») + 201@» 
=A+2b:P0, 


(439) 


as required. 
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Finally, considering equation (404), we can re-write this in the form (cf. eq. [403]) 
8 (us — Us) mS [ (vo —V}) (aot+ Bo) -f- (4 ie U3) (Ao+ Bo) 

(440) 
— (A; —B,) 1+ 20 (U4 — U3) ] 


or 


(4 ali Us) [3 (Ao+Bo) "a 8 = 60 (A, — B,)) + 3 (vo —V) (a2+ Bo) = 3 (A, — B,) . (441) 


With the abbreviations (421) and (422), the foregoing equation is equivalent to 


P; ees Us) +o, (vs —y,) = bs 2 (442) 


but this is the same as equation (419), which we have already satisfied. With this we 
have satisfied all the equations (393)—(404). 

Substituting for \ according to equation (433) in equations (428), (430), and (431), we 
find that the solutions for the constants can be expressed in the following forms: 


a,a,— 40102 

















Voty, = x (Vo —v}) = Peds — Fb. 2 (443) 
1 a be — 20 P» 
V4 +z = d (Us ae U3) a mee (444) 
dob, = 20oP, = 40260 
a= (445) 
lilies P2a2.- 2 b BW» ° 
1 dob = 202P. = 2a2P0 
ustuz—20= x (¥s—v3) = — ae A : (446) 
a,P, — 20,6; + 24a,6,0 ; 
u,=1+20(u,—u3) =r ae eae (447) 
and 
1 _ ayP; — 20161 + 40,P:0 ae 


~ Peae— 2 be®2 : 


where it may be recalled that a, do, b1, be, 1, @, Pi, and P» are defined in equations 
(421) and (422). 
The constant Q is, however, left entirely arbitrary. 

21. The removal of the arbitrariness in the solution and the determination of the con- 
stant Q.—In the preceding section we have verified that the solutions for the scattering 
and the transmission matrices are of the forms given by equations (338)—(345) (or, 
equivalentiy, [353]-[360]) and have further shown that the constants, 1, v2, v3, V4, M3 
u4, and us, occurring in the solutions can all be expressed in a unique manner in terms of 
the constant Q (which is left arbitrary) and the moments of the functions X(,), V,(u), 
X (4), and Y;(u)—the latter two functions being the standard solutions of equations 
(349) and (350). The functional equations geverning S and T therefore admit a one- 
parametric family of solutions. As in the two other cases of conservative scattering that 
we have considered (Secs. II and ITT), this arbitrariness in the solution of the equations 
incorporating the invariances of the problem can be removed by appealing to the flux 
and the K-integrals. However, in the present instance, there are (formally) two such sets 
of integrals corresponding to the fact that F, and F’, can be specified independently of 
each other. Indeed, starting from the equations of transfer (Paper XIV, System I, p. 











1 


] 





3}) 


(440) 


(441) 


(442) 
. we 


, we 
443) 


444) 


146) 


48) 
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153) appropriate to the problem on hand, we can show that the problem admits the 
integrals 


+1 
F (1) = 2f (T,,(7, eu) +7,, (7, w) ludu=a FP [ev + yi), (449) 
nee 
1 +1 
K (7) =5 [7,, (7, 6) +1,,(7, w) ) udp 
l 2 ic ll rl | (450) 
= t4,F,[— Hemet yr ty), 
; +1 
F (7) =2f [Z,, (7, mw) +7, (7, w) ludu=u FP, [ evo +7], (451) 
3 
and 


ae aF os iA Ge 
Kr) = fi Uy (tw) +H, (sw) | wed 1 


= 4 oe [ —™ Bo c/s a yr - ¥?)] ’ 


where (/,, + J,.) and (Ji, + J,-) are the /olal intensities in the diffuse radiation field 
which are proportional, respectively, to F; and F, and where y;!’, y;?), y{?, and y;{° 
are constants. 

We shall now show how the integrals (449)—(452) enable us to eliminate the arbitrari- 
ness in the solution found in § 20 and determine Q explicitly in terms of the moments of 
X,(u) and Y,(p). 

First, we may observe that, according to equations (321), 


fay) + bn Os a) 16u [Sir (au, Ho) +S (uy, wo) | Fi (453) 
’ 3 : epee 
Ti (71,—- B) + 144 (415 — B) == T6p Eu (Hs Ho) +T 2, (u, ho) | Fy, (454) 
3 ° . 
Ti (0, w) + 1,-(0, w) = tz, [Sie (au, Mo) + S22 (u, wo) ] F,, (455) 
and 
Tir (115 — B) +1 ir (71, - w) = én [T12(u, Mo) +1 22 (um, mo) 1] F,. (456) 


Considering the part of the emergent intensities proportional to /*; and substituting 
for the relevant matrix elements of S and T from equations (353)-(360), we have 


, 31—p. ans : od 
Lu (O, w) +1,.(0, w) = 3 uo | " an 5 re Xi (mu) — Vi (uo) Yi (u)) 
4 woth 


+ Z X1 (uo) (e+ ue) X, (mu) —v3 Vi (wu) + Ly, Y,(s) — lye X, (n) 
+40 (v2—v) wf X,(u) — V,(u) $) 4” 
+ r VY, (Mo) [ (V4 ia: ML) Y, (me) Pe X, (mu) + 3X, (m) ae Ly y: (1) 


+ 30 (v2—v1) wt X, (mu) — Y, (eu) $]) LF, 
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and 

. j3 i- 
Tu(tiy— Bw) +1 (11, — &) = 2Ho } ei 
4+ po 


. [ VY, (Mo) x Lay = X; ( po) V, (pw) | 
Me 
— 3X, (uo) (Ms— w) Vy (w) —03X1 (Hu) + 3X, (u) — Bre VY, (au) 
+ 30 (v2—v1) wt X, (mu) — V,(u) $1 “8 
—_ 3 VY, ( Lo) [ (V4 + Mb) i (yu) ne V, () + 5M £ (ph) oe bM2X, (Me) 
+30 ve2—1) wt X, (Hu) — Y,(H) §] tF 
Using equations (457) and (458), we can determine the emergent fluxes and the A’s 
by evaluating the various integrals defining these quantities. The evaluations can all be 
carried out explicitly if proper use is made of the integral properties of the X- and Y- 


functions.”° Comparing the resulting expressions for F (0), Fi(71), K.(0), and Ki(71) with 
those given by equations (449) and (450) for 7 = 0 and 7 = 71, we find, respectively, 


()) : ‘ F ; . 

11 = 3X, (uo) [vyar —¥381 + a2 + 3B, — 3x24. + 30 (2-11) (A2— Bz) | pm 
+ $V) (uo) [¥481 —v301 — Bo + 371A — 32B1 + 30 (2-11) (A2 — Be) |, 

vi. = 3X, (uo) [v48i — 3a; — Bot 371A — $02B, + 30 2-11) (A2— By) ails 
+ ; VY; (Mo) [vsar —¥381 + a2+ 5B, v2 avo. i+ 50 (vo — v1) (Ag — Ba) be 

v1. = : XxX, ( uo) [vias —v3B.+ a,+ iB = bV2Ao+ 50 (v2 — 4) ( A; a B;) (461 


+ $11 (Mo) (¥sB2 — 302 — Bi + 91142 — Qv2B2+ 20 (hz — 1) (13 — Bs) Ps 
and 
(1) (9) 
v1 Ti+ if 
= — 3X, (uo) [vsBe —v3a2— Bi + 31 A2— 3n2B2+ 30 (v2 —1) (13 —B) | (402 
act i VY, (Mo) [vsa2 — 382+ ay + 2B» a v2A 2 30 (v2) (As —B;) |. 
It should, first, be observed that equations (459) and (460) are consistent with each 
other; for, to be consistent, 
(vs +¥3) (a, — Bi) +a2+ B2— 3 Y2+1)(A1—-B,) = 0 (463 
must be true. With the abbreviations (421), equation (463) is equivalent to 
dz (v4 +3) +20, — b2 2+) =0. (464 
With the solutions (443) and (444) for (v. + 1) and (v4 + v3), it is readily verified that 


equation (464) is indeed satisfied. We can accordingly combine equations (459) and (460) 
to give 


ra i 3 [X, (uo) + Y, (uo) 1 [ 4 — v3) (a;+ 8) Sia 4 (v2 —1) (A,+B,) 


+ a2— Bot+Q (v2—7;) (A2—Bz) J. 


(465) 


20 In the present context the relations of theorem 8 have to be used. 


WSEAS 
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The factor of Xi(uo) + YVi(uo) on the right-hand side can be simplified considerably by 

















using equations (443), (446), and (448). Thus 
6 (¥ —v3) (a1 +81) — 3 (2-11) (A1+Bi) + 6 (a2 — Be) 
ale = af a (us + us — 20) — b; (v2+1) + a) 
d Pon —_ D 
ae ee baw. , las (a2b; — 202P, — 2a2P0) 
(466) 
— b, (ad. — 40102) al 202 ( a,P; = 20,0; a 40,P0)] 
K’s = 2P0 ( — a1;d2+ 40,02) 
lbe & P22 — 2b282 
a = — 2P0 (v2—) = — 20 2-1) [3 (Ao—Bo) — 8]. 
ely, Inserting this result in equation (465), we have 
459 +. = — 30 (2-1) [3 (Ao —Bo) — 8— 3 (A2—Bz)] [Xi (mo) + Vu (mo). (467) 
Next, from equations (461), and (462) we obtain 
v1 Tr = — 3 (Xi (Ho) + Vi (uo) I] [Gs —v3) (a2 + Be) — § (V2 —-11) (A2 + Be) 
460) (468) 
+ (a:— B:) +Q (v2—) (A3—B;) }. 
Again, the factor of X.(uo) + Vi(uo) can be simplified by using equations (443) and 
an (446); we find 
vi 11 = —} (2—m)[3 (Ao— As) +3 (By—Bz) — 8 ao 
— 60} (A1— As) — (81 —B,) }JLX, (mo) + Ve (uo) ). 
162 From equations (467) and (469) we now obtain 
: _3¢ Ao— A2) +3 (Bo— Bz) — 8— 00 [(A1 — Az) — (Bi —B;) | atin 
, O[3( ao As) — 3 (Bo— B.) — 8] ; 
" Solving this equation for Q, we have 
a fo—. 12) +3 (Bo— Bz) — 8 
63 ini aetiaianaeia ; on 
‘ C"5%4,~ Ad Sto 8 OC A or 
Introducing the notation (cf. eq. se 
64 
xy, sf (1—p’) X, (nu) udu (472) 
at ~ 8 
, and 
()) 
Vn By tiga )u'du, (473) 
mn we can re-write equation (471) in the form 
(yr) (y) 
xo +Y0 oat. 
= — — (474) 
Q [20 — yf — 1) ry 2 [2409 — y)] : —_ 
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In this form we recognize the similarity of the present expression for Q with equation 
(202). 

A similar consideration of the integrals (451) and (452) leads to the same value of Q, 
though the details of the calculation are somewhat more complicated.”! However, it 
may be of interest to note that the constant y;!) in equations (451) and (452) has the 
value (cf. eq. [467]) 

i] 


Pe BOIS he 2) —3 Bd) — SH 9S, a + FG) ail 


r 


goss Us Mo | X, (ue) — Y, (mo) i}. 


With the foregoing determination of Q in terms of the moments of X,(u) and Y,(u), 
we have completed the solution of the problem. 


22. Concluding remarks.—The analysis of the various problems of diffuse reflection 
and transmission presented in this paper has shown how problems of radiative transfer 
in plane-parallel atmospheres of finite optical thicknesses can be solved exactly; for, in 
every case considered, it was possible to reduce the complicated systems of functional 
equations representing the sien to pairs of equations of the standard form 


X (4) =1+ uf = Ma wx (u) X (u") — ¥ (w) ¥ (w’) ) dp’ (476) 


and 


r ‘ Y ( 5 a / r ‘ , / / 
Y (uw) = evn/e+ uf = oe VY (uw) X (w’) — X (pu) VY (w’) J) dy’. (477) 


And, moreover, the expressions (155) and (156) for X(u) and V (yu), as rational functions 
involvi ing the points of the Gaussian division and the roots of the characteristic equation 


aw (u,;) 
= ~ (478) 
Lee . ‘ 


provide approximate solutions of equations (476) and (477). Starting with these ap- 
proximate solutions,” we can solve equations (476) and (477) by a process of iteration. 
Since the iteration will have to be performed for every required value of 7, the problem 
of tabulating the X- and Y-functions is much more elaborate than in the case of the 
H-functions. However, the existence of the differential equations (eqs. [18] and [19]), 


OX (py, 71. 7 1 dy’ ee 
Rae Y (yu, n) f —w (u’) V (u’, 11) (479) 
OT) 0 a 
and av v( d 
’ , ) 
OTe se Oe Wha i) [- sea W (u (u*, 71); (480) 
O71 MK 0 


simplifies the tabulation problem considerably, since corrections for small changes in 7 
can always be found with the aid of these equations.”* 


21 In the reductions, use must be made of eqs. (13)—(16). 

” For 7,0, a generalization of the method described by van de Hulst (4p. J., 107, 220, 1948) in 
the context of the simpler equations (172) and (173) can also be used with considerable advantage. 
While the necessary generalizations of van de Hulst’s method will be considered in a later paper of this 
series, it may be remarked here that the method is essentially one of solving equations (476) and (477) 
by an iteration scheme which is started with the “trial solutions” X(u) = 1 and V( (4) = e—71/B, 


*3 Expressions for the second- and higher-order derivatives can be easily derived from eqs. (479) and 
(480), so that Taylor expansions with as many terms as may be desired could be used. 
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In view of the importance of the problem and its long-standing nature, it is worthy 
of comment here that the basic problem underlying the theories relating to the illumina- 
tion and polarization of the sunlit sky has now been solved exactly. The solution pre- 
sented in Section V assumes that beyond r = 7 there is a vacuum (or, equivalently, 
that there is a perfect absorber at 7 = 71). However, the solution for the case in which 
there is a “ground” can be reduced to the ‘‘standard problem”’ considered in this paper.** 

Again, while attention was concentrated in this paper on problems of diffuse reflec- 
tion and transmission, it is evident that solutions for other problems in which there is a 
distribution of external sources through the medium can also be reduced to the X- and 
\’-functions of this paper.” We shall consider such problems in later papers of this series. 

Finally, it should be remarked that, while the present paper solves the mathematical 
problem of the transfer equations, the practical use of the solutions must await the 
construction of tables of the X- and Y-functions appropriate for the various problems. 
The preparation of these tables is now being undertaken by Mrs. Frances Breen and 
the writer. 


24 Cf. van de Hulst, op. cit. 

% I..g., a case in the theory of formation of stellar absorption lines leads to an equation of transfer 
with an external source function which increases linearly with the optical depth (cf. Paper XX, Ap. J., 
106, 145, eq. {5], 1947). The exact solution for.this problem can, nevertheless, be reduced to an H- 
function and its moments (Paper XX, eq. [47]). 
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ABSTRACT 


In this paper the exact H-functions governing the law of diffuse reflection by a semi-infinite plane- 
parallel atmosphere in accordance with the phase function \(1 + x cos @) are tabulated. The functions 
were determined numerically by solving the exact functional equations which they satisfy. 

The cases (1 + x cos @) (x = —1.0, —0.8, —0.6, —0.4, —0.2, 0.2, 0.4, 0.6, 0.8, and 1.0) and A(1 + 
cos 9) (A = 0.975, 0.950, 0.925, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, and 0.1) are covered by the tabulations. 


In continuation of Papers XVI' and XIX,’ in which we have tabulated the exact 
solutions for several problems in the theory of radiative transfer, we provide in this 
paper tables of H-functions governing the law of diffuse reflection by a semi-infinite 
plane-parallel atmosphere in accordance with the phase function (1 + x cos 8). 


DIFFUSE REFLECTION IN ACCORDANCE WITH THE PHASE FUNCTION \(1 + x cos 9) 
The law of diffuse reflection by a semi-infinite plane-parallel atmos phere.— 


T (u, 3 Hoy Go) = {AF [H© (un) H (wo) {1 — ¢ (u+ mo) — x (1— A) mmo} 
Ko 


+x (1— yw?) 8 (1 — wu?) 1A (nu) HO (uo) cos (~ — go) |. 


The characteristic functions in terms of which H(y) and H (yu) are defined, are, 
respectively, 


UW (w) =4d[1+2(1—d) 
and 
WO) (uv) =1er(1—p?). 
The constant, c, is given by 
. Bats le ay 
c=xi(1—)) pes 


where ap and a; are the moments of order zero and one of H‘(y). 
An alternative way of expressing the law of diffuse reflection is 


T (u, 3 Moy Go) = FAP [W (uw) v (uo) — xp (Hu) (uo) 





4x (1— 2) 4 (1 — w2) 4H (u) H (u,) cos (¢ — g,) 1“, 
Mo+ ub 
where 
V(u) =H (Cu) A—cu), o(h) = qu (pu) 

and 
_2(1=») 
bal 2 —_— Aao : 

Ap. J., 105, 435, 1947. 2 Tbid., 106, 143, 1947. 
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TABLE 1 


THE FUNCTIONS H®(yz) OBTAINED AS SOLUTIONS OF THE EXACT 
FUNCTIONAL EQUATIONS THEY SATISFY 

































































(The Case x = 1) 

“ | A=0.1 | A=0.2 | A=0.3 } A=0.4 | A=0.5 | A=0.6 
Se a | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 
Seine 1.0089 | 1.0183 | 1.0280 | 1.0383 | 1.0492 | 1.0608 
0.10... 1.0145 | 1.0297 | 1.0459 | 1.0632 | 1.0817 | 1.1020 
0.15. 1.0188 1.0388 | 1.0002 | 1.0832 | 1.1084 | 1.1361 
0.20... | 1.0224 | 1.0463 | 1.0722 | 1.1003 1.1311 | 1.1656 
ne- 0.25. | 1.0254 1.0528 | 1.0825 | 1.1151 1.1511 1.1918 
ons 0.30.. | 1.0280 | 1.0584 | 1.0916 | 1.1281 1.1689 1.2153 
0.35. | 1.0303 | 1.0634 | 1.0996 | 1.1398 1.1850 | 1.2366 
‘ 0.40... | 1.0324 | 1.0678 | 1.1069 | 1.1504 1.1996 | 1.2562 
ns. 0.45... 1.0343 | 1.0719 | 1.1135 | 1.1600 1.2129 1.2742 
0.50 1.0859 | 1.0755 | 1.1194 1.1688 1.2252 | 1.2908 
ct i Ter | 1.0375 | 1.0788 | 1.1249 | 1.1769 1.2365 | 1.3063 
‘is 0.60. / 1.0389 | 1.0819 | 1.1300 1.1844 1.2470 | 1.3207 
| 0.65. 1.0401 | 1.0847 | 1.1346 | 1.1913 1.2568 1.3342 
ite 0.70. | 1.0413 | 1.0873 |» 1.1389 1.1978 1.2659 1.3468 
0.75. | 1.0424 | 1.0897 | 1.1429 1.2038 1.2745 1.3587 
0.80... | 1.0434 | 1.0919 | 1.1467 | 1.2094 1.2825 1.3699 
0.85. | 1.0444 | 1.0040 | 1.1502 | 1.2147 | 1.2900 1.3805 
0.90 1.0453 | 1.0900 | 1.1535 | 1.2196 | 1.2972 1.3905 
0.95 | 1.0461 | 1.0978 1.1566 | 1.2243 1.3039 1.4000 
1.00.. 1.0469 1.0995 1.1595 1.2287 1.3103 1.4090 

-, TABLE 1—Continued 
e, ‘ | d=0.7 A=08 | r=09 | r=0.925 | r=0.95 d=0.975 
0. 1.0000 1.0000 | 1.0000 | 1.0000 1.0000 1.0000 
ae | 1.0735 1.0876 1.1045 1.1096 1.1153 1.1223 
0.10 | 1.1244 1.1501 1.1819 1.1917 1.2029 1.2169 
ie 1.1673 1.2038 1.2500 1.2645 1.2814 1.3027 
0.20. 1.2049 1.2516 1.3120 1.3313 1.3539 1.3830 
0.25. 1.2387 1.2951 | 1.3695 | 1.3936 | 1.4222 1.4593 
0.30. 1.2693 1.3351 | 1.4233 1.4523 1.4869 1.5323 
0.35. 1.2973 1.3722 | 1.4740 1.5079 1.5487 1.6026 
0.40. 1.3233 1.4068 | 1.5220 1.5608 1.6078 1.6706 
0.45 1.3473 1.4392 | 1.5677 1.6114 1.6647 1.7365 
0.50 | 1.3697 1.4697 1.6112 1.6598 1.7195 1.8005 
0.55 1.3907 1.4985 1.6528 1.7063 1.7724 1.8627 
0.60.. 1.4103 1.5257 1.6926 1.7510 1.8235 | 1.9234 
0.65. 1.4288 1.5515 1.7308 | 1.7941 1.8730 | 1.9826 
0.70. 1.4462 1.5760 1.7674 | 1.8356 1.9210 | 2.0403 
0.75. | 1.4627 1.5993 1.8027 | 1.8757 1.9675 | 2.0967 
0.80... | 1.4783 1.6216 1.8367 | 1.9144 | 2.0127 | 2.1519 
0.85... | 1.4931 1.6428 1.8694 1.9519 | 2.0567 | 2.2058 
0.90. . | 1.5072 1.6631 1.9010 | 1.9882 | 2.0994 | 2.2586 
F 0.95... | 1.5206 1.6825 1.9315 | 2.0233 | 2.1409 2.3103 
f 1.00... | 1.5334 1.7011 1.9610 | 2.0574 | 2.1814 | 2.3609 
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The constants, g and c, are further related according to 
9 


jt = 1 =X, 





x 


When A = 1, the characteristic function ¥(y~) becomes 3, independently of x. The 
corresponding #-function is therefore the one tabulated in Paper XIX (Table 1, the 
case @ = 1). 

The H-functions tabulated in this paper were computed by the iteration method 
described in Paper XVI. 


TABLE 2 


THE MOMENTS ao AND ai AND THE CONSTANTS q AND ¢ 




































A Qo ai q c ¢g—c? 
1 at Weta 1.032729 0.519588 0.949003 0.024654 0.899999 
a AY 1.068832 .541348 .895740 .048491 . 799998 
iA 1.109034 | .565767 | . 839686 .071260 699995 
4. 1.154378 | .593541 .780108 .092605 . 599993 
a, 1.206366 | .625686 | .715914 | .111984 | .499992 
.6 1.267352 | .663798 .645375 | . 128520 399992 
5 fe 1.341368 | .710639 | . 565482 | .140049 | . 299987 
8 1.436535 | 771792 | 470161 | .145147 | . 199984 
9 1.574492 | .862276 | .343079 | 133123} .099981 
925 1.623024 | .894620 | .300780 | . 124451 .074981 
950 1.683484 | 35211 .249569 . 110873 .049992 
0.975 1.767379 | 0.992380 | 0.180632 | 0.087387 | 0.024992 ' 
| | 
' 
, 
t 
TABLE 3 | 
THE FUNCTIONS H'(u) OBTAINED AS SOLUTIONS OF THE EXACT 
FUNCTIONAL EQUATIONS THEY SATISFY 
| | | | | 
eaciealaiead aliens! jaa ened? gemioal ~ | * | eh | — | ~— 
Ra Ee | 1.0000) 1.0000) 1.0000) 1.0000} 1.0000) 1.0000) 1.0000} 1.0000) 1.0000! 1.0000 
0.05. | 1.0359} 1.0281) 1.0206) 1.0135) 1.0066) 0.9936) 0.9875] 0.9815) 0.9758) 0.9702 
OAR ie... ; 1.0561} 1.0436) 1.0319) 1.0207) 1.0101 0.9903) 0.9811) 0.9722) 0.9637) 0.9555 
0,45. | 1.0711) 1.0550) 1.0400) 1.0259) 1.0126) 0.9880) 0.9766) 0.9657) 0.9553) 0.9453 
OPO e.: : | 1.0832) 1.0642) 1.0466) 1.0301) 1.0146) 0.9862) 0.9731| 0.9607) 0.9488) 0.9375 
Op a eee | 1.0933) 1.0718) 1.0520) 1.0335) 1.0162) 0.9847) 0.9703) 0.9566) 0.9436 0.9313 
ODO F 5 oc cee ps | 1.1019) 1.0783) 1.0565) 1.0364) 1.0176) 0.9835) 0.9679) 0.9533) 0.9393) 0.9261 
O35: | 1.1093) 1.0838} 1.0604) 1.0388) 1.0187 0.9825) 0.9660) 0.9504) 0.9358 0.9219 
C2402 4¢:..: | 1.1157} 1.0886] 1.0638) 1.0409) 1.0197| 0.9816) 0.9643] 0.9480) 0.9327) 0.9182 
0.45 | 1.1214) 1.0928 1.0667) 1.0428) 1.0206) 0.9808) 0.9628) 0.9459) 0.9300) 0.9150 
ee ot cicdan | 1.1265] 1.0966) 1.0694) 1.0444) 1.0214) 0.9801) 0.9615} 0.9441) 0.9277) 0.9122 
0.55 1.1311) 1.1000) 1.0718) 1.0459 1.0221) 0.9795) 0.9604) 0.9424) 0.9256) 0.9097 
Ce | 1.1353) 1.1031) 1.0739) 1.0472) 1.0227) 0.9789) 0.9593 0.9409) 0.9237) 0.9075 
rests. os... 1.1391] 1.1059) 1.0759} 1.0484) 1.0232) 0.9784) 0.9584] 0.9396; 0.9220) 0.9055 
OO hc SS 1.1426) 1.1085} 1.0776} 1.0495) 1.0238) 0.9780) 0.9575 0.9384 0.9205) 0.9037 
i eee 1.1458} 1.1108) 1.0792) 1.0505) 1.0242) 0.9776; 0.9568) 0.9373) 0.9191) 0.9020 
0.80. 1.1487) 1.1130} 1.0807) 1.0514) 1.0246) 0.9772) 0.9560} 0.9363} 0.9179) 0.9005 
0.85. .| 1.1514) 1.1150) 1.0821) 1.0523} 1.0250) 0.9769) 0.9554) 0.9354! 0.9167) 0.8992 
0.90. . .| 1.1540] 1.1168] 1.0834} 1.0531) 1.0254) 0.9765 0.9548) 0.9345) 0.9156] 0.8979 
0.95... .| 1.1563) 1.1185} 1.0846) 1.0538) 1.0258) 0.9762) 0.9542) 0.9338) 0.9146) 0.8967 
1.00. . .| 1.1585) 1.1201) 1.0857} 1.0545) 1.0261 0.9760) 0.9537) 0.9330) 0.9137| 0.8956 
| 
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An idea of the accuracy reached in our calculations can be obtained by the compari- 
sons made in Table 4 and 5 between the values of the integrals 


1 1 
Ei H® (uw) [1 +42(1—) pw] du and Zs H) (uw) (1 — pw?) du, 
0 0 


evaluated numerically with the aid of the tabulated functions and their exact values, 
given by the formulae 





fH W420 =») 2 du=<[1- V(1—» (1—F 2a) | 
0 


and 


f How — pw) du= sid — V1— fan]. 


0 


The values of g? — c? listed in Table 2 may also be compared with 1 — A in this con- 
nection. 


TABLE 4 


1 
COMPARISON OF THE INTEGRALS ( H®(u){1 + (1 — A)w]du WITH THE AID OF THE 
J0 
TABULATED FUNCTIONS WITH THEIR EXACT VALUES 
ali — V(1 — a)(1 — 4a))a7 








ny | Iterated Exact r | Iterated Exact 
0.1 1.34523 1.345242 | oy ae 1.48688 1.486905 
Zz 1.35900 1.359012 8... eRe 1.54253 1.542573 
SS 1.37514 1.375164 9 pela 1.63422 1.634277 
4 1.39442 | 1.394449 925 : 1. 66964 1. 669706 
5 1.41799 1.418011 950 1.71609 1.716122 
0.6. 1.44770 1.447715 | 0.975 1.78476 1.784813 
TABLE 5 
1 
COMPARISON OF THE INTEGRALS { H®(u) (1 — w2)du WITH THE ALD OF THE 
e’0 
TABULATED FUNCTIONS WITH THEIR EXACT VALUES 
A4~ Vi = byl (xr)! 

xX Iterated | Exact xr | Iterated Exact 
ERR oe ee 0.73397 | 0.734014 || -0.2............ | 0.65592 | 0.655910 
ot I el: 71822 | .718256 || —0.4..... .....|  .64583 | 645813 
> eee ee ee ees | 63632 | ~~. 636301 
eo | 0 | OR WH HO.B.. ccc. cen 62734 | 627314 
eee SC Ue ee ee ree 0.61884 | 0.618802 
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ABSTRACT 

In this paper the problem of multiple scattering in a planetary atmosphere, both with and without a 
diffusely reflecting bottom surface, is discussed. We assume that the atmospheric scattering is isotropic, 
—- albedo a, and that the ground surface reflects the radiation according to Lambert’s law, with 
an albedo b. 

Sections II-IV are devoted to the standard problem, i.e., to the problem of a finite atmosphere without 
a ground surface. After the exact expressions for single and double scattering have been obtained in 
Section II by direct integration, we show in Section III that an indirect method gives the same result in 
a more elegant way. This method is based on the use of Chandrasekhar’s equations by which the in- 
tensities of the reflected and transmitted radiation can be expressed in terms of two functions, X(s) 
and Y(s). A new feature in the present discussion is that physical meanings are assigned to these func- 
tions. With these meanings the general relations are newly derived; and the expressions for single and 
double scattering are obtained in a simple manner. Section IV completes these calculations by adding an 
approximate expression for the third-order scattering. A numerical example shows that in this way an 
accuracy of 0.1 per cent is reached for an atmosphere with 7 = 0.1. 

Section V discusses the planet problem, i.e., the problem of an atmosphere with a bottom surface. 
The solution of this problem is expressed in a general way in terms of the solution of the standard prob- 
lem. The exact solution for the case of an isotropically scattering atmosphere involves the functions 
X(s) and Y(s) and their moments. Formulae suitable for the case of a thin atmosphere are also given 
and illustrated by a numerical example. 

A comprehensive discussion of the mathematical functions occurring in these calculations is given in the 
appendix. They are of three types: The functions £,(x) are the ordinary exponential integrals. The 
functions F,,(6, x) are definite integrals, of which the integrand is the product of an E-function and an 
exponential function. The functions G(x) and Gim(x) are definite integrals, of which the integrand is 
the product of two £-functions. Only the last type of functions cannot be expressed in terms of known 
functions. For their calculation a new elementary function, the exponential integral of the second order, 
is introduced. Numerical values of all functions needed are given in four tables. 


Quantitative knowledge about the composition and depth of planetary atmospheres 
can be gained only from photometric observations. The term ‘‘photometry” has here 
to be taken in its most general sense: the intensity being specified according to the posi- 
tion on the disk of the planet, the wave length, and the state of polarization. The at- 
mosphere of the earth can be investigated by other than optical methods, but general 
photometry of the sky light still provides an important source of information. 

The interpretation of any observation in this general field has to deal with scattering 
problems. The most well known of these problems is that of explaining the brightness 
and polarization of the blue daylight sky. L. V. King' and others have made approximate 
calculations on this subject. Much attention has further been given to the limb darkening 
of the outer planets, in particular by E. Schoenberg’ and V. C. Fessenkoff.* Other allied 
problems are those of the polarization of the planets, the escape of the heat radiation of 
the planet through its atmosphere, and the formation of absorption lines in the process 
of diffuse reflection by the planetary atmospheres. Finally, the theory of reflection 
nebulae and undoubtedly various problems occurring in physical experiments may also 
be treated by the same formalism. 

The analysis of the problems that we have mentioned presents difficulties of two sorts. 
First, the formulae describing the elementary processes of scattering by a single air mole- 


1 Phil. Trans. R. Soc. London, A, 212, 375, 1913. 
2 Handb. d. Ap., 2, Part I, 221, 1929. 3 Astr. J. Sovjet Union, 21, 257, 1944. 
220 











uta 
pic, 
vith 


out 
1 in 
tin 
in- 
‘(s) 
inc- 
ind 
an 


ce. 
ob- 
ons 
yen 


the 
‘he 
| is 
wn 
er, 


eS 
re 
Si- 
t- 
al 











SCATTERING IN A PLANETARY ATMOSPHERE 221 


cule, or fog droplet, and of diffuse reflection by an area of the ground may already have 
a fairly complex form. Second, the multiple scattering in the atmosphere, combined with 
the diffuse reflection by the ground, introduces further mathematical difficulties of an 
essentially different nature. 

In the present paper we shall concentrate on the second difficulty. We shall, therefore, 
make, throughout this paper, the simplest possible assumptions about the elementary 
processes. In particular we shall assume that (1) the scattering by a volume element of 
the atmosphere is isotropic scattering with an albedo a and (2) the reflection by the 
ground is reflection according to Lambert’s law with an albedo b. Both a and b are defined 
in the usual way: 


Energy scattered in all directions 
Albedo = BY 


Energy removed from original direction © 





The lost fraction, 1-albedo, will be called the ‘absorbed energy.”’ Of course, it may 
reappear as radiation in some other wave length. For the present calculation, however, 
this does not make any difference. 

A calculation based on these simple assumptions will bring out most clearly what kind 
of mathematical difficulties occur in the theory of multiple scattering. The problems 
that arise if the scattering is of a more complex type, for instance, Rayleigh scattering 
with exact account of the polarization of the incident and scattered light, are mostly of a 
similar nature. The calculations of S. Chandrasekhar‘ have shown that the solution in 
that case will consist of a larger number of terms but that the forms of the separate terms 
closely resemble the form for isotropic scattering. 


I. METHODS OF SOLUTION 


We may first remark that the presence of a diffusely reflecting ground beneath the 
atmosphere does not introduce any new difficulties. We shall refer to the problem in 
which the bottom surface is absent as the ‘“‘standard problem” and to the case in which it 
is present as the “‘planet problem.” It will be shown in Section V that the second problem 
can be reduced to the first one. Most of our discussion will therefore be devoted to the 
standard problem. 

The methods by which these problems may be solved can be divided into three types. 
In methods of type I, one tries to follow the career of an incident quantum of radiation. 
It may be scattered 0, 1, 2, or any number of times. The emerging intensities, including 
all such possibilities, would together give the required result. However, the calculations 
are too complex to be pursued beyond m = 2. Therefore, this method is useful only in 
cases in which the series converges very rapidly. 

In methods of type II the radiation field inside the atmosphere is introduced as an 
unknown function of the optical depth and the angles. This function has to satisfy an 
integrodifferential equation, the equation of transfer, and ‘certain boundary conditions. 
Approximate solutions of this equation may be obtained by various methods. The most 
widely known method is the Milne-Eddington approximation. A more effective one is 
the method of Gaussian subdivisions and characteristic roots recently used extensively 
by Chandrasekhar.® 

In methods of type III, only the reflected and transmitted intensities are introduced 
as unknown functions. Using certain invariances that must hold if, for instance, a layer 
dr is removed from the top and added to the bottom of the atmosphere, one can show 
that these functions must satisfy certain functional equations. These equations have the 


‘A series of papers entitled “On the Radiative Equilibrium of a Stellar Atmosphere,” starting in 
Ab: I. 99, 180, 1944. These papers will be referred to as “Paper I,” etc. Chandrasekhar has given a com- 
prehensive account of these investigations in his Gibbs lecture, Bull. Amer. Math. Soc., 53, 641, 1947. 


* Paper II, Ap. J., 100, 76, 1944, and following papers. 
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form of nonlinear integral equations. This method was introduced by Ambarzumiam and 
has been made into a very powerful tool by Chandrasekhar.® In particular, Chandra- 
sekhar has proved that the solutions can be separated into products of a function of the 
angle of incidence only éimes a function of the angle of emergence only. These functions 
satisfy separate functional equations. The equations can be easily solved with an ac- 
curacy of five or more decimals, provided that a fairly good approximation is already 
known to start with. If, however, such a starting solution was not known, the nonlinear- 
ity of these equations would virtually forbid their solution by trial and error. 

In choosing the appropriate method for our present problem we may be guided by the 
following considerations. The devices of type III will prove useful in any case, both asa 
check on the general form of the solution and as the only means of reaching the utmost 
accuracy. But, first, an approximate solution has to be found by means of either method 
I or method II. Now in problems of planetary illumination we are primarily interested in 
thin atmospheres. Thus the optical thickness, 7, of the terrestrial atmosphere at \ 5000 A 
is 0.14. Since the sources of scattered radiation are about evenly distributed in such an 
atmosphere, the intensities in vertical direction are of the order of 7 times the intensities 
in horizontal direction. It has been found that the methods of type IT that assume an 
intensity distribution expressible in a few spherical harmonics are not always satisfactory 
in this case. Fortunately, the thin atmospheres just provide a case in which methods of 
type I are useful. For the flux of m + 1 times scattered light is of the order of az times the 
flux of m times scattered light, so that the series converges rapidly. 

It should be noted that the idea of applying a method of this kind is not new. The 
well-known law of Lommel-Seeliger is, for example, the single-scattering term for a semi- 
infinite atmosphere. King’s calculations,! though presented in the form of type II, are 
actually of type I. Further, L. S. Ornstein’ and A. Hammad and S. Chapman* have sug- 
gested this method. However, it gains sufficient power only in the present context, where 
the result can be used in conjunction with the formulae obtained by method III and thus 
be transformed into a completely rigorous solution, if so desired. 


II. THE STANDARD PROBLEM 


Definitions.—Let the atmosphere be bounded by two parallel planes that for con- 
venience we shall call ‘“‘horizontal.’”’ The cosine of the angle between any direction and 
the downward vertical will be denoted by yu. The radiation that is incident on the top of 
the atmosphere has a direction for which y» has a positive value, u’. Let s’ = 1/p’. The 
radiation field inside the atmosphere will contain both upward- and downward-directed 
radiations. For the upward radiation, « < 0, we shall put s = —1/y; for the downward 
radiation, u > 0, we shall put s = 1/y; s is therefore always positive. 

The intensities of upward- and downward-directed radiations at a depth x below the 
top boundary will be denoted by J~(s, s’, x) and I*(s, s’, x), respectively. We shall de- 
note the reflected and transmitted intensities by 


R(s, s’) = I-(s, s’, 0) 
and 
T(s, s’) = I*(s, s’, 1), 


respectively. Here 7 is the total optical thickness of the atmosphere. 

We shall further normalize the functions R and T by requiring that the flux incident 
on a unit area of the top boundary be z. Diffuse reflection according to Lambert’s law, 
would then make R(s, s’) identically 1. We may therefore say that R(s, s’) is the Re- 


6 Paper XIV, Ap. J., 105, 164, 1946, and following papers. 
7M.N., 97, 207, 1937. 8 Phil. Mag., 28, 99, 1939. 
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flected intensity expressed in terms of the intensity that would obtain in the case of Lam- 


bert reflection. 
Let mr and zt denote the flux of radiation that emerges from a unit area of the top 
boundary or the bottom boundary, respectively. Then 


r(s’) =2f R (s, a, 
1 


* cae 
t(s’) =2f T (s, s') =. 
I S 


Recursion formulae for the intensities of n times scattered light.—We shall now use a 
subscript ” to denote the various quantities pertaining to the light which has been 


P.O ae 
\s 4 |x 
s&s 
Re 


Tt 
Fic. 1.—Schematic diagram of multiple scattering in the standard problem 


(1) 











scattered exactly m times (cf. Fig. 1). Scattering of the intensity, 7,, will then give rise to 
a source function, J,41, of the 2 + 1 times scattered light as follows:® 


ee ta oo 
ae (x) ak J {1+ (s, x) +17 (s, x) im © (2) 


This source function, in turn, gives rise to the intensities, 


T 
(s,x) = sf J 4, (8) edz, 
z= 
(3) 


I* (8,2) = sf J, (8) eds. 
0 


Equations (2) and (3) form a recursion scheme from which the entire radiation field 
may, in principle, be derived. Eliminating the /’s, we find the recursion formula, 


Ins (2) =5 [EB (le- 2|) dz 
0 


(4) 


a x : a Tr - : 
=5 fe e- YEO) dyt+5 fo In(x+y) Ei(y) dy, 


* The additional arguments, s’ and 7, on which all these functions depend, need not be written down. 
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where £;(y) denotes the exponential integral (appen., sec. 2).!° The corresponding emer- 
gent intensities are 


R,, sf J, (x) e-" dz, 


(5) 
T,= sf Jn (x) e~@-*)*dx, 
0 


Further, according to equations (1), the emerging fractions of the incident flux are 


= 9 . ‘) Fo (x : 
Tn 2f Jn (%) Ey (x) dx, 


t, 


II 


2 [Jn (r—x) Ey, (x) dx. 


Finally, we shall denote by /, the fraction of the incident flux that is scattered at least 
n times. Then 


ina= 4 [J (x) dx, (7) 
0 


The factor 4 in this equation arises from the fact that a unit point source emits the flux 
4r, i.e., 4 times the incident flux. If no radiation is lost by absorption (a = 1) we must 
further have 

Inti =f Tn — ty. (8) 


The correctness of this equation can be verified by means of equations (4), (6), and (7). 

Exact expressions for first- and second-order scattering.—After these preliminaries we 
can write down the formulae for the light that is scattered not at all, once, twice, etc., 
by straightforward integrations. 

n = 0.—The incident radiation is confined to a small solid angle, Aw, about one direc- 
tion. In order that the flux on a unit area of the top of the atmosphere may be 7, the 
specific intensity inside this solid angle must be s’1/Aw. This gives for the direct radia- 
tion the intensities, 

mi et xsl a Se: ma's 
0 (xX) = Poe é an = cae € > 


The transmitted fraction of the total flux is 


, 
-s T 


to =e 
Further, the source density for primary scattering is 


mi ‘ 
Jy (x) =p (1 ae oF ry 


and the fraction of the flux that is scattered once is 
fiza(l-—e*’). 


n = J,—Equations (5) give to the reflected and transmitted intensities the expressions 


/ 
SS —r(s+s’) 
R, = a ———; {1-e °""'} 
4(st+s’ ' 
and : 
§$§ Ts’ “Te 


—e 


vais sig EO eo 
Fee oe vé 


10 The mathematical formulae needed in these integrations have been collected in an appendix (pp- 
240-46). 
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The corresponding flux integrals are 
/ 
Sf io 
rn=a-F,(— s’, 7) 
and 
/ 
oa 
i=a > Fy $5 T) e 


‘ 
—g T 


Further, the new source density derived from equation (4) is 
, 


J. (x) = a = o> {P, (s’, z) +7, (— s', r— 2) j. 


The functions F,(6, x) that occur in these expressions are defined by the integral, 


Fy (b,x) = fe, (i) de. 
0 
The properties of these functions have been discussed in the appendix (secs. 3 and 4). 
Finally, using equation (7), we find the flux of radiation scattered twice to be (appen., 
sec. 5): 


2 ’ ’ 
fa=Fl(l—e*) (1 — Ba (7) } +A (— 8,7) — Fi (s, 7) 1. 


Using the recursion formula for the F-functions, we can easily verify equation (8), 


fo=fi- m-th, 
for the case a = 1 as a check. 
n = 2.—The reflected and transmitted intensities of light that is scattered twice fol- 
low from equations (5) by substituting for J2(«) the expression just derived and by using 
the definite integrals of the appendix, section 5. The resulting expressions are 


a?ss’ + ‘ + y , \ = (s+s')r . : ry) t 
R, <= Bs +3) [Fy (— S$, fF) +F, ee ie Fy (s, T) +F, (s*, T) } ] 
and 
n a?ss’ —Ta' . ’ , ] —TSs { . , 7 ? 
“375-3 iFi(—s, T) +F,(s', 7) } =e iFi(— s', 7) +Fi(s, T)}). 


At this stage in our calculation the same thing happens as has happened in all earlier 
investigations of this kind: the integrations become too complex. Neither the new source 
function, J3(*), nor the flux integrals, r2, 42, and f;, can be expressed in terms of simple 
functions involving the exponential integrals. However, we shall presently see that the 
terms with 2 = 1 and m = 2 already form a suitable approximation that can be intro- 
duced into the general equations of Chandrasekhar and thus lead to significant results. 

Separation of the solution.—Chandrasekhar has proved that the rigorous solution must 
have the form (Paper XXII, § 7) 


R= aay lX 9) X(s") -¥(s) ¥(s}, 
(9) 
T=72 7% (s) ¥ (s’) — ¥(s) X (s)} +7. 


These equations follow from the paper referred to! by noting that the s and s’ used here 
are the inverse values of the u and wo used there and that the functions derived there are, 
by definition, Fupo times the R and T used in the present paper. 


"Paper XXII, Ap. J., 107, 48, 188, 1948. 
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The results derived above can be re-written in the form, 
R= R,+R,+ terms of the order of (ar) *, 
(10) 


T =T)+7,+T72+ terms of the order of (a7) *. 


By an inspection of the formulae for Ri, 71, Re, and T2, we find that equations (10) can 
indeed be written in the form (9), if we assume that X(s) and Y(s) have the following 
values: 
X (s) =1+4aF,(-— 5,7), 
(11) 
Y(s) = e-"{1+4¢@F,(s, 7) }. 


This solution is still an approximate one. Terms of the order of (a7)* and higher are 
still lacking. However, for any small value of a7 equations (11) already give a satisfac- 
tory approximation. Depending on the accuracy required, this approximation may be 
used as it stands, or it may be used as a “starting solution” in Chandrasekhar’s func- 
tional equations and in that way lead to a numerical solution of any desired degree of 
accuracy. 


III. ALTERNATIVE DEDUCTION ; PHYSICAL EXPLANATION OF THE FUNCTIONS X(s) AND Y(s) 


Although the results of the preceding section are satisfactory, the method by which 
they were derived is not elegant. In particular, we combined two entirely different points 
of view, between which there is no apparent relation. The recursion formulae and the con- 
sequent expressions for Rj, R2, 7;, and 72 were based on a visualization of the multiple 
scattering; the final separation of the solution, however, was based on the general equa- 
tions derived by Chandrasekhar from the equations of transfer and certain invariances 
characterizing the angular distribution of the emergent radiation. 

It appeared worth while, therefore, to make an effort to resolve this duality and place 
the entire deduction on the basis of a visual understanding of the problem. We shall 
show that it is, in fact, possible to assign definite physical meanings to the functions 
X(s) and Y(s). In terms of these meanings the formulae become very transparent and 
the relevant equations can be written down almost immediately. 

Physical meaning of X(s) and Y(s).—Basic to the present deduction is the physical 
meaning to be attached to these functions. We shall start by defining these functions as 
follows: Let a point source of unit brightness (emitting the total flux 47) be placed at 
some distance above the plane-parallel atmosphere. Part of the light of this light-source 
will suffer multiple scattering, resulting in transmission and reflection by the atmosphere. 
Now the same point source together with the illuminated part of the atmosphere will 
from a very large distance again appear as a point source. The brightness of this combined 
source will be denoted by X(s) for directions on the same side as the illuminating source 
and by Y(s) for directions on the opposite side (see Fig. 2). In either case, s is the positive 
secant of the angle with the normal. 

The following, equivalent, definition is a little more convenient. Let a homogeneously 
emitting, but completely transparent, layer be placed above the atmosphere. Then X(s), 
respectively Y(s), is the ratio of the intensity emitted by the luminous layer together 
with the atmosphere to the intensity that would be emitted by the luminous layer alone. 

We shall now use this definition in order to express X and Y in terms of the reflection 
and transmission functions, R(s, s’) and 7(s, s’), defined in the preceding section. Earlier 
we adopted the normalization that the flux reaching a unit area of the top of the at- 
mosphere is 7. If the incident radiation comes from various directions, s’, its intensity, 
I(s’), must therefore satisfy the equation 


« ed 
2f I(s) y= 1. (12) 
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Accordingly, the intensities of reflected and transmitted radiation emerging in a direction 
s are 


and 2fT (s, s’) I(s’) és (13) 
1 


53? 


d 


s! 
s'3 





2fR(s, s’) I(s’) 


respectively. Only the function 7 (s, s’), representing the direct transmission, has to be 
defined more precisely than we did before. Equation (13) shows that the correct inten- 
sity, Z(s) e~*7, of the directly transmitted light is obtained if To(s, s’) has the form 


To(s, 5’) =35s3e-*75 (Ss, 8’), (14) 


where 6(s, s’) is the usual 6-function. 


NAG 
\ 


<T a 


1G. 2.—Physical meaning of X(s) and ¥ (s). The combined brightness of the light-source and the 
illuminated atmosphere in a given direction is X(s), or Y(s), times the brightness of the source alone. 








Now the intensity of the thin luminous layer is proportional to s’. According to equa- 


tion (12), we must therefore put 
, 


I (s’) =>. (15) 


Substituting this value in equation (13) and dividing the result by the intensity, s/2, of 
the layer alone, we obtain at once 
. 2 ff Per 


1 
Zz ¢*... ee 
Y (s) =“ f 7 (s,s) —-. 
5+; $s * 


The term 1 on the right-hand side for X(s) stands for the unmodified radiation that is 
emitted by the luminous layer in directions away from the atmosphere. Using equation 
(14), we find that a similar term, e~*’, is included in Y(s) as the term due to the directly 
transmitted light. 

Reciprocal meaning of X(s) and Y(s).—Now it should be noted that any function 
occurring in scattering problems has two reciprocal meanings, corresponding to the dif- 
ferent senses of direction of the light-rays. The reciprocal meaning of X(s) and Y(s), 
suggested by inverting the direction of the radiation in Figure 2, is the following: 
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Considering again the standard problem, wherein the radiation is incident from one 
direction, s’, we observe that the density of radiation above the atmosphere divided by the 
density of radiation of the incident light is X(s’). The corresponding density below the 
atmosphere in terms of the same units is I’(s’); for the integrals that define these radia- 
tion densities are identical with those in equations (16). 

Expression of R and T in terms of X and Y.—We shall now derive some equations by 
which R(s, s’) and 7(s, s’) can be expressed in terms of X(s) and - (s). Let us consider 
again the standard case, with incident radiation in the direction s’ and emergent radia- 
tion in the direction s. Now we add a layer with thickness dr to the top of the atmosphere. 
The source density of scattered radiation inside this layer is proportional to the radia- 
tion density. In fact, equation (2) shows that 

rae 

J= 4 a2) 
inside this layer. If this layer were alone, it would emit the intensities s/d7, according to 
equation (5). Because of the presence of the atmosphere, however, these intensities have 
to be multiplied by X(s) or Y(s). Further, we have to allow for the fact that the layer 
scatters, or absorbs, a small part of the radiation that would be reflected, or transmitted, 
otherwise. We find therefore that the addition of this thin layer increases the intensities, 


R(s, s’) and T(s, s’), by the amounts, 
dR (s, s') = — (s’+s)R(s, s') dr+iass'X (s') X (s) dr 
anc 
dT (s, s‘) = — s'T (Ss, s’) dr+iass'X (s') Y(s) dr. 


Instead of adding a layer to the top, we may equally add a layer to the bottom of the 
atmosphere. In the latter case the source density in this layer becomes 


/ 
as 
J =— Y(s’) 
q ( 
and the reflected and transmitted intensities are increased by 
dR (s, s’) =}ass'Y(s') ¥(s) dr 


dT (s, s’) = — sT (s, s') dr+iass'Y(s') X(s) dr. 
4 


and 


Since the net effect of an additional layer at top or bottom must be the same, we may 
equate the two expressions for dR(s, s’) and those for d7(s, s’). The result is that, identi- 
cally with equations (9), 


1 _ _@S8' yy yi. 7 rN} 
Ris, 8) Fists (% (9) X (89 Pig) Fis) 
(17) 
a. ass’ . Ponte Ta ae ; 
T (s, s‘.) =>———_- 1X (s) Y (8s!) —V (8s) X (8) } +7 (s, 5’). 
4(s— s’) 


The value of the transmission term, 7'o(s, s’), of the direct light is not found by means of 
this deduction because it vanishes except for s — s’ = 0. Therefore, we have added this 


term as a separate term. 
Functional equations for X and Y.—Substituting equations (17) in equations (16), we 


obtain the functional equations, 
ry a x / / s’ 
A(t) mioks- ae [X (s) X (s‘!) — Y¥(s) YV(s ve oe 
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These relations are the basic equations in the mathematical treatment given in Chan- 
drasekhar’s paper (Paper XXII, eqs. [172] and [173]). For a detailed discussion we may 
refer to that paper. 

Integrodifferential equations for X and Y By similar reasoning we can derive integro- 
differential equations for X(s) and Y(s). Let us place a luminous layer, emitting the inten- 
sity s’, above an atmosphere of optical thickness 7. The intensity emerging at the bottom 
is then, by definition, s Y(s). Now add to the bottom a layer of thickness dr. The source 
density in this layer, according to equation (2), will be 


st Y (s Sey kee (19) 


The emergent intensities due to this additional source density will be, again by definition, 
y_ssd7Y(s) for upward radiation and y_,sd7X(s) for downward radiation. Further, the 
radiation transmitted by the original atmosphere loses a fraction sdr of its amount be- 
cause of the additional layer. Equating the new intensities thus found to s(X + dX) and 
s(Y + dY), we obtain at once the equations 

dX (s) 


— =y-1i¥ (s), 


ks Y (s) = y-,X (s). 





(20) 


These equations have also been derived by Chandrasekhar (idid., eqs. [175] and [176]). 
Series expansion of X(s) and Y(s).—The physica] interpretation of the functions X(s) 
and Y(s) has the great advantage of suggesting a rapid method for calculating them. 
Thus, let us consider the scattering of light emitted by a luminous layer on top of the 
atmosphere. We may use the same formulae for multiple scattering that were used in 
Section II. 
Let the source density inside the luminous layer be 


Jo= 6(x, 0). 


The source density for the scattering of any order may then be computed by means of 
equation (4). In particular, we obtain 
a 
J, = 5 E(x). 
1 2 1 \ 


The next term will be 


a? z : < . a’ T * . 
Jq= 4 fAe- yy dyt Ff EF, (xv + y) Ey (y) dy, 


in which the first integral is identical to G’;(”) (appen., sec. 9) and the second integral 
has a similar nature. It does not seem profitable to go further into the calculations of 
these integrals, except by means of approximations or by numerical methods. 

The corresponding intensities of emergent light follow from equations (5). Their 
values, divided by the intensities, s, that the luminous layer itself would emit, give the 
functions X,(s) and Y,(s), so that 


Xn (5) = [In (zx) edz, 


Y,(s) = enn f Jn (x) ev*dx. 
0 


(21) 
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By adding the functions due to scattering of any order we have 
X (s) = Xo(s) + Xi (s) + Xe2(s) +... , 
VY (s) = Yo(s) + Yi(s) + Yo(s) +.... 

These functions follow from the total source density, 


J (x) =Jo(x4) +41 (4%) +J2 (4%) +..., (23) 


X (s) =f J (x) e~ "dz, 
0 


V(s) se fF (x) ede, 
0 


Thus, writing only the terms of order 0 and 1 and using the expressions for Jo(x) and 
J\(x) given above, we find 


II 


(22) 


by 


(24) 


X(s) =145hi(—s,7), 


Y(s) = er 4S k, (s, 7) t. 


These equations are identical with equations (11), found in Section II only after a 
lengthy calculation. 

Equations (24) further explain the existence of one more formula derived by Chan- 
drasekhar: 

Y(s) =e-"X(—s). (26) 
This relation, however, is only a formal one, because only the values of s > 1 have physi- 
cal significance. The actual functions X(s) and V(s) to be computed are two entirely 
different functions. 

It should be noted that the indices, nm = 0, 1, 2,... , occurring in the present deduc- 
tion do not exactly correspond to the indices m used in Section II. There the index n 
denoted the nth-order term in a series expansion of R(s, s’) and 7(s, s’) in powers of a. 
Here, however, they denote the same in an expansion of X(s) and Y(s). The exact rela- 
tion, equations (24), shows that there is no simple correspondence. It is easily seen, how- 
ever, that formulae for X(s) and Y(s) complete to the mth order, when substituted in 
equations (24), will give R(s,s’) and 7(s, s’) complete up to the m + 1th order plus fur- 
ther incomplete terms. Thus the first-order approximation of X and Y,, equations (11) or 
equations (25), was sufficient to obtain the second-order approximation of R and 7. 


IV. CALCULATION OF THE THIRD-ORDER TERM 


It is not the object of the present paper to go into the numerical computations that 
are needed for reaching the utmost accuracy. The relative simplicity of the formulae 
prompts us, however, to calculate at least one further term of the solutions. This calcula- 
tion will give us the second-order terms of X(s) and Y(s) and, accordingly, the third- 
order terms of R(s, s’) and 7(s, s’). 

It is not feasible to calculate the exact values of these terms; for we have seen, both in 
Section II and in Section III, that the source functions from which these terms have to 
be derived already involve integrals of too complex a type. It is possible, however, to 
find satisfactory approximations if sz is not too large. 

New terms of X and Y.—We shall first derive the values that would hold in the 
(physically impossible) case of s = 0. Equations (21) become for that case 


Xs (0) = ¥2(0) = fs (x) de. 
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This integral can be calculated exactly. Expressing J2(x) by an integral according to 
equation (4) and inverting the order of integration, we obtain 


fre dx=5 f'\2-Ea(2) — E, (7 — 2) }J, (2) dz. 


With the substitution J;(z) = 3a#;,(z) in the foregoing equation, the result becomes 


X2 (0) = ¥2 (0) = 7 g(7), (27) 


where , 
g(r) =2 —2E, (7) ~G, (9) me ACE (28) 


The functions 


G (1) = / E,,(s)£,(2)dz and G' (7) = | E_, (2) £, (r— 2) dz 
0 0 
occurring in this expression are discussed in the appendix, sections 7-10. 

The same result may be derived in several other ways. For example, we may use the 
differential equations (20). We shall denote the approximate solution expressed by 
equations (25) by X*(s) and Y*(s). This solution may be used as a starting solution. 
The value of y_; corresponding to this solution is (cf. appen., sec. 6): 


,* Pm... fs o— Ts @ —rs fy ) ds 
ye? 7 € +5 e Fi (s, 7) ; 


=5 Er) + 7G, (7). 
After substituting this expression and the expression for Y*(s) in the right-hand side of 
equation (20), we obtain an expression for dX(s)/dr which is correct up to terms of the 
order of a?7, inclusive. Again we find that integration is feasible only for the case s = 0. 
The integration for that case can be made after some reduction and gives, indeed, a result 
identical with equation (27). 

In the derivation of equation (27) we have been forced to assume that s = 0. We 
shall now derive an approximate expression, useful for any value of s, by assuming that 
the source function J2(x) is approximately constant. It follows, then, from equations 
(21) that X.(0) and Y2(0) have to be multiplied by 


. £ 1 
_ f e— **dx = — (1 — e~*) 
T ¥0 ST 


in order to obtain the values for Xo(s) and Yo(s). So we have 


(29) 


A~-Zf*%a ~~ F* =‘ g (7) = (1 — e—*). (30) 


It should be noted that the approximate values of X and Y defined by this equation 
exactly satisfy the relation expressed by equation (26). 

Final expressions for R and T.—We may finally investigate the consequences of this 
additional term for the reflected and transmitted intensities, R(s, s’) and T(s, s’). Let 
the values of R and 7 obtained by substituting the approximate solutions X* and Y* 
in equations (17) be denoted by R* and 7*. The improved values of R and T will then 
be found by substituting in the same equation the improved solutions, 


X (s) = X*(s) +U (s) 
Y(s) = Y*(s) +U(s). 


Here U’(s) has been written for the right-hand member of equation (30). 


and 
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For convenience of notation we shall for a moment omit the asterisks from X* and Y* 
and denote the argument s’ by adding a prime to the symbols X, Y,and U’. The quantities 
in braces in equations (17) can then be reduced as follows: 


(140) (2°40) — (F + OO" +O) 
eXX'~YY'+U'(X— Y) +U (X'- ¥4, 


and 


(X+U)(¥’+U') — (V¥4+U)(X'+ UV’) 
= XY'— VX'+U'(X— Y) —U (X'— ¥), 


The first two terms on the right-hand side of these equations give rise to the original 
values, R* and 7*. Now we may neglect terms that are of the order of a7 times the term 


we seek to derive. Therefore, 
X (s) —~ Y(s) =1-—e7*. 


Thus it appears that the remaining terms of the expressions just derived have the factor 
(li-—e “)(li-—e°*’) 
in common. A simple reduction now gives: 


3 
R-R* =T-T* a g(r) (l-e (le 

The result that the correction terms of R and 7 turn out to be the same is not unex- 
pected; for the derivation of equation (31) holds strictly only if we assume that both rs 
and rs’ are small compared to 1. This assumption amounts to saying that we consider 
only angles for which the atmosphere is transparent. In that case the intensity emerging 
at either side of the atmosphere must be the same function of the angle of emergence. 
If, on the other hand, rs is large, the factor 1 — e~** gives correctly the effective depth of 
the atmosphere in the direction s, but the assumption that the average source density 
in that layer equals the average source density in the entire atmosphere is no longer 
correct. 

It should be noted that the earlier approximation, R* and 7*, is useful in a much 
wider range than is the correction term just derived; for the terms of X* and }* are the 
rigorous expressions for the first two terms in series expansions of X and Y in powers of 
a. Therefore, these expressions provide a useful approximation as soon as at < 1. The 
correction term given by equation (31), however, is subject to the further restriction 
that sr < 1, i.e., that 7 itself must be <1. Thus, in the case of a thick atmosphere with 
heavy absorption (so that a7 is small), the approximations R* and 7™* are still useful, 
but the expression for the correction term cannot be trusted. 

Practical computation.—Recapitulating the relevant formulae, we may state, first, 
that the values of X* and Y* have to be computed according to equations (25). Then, 
in accordance with equations (17), the values of R* and 7* follow from 


, 
78 


ier (31) 


a nv ass’, Pe De lg ey bag 
R ogy Ys (3s) X*(s") Y*{2) F* (8) 1, 
(32) 
T*(s s’) = 958s y«(5) Y*(s’) — Y *(s) X* (s’) ’ Te. 
’ 4(s—s') ** \ ad j 


Finally, the correction term to be added to both these values can be computed from 
equation (31), where g(r) is given by equation (28). 
One further remark of a practical nature may be made. Equation (32) leaves 7* in- 
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determinate for s = s’. We can easily find a correct formula for this case by putting 
s’ = s — ds and letting ds approach 0. The formula thus obtained is 
dX 


as? e dY 
a (é, ) =P jS 1 (s) —— X(s) f. (33) 


The derivatives corresponding to equations (25) are (appen., sec. 3) 


aX af il , ' | 
aS es a —(stl)r —. 1 Zs —5,2x 
ds isei!* a eh ae 
dY a 1 
rs < e-*r| —___f ele) — 1) — Fy (5, x 
ao TV (8) $5 ew [ste 1] —F,(s, 2) ]. 
The substitution of these expressions, and of equations (25) themselves, in equation (33) 
does not lead to any particularly simple result. It would therefore seem that formula 
(33) is best used directly for numerical computations. 

Numerical example.—The use of the foregoing formulae may be illustrated by a nu- 
merical example. Let + = 0.10, s = s’ = 2, and a = 1. Equations (25) then give 


X* = 1.1280 and Y*=0.9423. 


and (34) 


The corresponding derivatives, found from equations (34), are 





* ’* 
dX = —().0051 and fl = — (0.08891, 
ds ds 


The approximate values of R and 7 are then found from equations (32) and (33), re- 


spectively: 
R* =0.09611 and 7*=0.09548. 


The correction term, computed by means of equation (31), is equal to 0.00184; so the 


values are: 
R=0.09795 and T = 0.09732. 


In this computation the tables of the E-, F-, and G-functions given at the end of this 
paper have been used. 

It is thus seen that, even without any process of further numerical improvement, the 
formulae give results that are satisfactory for most purposes. A rough estimate of the 
higher-order terms by means of the rule that subsequent terms are in the ratio ac(r) = 
0.163 (eq. [60]) shows that the values just computed are still too low by about 0.00045. 
This final correction is 0.5 per cent; the remaining uncertainty is less than 0.1 per cent. 


V. THE PLANET PROBLEM 


We shall now discuss the problem of scattering by a homogeneous atmosphere under 
which is a diffusely reflecting surface with an albedo 6. We shall assume that the diffuse 
reflection follows Lambert’s law, i.e., that the reflected radiation has the same intensity 
in all (outward) directions. The scattering properties of the atmosphere need not be 
specified beyond the general requirement that its reflection and transmission in the 
absence of a ground surface be described by the symmetrical functions R(s, s’) and 
T(s, s’). The symmetry of these functions is required because of the ‘‘reciprocity prin- 
ciple” of Helmholtz. 

General formulae-—We may first compute the angular distribution with which the 
diffuse radiation that comes from the ground surface is transmitted or reflected to the 
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bottom again. In this case the intensity, /(s’), of the radiation incident on the atmosphere 
from below is a constant, C, say. The intensities of transmitted and reflected light are, 
then, according to equations (13), 


_f2 ds’ : 
ac f R (2, 3’) 7 =O rts) 
1 5° 
and (35) 


© : 1s! ; 
2c f 2 tse) —=Ct(s), 
1 s 


respectively. Here r(s) and ¢(s) are the same integrals as occurred in the calculation of 
the flux in the standard problem; for their definition by means of equations (35) is 
equivalent to their definition by means of equations (1), because of the symmetry of 
Rand 7. 

Further, the total flux of the transmitted and reflected light will be denoted by 


AF es ds . 
aac f r(s) = = mC 
1 
and (36) 


wf ds : 
2x ‘4 ‘(s)-—> = wCi., 
1 Ss 


where r. and ¢, are constants. 

Equations (35) and (36) are all we need in order to solve the planet problem entirely. 
In the following we shall treat two slightly different cases. In case A we assume that the 
radiation is incident from outside; this case corresponds to the illumination of the planet 
by the sun. In case B we assume diffuse emission by the ground surface; this case cor- 
responds to the scattering and absorption of the planet’s own radiation. 

A. Let the radiation be incident from one direction, s’. We assume, as in the standard 
case, that the flux incident on a unit area of the top of the atmosphere is 7. The constant 
surface brightness, C, of the bottom surface can then be computed by considering the 
flux equation at this level. 

The flux incident on the bottom surface consists of two parts: a part, mf(s’), of radia- 
tion that has never reached this surface before and a part, rCr., of radiation that has 
been reflected by this surface before and is now reflected to the bottom again. The flux 
emitted by the bottom surface is simply rC. Since the emitted flux must be 6 times the 
incident flux, we have 

aC =nbi(Cr.+1t(s’) }. 
Hence 
_ bt(s’) 


ie i (37) 
1— dr, 


C 

The intensity reflected by the entire system of atmosphere plus ground surface con- 
sists also of two parts. The part that comes from the atmosphere will be denoted by 
R(s, s’), as in the standard problem. The part that comes, directly or indirectly, from the 
bottom is given by equation (35), where C has the value given by equation (37). Thus 
we obtain 


Rinna Fs s’) =R(s, s’) +e) e (38) 


This is the final formula by means of which any problems of phase-function, limb dark- 
ening, etc., of a planet may be solved, once a satisfactory solution of the standard prob- 
lem has been obtained. 

There is no “transmitted light” in the present case. However, we may inquire what 
the angular intensity distribution, measured by an observer at the base of the at- 
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mosphere, would be. The intensity in any outward direction is equal to C, as stated 
above. In any downward direction it is obviously 
Tinks. rT) =T(s, s‘) + sti: t(s’) r(s). (39) 
1— bdr, 
The first term of this expression is simply the transmission function for the standard 
case; it includes the term 7°» of the direct sunlight. The second term is the light from the 
ground scattered back by the air. 

If all our assumptions were correct, equation (39) would give the intensity distribution 
of the daylight sky. Several modifications have to be made, however, before this is true. 
First, the standard problem for a finite atmosphere with Rayleigh scattering has to be 
solved. Chandrasekhar (Paper XXII, Sec. V) has obtained the solution of this prob- 
lem; the functions occurring in this solution (equivalent to X|s] and Y[s] in the case 
of isotropic scattering) can probably be determined with sufficient accuracy by means 
of a method similar to that used in the present paper. Next, the solution should be sub- 
stituted in equation (39). Because of the polarization, however, we have scattering 
matrices R and 7 instead of scattering functions; equation (39) will have to be modified 
accordingly. Finally, measurements might show that the ground reflects light according 
to a law different from Lambert’s law. This would necessitate a further modification of 
equation (39), which is also of a fairly simple nature. All these modifications would make 
the calculations longer but not much more difficult. It would seem, therefore, that the 
calculation of brightness and polarization of the daylight sky, correctly within 0.1 per 
cent, is now distinctly within reach of the theory. 

B. The converse problem can be solved in a similar way. Let the bottom surface 
be self-luminous and emit an intensity 1 in all outward directions. The atmosphere will 
then change both the angular distribution and the amount of the emitted radiation. 
Again we shall put the fofa/ surface brightness of the bottom equal to C. This surface 
brightness consists partly of the original emission and partly of radiation scattered back 
by the atmosphere and then reflected by the bottom surface again. Therefore, 


C=1+0Cr, ; 
whence 
C= (40) 
~ 1—br," 
The intensity emerging in a direction s from the top of the atmosphere is then 
t(s) 
Pts. OF =— -. (41) 
(Ss, 1— br, 


The energy balance.—In some applications one may want to know what happens to 
the incident energy. There are three possibilities: part of the energy may escape into 
space, another part may be absorbed by the atmosphere, and a third part may be 
absorbed by the bottom surface. We shall denote these fractions of the incident energy 
by fs, fa, and f,, respectively. 

A. In the case of incident radiation from a direction s’ we find by substituting equa- 
tions (38) in equations (1) that 


fe=r(s')+ Oh its). (42) 


1 — bdr, 


Further, the amount absorbed by the bottom is (1 — 5)/d times the amount reflected 
by the bottom, so 


foe ge 29. (43) 
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And, finally, by the conservation of energy we have 
Jami ~I.~ je: (44) 


If the albedo of the atmospheric particles is 1 (this is called a ‘‘conservative case”), 
we have in the standard problem r(s’) + ¢(s’) = 1 and therefore also r, + ¢, = 1. It 
can be easily verified that in that case f, = 0. 

B. A similar calculation for the case of emission by the ground surface leads to the 
following expression for the distribution of the energy: 


hag, ee GSP,  pet-nnh. as 
Again we can verify that f, = 0 in conservative cases. 

Isotropic scattering.—The solution of the planet problem given above holds for any 
scattering properties of the atmosphere. We shall now assume that the atmosphere con- 
sists of isotropically scattering particles with an albedo a. The solution of the standard 
problem for such an atmosphere, given in Sections II-IV, has resulted in the determina- 
tion of the two functions, R(s, s’) and 7(s, s’). We now have to perform the integrations 
shown by equations (35) and (36) in order to determine also the functions r(s) and ¢(s) 
and the constants r, and ¢,. 

Let the moments of the functions X(s) and Y(s) be defined by 


a foe) 
Xp = 4 f x (s) s~?-2ds “ 
- 1 
(46) 


Ww =5 Y (8). a-¥-*ée. 
The factor a/2 here takes the place of the more general “‘characteristic function,” 
W(u), in Chandrasekhar’s formulae. : 

Now we shall show that the functions r(s) and ¢(s) can be expressed in terms of X(s) 
and Y(s) and their moments. By substituting in equations (35) equations (17) for 
R(s, s’) and T(s, s’), we obtain: 


+ eer. ee bn reg Gs 
ris) =a f sgl X (8) X (80 — ¥ (8) FSI 





s 
and 


ds’ my 
at to (5) ; 


s” 


S DL eg ere 
t(s) =f ——{|X(s) V(s’) —-Y(s) X(s’)} 
2/4, s-—s 


“ 


The integrands can be separated by means of the relations, 


Pe pamela Gh  Atethe 
s'(s+s’)’ ss! (s+ s’) 
and 
1 1 1 


s’(s—s’) ss’ s(s—s')° 


The first terms on the right-hand side of these equations give rise to products containing 
the moments xo and yo. The second terms give integrals identical with those in equations 
(18). Thus we obtain (cf. Paper XXII, eqs. [13] and [14]) 


r(s) =%oX (s) —yo¥ (s) —X(s) +1, 


t(s) =yoX (s) —xoV (s) + Y(s). 


The term fo = exp(-7s) that is contained in ¢(s) cancels out against the same term with 
negative sign occurring in the other part of the integral. 


(47) 
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By substituting this result in equations (37) we further find directly: 


+ 4 
>= a. (%o— 1) m1 — r youitl, 
(48) 


4 
be = — Pox, — —( Xo — 1) Wi 
a a 7 


Equations (47) and (48) give the exact expressions for r(s), ¢(s), 7-, and ¢, in terms of 
the exact functions X(s) and ¥(s). However, since we have only the approximate solu- 
tions of X(s) and Y(s) derived in the preceding sections, the following calculation is 
only approximate. 

The expressions we derived for X(s) and Y(s) consist of three terms: the first two 
terms are given by equations (25) and the third one, which is the same for X and Y, by 
equation (30). Integrating term by term, we find that the corresponding moments are 


=O 5Hit F Ste, (7) +e pT 
(49) 
a a2 ii 13 (r) 
Vp — D) E 4, (7) + 4 Gong. 187? + z raat 


Here the first terms follow from an elementary integration. The second terms have been 
found as shown in section 6 of the appendix. A rigorous expression for the third term 
cannot be derived, because we do not have expressions for the corresponding terms of 
X(s) and Y(s) that are correct for large values of sr. Equation (30) would give 


3 1 


for the third terms of x, and yy. The more convenient form shown in equations (49) was 
found by integrating equation (27) instead of equation (30). This amounts to the as- 
sumption that X2(s) and Y2(s) may be put equal to X,(0) and Y,(0) in the entire integra- 
tion interval. Since the third-order term is already a small correction term, the difference 
between the forms shown by equations (49) and (50) is not important. 

In particular we find that the moments of order 0 are 





2 3 
ro= 5+ Z Gy (7) +5 g(r), 


(51) 
yo= 5 E, (1) + : G.. (7) + . g(r). 
Further, the moments of order 1 are 
m=t+ . G,, (7) + <. g(r), 
(52) 
n= 5 Fs (r) + © Gi, (7) + £. g(r). 


Chandrasekhar has shown that there are various relations between the moments x, 
and y». These relations can be used for a check on the approximate expressions just 
derived. For example, if a ¥ 1, xo and yo satisfy the relation (Paper XXII, eq. [37]) 


(l1—2z,)%=1—a+y3. (53) 
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When equations (51) are substituted in this equation, the coefficients of 1, a, and a? 
satisfy the equation rigorously, but the coefficients of a* show a discrepancy. This illus- 
trates once more the fact that the third-order terms in these equations are not exact. 
The relation for a = 1 is 

X+tyo=Hl. (54) 


Using the definition of g(r), equation (28), we find that this equation is exactly satisfied. 
A further consequence of this relation is, for a = 1, 


r(s) +¢(s) =1; (55) 


this equation expresses the conservation of energy in the standard problem. 

Practical computation.—Although we have now a complete set of equations for solving 
the planet problem, we hove not yet arrived at the formulae that are most suitable for 
numerical computation. .irst, we may remark that, if the atmosphere is thick or if a 
solution of very high accuracy is required, the method outlined above needs only little 
change. This change consists in the first step: the moments Xo, yo, 41, and y; have to be 
computed by direct integration from the exact X- and Y-functions rather than from the 
approximate equations (51) and (52). The further steps remain the same: by substituting 
the moments in equations (47) and (48), we find r(s), ¢(s), r-, and ¢-. Finally, these 
functions and constants, when substituted in any of the equations (38)—(45), will give 
the solution of some problem in planetary illumination. 

If, however, the atmosphere is thin, accurate results may be obtained in a much more 
rapid way. In particular, it is then possible to avoid the moments entirely. In fact, 
in Section II we have already found the exact forms for the terms of r(s) and ¢(s)that 
correspond to the direct light and to single scattering. These formulae together give the 
equations, 

r* (5s) == F,(— 3,7), 
‘3 (56) 


as . 
f(s) =e ale se e TH (5,7). 


Here the asterisk is used to indicate that these expressions are incomplete, the higher- 
order terms being still absent. Integrating these equations according to equations (36), 
we further find 
r*=aG,, (7), 
(57) 
t* = 2E, (7) +aG), (7). 


c 


Equivalent formulae may be derived by substituting equations (51) and (52) in equa- 
tions (47) and (48). If we use recursion formulae for the F- and G-functions, the expres- 
sions thus found can be greatly simplified; the result is that the terms of order 0 and 1 
become identical with those in equations (56) and (57). 

The higher-order terms cannot be expressed in elementary functions. The derivation 
of formulae suitable for finding the approximate values of these terms is, therefore, to 
some extent a matter of taste. It appears most practicable to go back to the calculations 
in Section II, in which the physical meaning is most evident. 

The method proceeds by calculating successively the amounts of radiation that are 
scattered 0, 1, 2, etc., times. Let the incident amount be 1. Briefly repeating the first 
steps, we have an amount, ¢o, which is directly transmitted. A fraction 1 — a of the re- 
mainder is absorbed, and the fraction 


fi=a(1—h) (58) 
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is scattered. The amounts of radiation emerging after this first scattering are 7 and 4. 
Again, a fraction 1 — a of the remainder is absorbed, and the further fraction, which 


equals 
fe=a(fi-—n—-h), (59) 


is scattered for the second time. This is as far as the rigorous calculation goes. 

Now we shall dispose of the remaining energy by assuming that the source density of 
second- and higher-order scattering may be considered constant through the atmosphere. 
According to equations (6) and (7), we then have 


1 ‘ 
n=h= 7. 3 —~ Ba(t) i fe 
~s 
so that 
fr4r=ac(t) fr, (60) 
where 
1 : 
c (7) = 97 l2r—1+ 28s (7) §. (61) 
T 


It is seen that in every step ac(r) may be described as ‘‘the fraction of the scattered 
flux which will be scattered another time.”’ It.is now easy to add all the emergent amounts 
of radiation in a geometrical series. Thus we obtain 
1 1-—€¢(r) 
reat rt...=hatt...=5 Wy fi. (62) 
2 1—ac (7) 
Likewise, the total amount of radiation that is absorbed by the atmosphere after being 


scattered one or more times is 
(1— a) ¢ (7) 


l—ac(r) ~**' a 

These equations can be used for computing the functions r(s) and ¢(s) as well as the 
constants r,and ¢,. The exact expressions of fo, 71, and ¢; for either case have already been 
given in equations (56) and (57). Equations (58) and (59) then give f2; and equations 
(62) and (63) show how much of this remainder emerges and how much is absorbed. 
Numerical example.—These formulae may be illustrated by a numerical example. 
Let r = 0.1, a = 1, and s = 2. We then have 


r*(s) =0.0762 ( f,= 0.1813 , 


) 
? with M 


t*(s) =0.8187+0.0755 = 0.8942 ) \ fe = 0.0296 ; 
and, further, 
r* = 0.0707 ) ( fi= 0.1674, 
> with < r 
t* = 0.83264 0.0695 = 0.9021 J \ fo = 0.0272. 


The ratio f/f; in both cases is 0.163, i.e., practically equal to c(r) = 0.1630. This is a 
sufficient guaranty that the computation of the further terms by means of equation (62) 


is correct. 
Since a = 1, we have to divide fz equally between the reflected and the transmitted 


light. The final results are 
r(s) =0.0910, r.= 0.0843 , 


t(s) =0.9090 , t.= 0.9157. 
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Combining these results with the results of Section IV, we find that equation (38) 
fors = s’ = 2,7 =0.1,a = 1, and bd = 0.1, gives 


Rotanct(S, 5’) = 0.09795 + 0.08333 = 0.18128. 


This result shows that, under the specified conditions, 54 per cent of the planetary light 
comes from the atmosphere and 46 per cent directly or indirectly from the bottom sur- 
face; the entire surface brightness is 0.180 times the brightness of a surface reflecting 
according to Lambert’s law. Problems of limb darkening, visibility of surface markings, 
formation of absorption lines, etc., can be investigated by means of similar computa- 
tions. 

Under the same conditions, equation (39) yields the following result: 


Thianct(S, 7) = 0.09732 + 0.00834 = 0.10566. 


This means that, under the specified conditions, about 8 per cent of the brightness of 
the daylight sky at 30° above the horizon would arise from reflection by the ground. 


This investigation was made in connection with the Symposium on Planetary At- 
mospheres held at Yerkes Observatory, September 8-10, 1947. With pleasure I recall 
the stimulating discussions with several members of the Yerkes staff. In particular, I 
wish to record my thanks to Dr. Chandrasekhar, without whose encouraging interest 
this paper would not have been written. 


APPENDIX: ON CERTAIN FUNCTIONS RELATED TO THE EXPONENTIAL INTEGRAL 


zx ot 
Ei (x) =f “ dt, 


is the elementary function to which most of the following functions can be reduced. 
Only one further elementary function will be needed; this function will be introduced in 
section 9. 

2. It has been customary for a long time to introduce in problems of radiative transfer 
the set of functions 


1. The exponential integral, 





fee) —zt 
E, (x) = a = dt (x = 0, n = integer = 1) , 
1 


which satisfy the recurrence relation, 
nEn+;(x) = e~*— xE, (x) 
and the differential relation, 
d 
dx 
An easy substitution shows that 


E, (x) = —Ei(— x), 


Fn41 (x) = —E (2X) 


so that all the E-functions can be computed from tables of the exponential integral. 
3. Further, we define the set of functions, 


F, (6, x) = i> (t) dt (n and x as above, 6 any real value) . 


0 


By using the recurrence relation for the E-functions, we find the relation 


. 1 . ' 
bf, + 1 (b, y= e”"E,, +1 (x) are, n + F,, (b, x) > 
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The partial derivatives are 





OF, (6, x) — e”E,, (x) 2 
Ox 
which follows directly from the definition, and 
OFn ee x) _ is fet 1} — Fass (by 2) 


which is obtained by differentiating the integrand and using the recursion formulae for 
the £-functions. 

The calculation of F,(b, x) is not so obvious. Replacing £,(t) by its definition and 
inverting the order of integration, we find 


\. [° & f? (b—u)t a "¢ 1 { o(b—u)e — 
Fy (b,x) = f ~f e\ a=5 f a ee ie 1} du. 


In this way the function is reduced to exponential integrals, but it is necessary to dis- 
tinguish carefully between the various cases. The various formulae are: 


F, (6, x) =s{ e"F, (x) —E, (x — bx) —In(1— 8)} (6<1 but #0): 


F, (6, x) = 5h eM (2) + Ki (bx — x) —In(b—1)} (b>1); 


F, (0, x) =1—E, (x); 
Fi (1, x) = eE, (x) +1, where/=y+In x. 


In the last formula y = 0.577216 is Euler’s constant. Essentially the same formulae 
have been derived by King.! 

4. If x = o, the F-integrals converge only for 6 < 1. The recursion formula for that 
case is 


1 
bFi41(b,@) waa taal 
and the formulae for F; are , 
F, (6, ) => — 7 In(l — 4) (b<1 but + 0) 
F, (0,0) =1. 


5. The following integral can be reduced by replacing F,, by its definition and inverting 
the order of integration as follows: 


z ad é 
f e~*F, (6, d) adt= f e“tadt f e™E, (u) du 
0 0 0 


z z z 
= f ev, (u) du f e*adi= 4 eu (e—au — e297) E(u) du 
( 


) u 0 


II 


=F, (b—a, x) — e~“F, (b, x). 
6. In a similar way we can derive the following equations: 
* ds . : ; 
f F,(— 8, 2-39 7: E,, (u) Ey, (u) du =Grm (%) 
and ; ” 


J e—**F (Ss, x) sm f2 (u)E (x—u) du=G" (x). 
1 s™ 0 n m 


num 
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The functions G,»(x) and Gim(x) are symmetrical in » and m; they will be further dis- 
cussed in sections 7, 8, and 10. 
7. The integral, 


a oe f "Em (t) En () dt, 
0 


can be reduced to known functions. By using the recursion formula for £,, and E£,,, we 
obtain 


(m — 1) Ginn (x) = F,, (- ;; x) ro) J tE,, -1 (t) En, (t) dt 
0 


and 
ie A i) eo — fa En (1) dt: 
0 


further, one partial integration gives 


Ginn (X) = XE,, (x) E, (x) + ri tE,,— (t) Ey (t) dt+ f tE,—1 (0) E,, (t) dt. 
0 0 


By adding these expressions, we obtain 


(m+n —1) Guan (*) = XE, (x) E, (x) + Ff, (-1, 4) +#(-1, 4”). 


In the particular case of m = n — 1 this formula admits of a further reduction. Using 
the recursion formulae for the /- and F-functions, we find 


1 
. oh eae Pe fav 12s 
(a n—1 Cx ) = iam oy8 ced \E, C#) | aes 
this result can also be found directly by partial integration 
8. The integral, 


mn 


G,(1) = fE, WE, (#—0 dt, 
0 


is nol expressible in terms of the ordinary exponential integral. By reducing it in a manner 
similar to that adopted for G,,,(«), we first obtain 


(m—1)G_ (x) = e-*F (1, x) — ri 1E__, QE (x—f) dt 
0 


an 
and 


(n—1)G’ (x) =e"*F (1, x) +f ‘iE ()E_,(*-O dt—xG, ,_, (x), 
0 


and then ' 
G’ (x) = ee | (EOE (x—#) af tE (OE, (x—f) dt. 
0 0 





7 nn n— 1 
Hence E 
i tx) , E 4 
(m+n—1)G’_ (x) — S) — 26" es, +e—|F (1,x) +F_ (1,4) }. 
mn 1 m,n n m 


rn ra . . v/ 

The recurrence formula thus derived can serve to reduce any integral G,,,,,(a) to the 
integral Gj,(x), discussed in section 10. 

By differentiating G;,,,(x) under the integral sign, we further obtain 


Gent) Balt) 


dx n—1 ™m,n—1 


(#) 





so that the recurrence formula gives rise to the differential equation, 


(x) = Xx 4 G’ (x) +. e-*tF (1, x) +F (1, x) e 


; d x mn 


(m+n —1)G’ 


mn * 
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9. In preparation of the next section we shall define a new set of functions, E\?’(x), 
for which the name “exponential integrals of the pth order’? would seem suitable. 
They are defined by 


E+) (x) -f- EW) te and —-E\®) (x) = en, 


None of these functions can be reduced to the other ones, so that for each of them a 
separate numerical table has to be constructed. Their series expansions are 


‘(p ° = (a 
arco =P Seer 


where P is an even, or odd, polynomial in / = In x + y, the highest term of which is 
(—/)”/p!. [have not investigated what rule the further coefficients of these polynomials 
obey. 

In the present calculations we need only the exponential integrals of the orders p = 1 
and p = 2. The first one, E}!’(x), is identical with the function £,(x) discussed above. 


The second one, 1 
B® (x) = f Ba) S, 


seems to be new; I have found no reference to any such function in the literature. Its 
series expansion, 

“3 

X 


E) (x) = 3 (Inxv+y)?+ 7 x+ 7, —_ 32.31 Fos, 


1 


is very apne for aumerical computation. The integr ration constant, m?/12, appears in 
the form, —}y?2 + 41°"(1). A check computation of E}\?)(5), using twenty terms of this 
mania 3 gave 0.0001728, while an asymptotic expansion gave 0.000172. 

10. Now we can express the integral, 


G’, (x) = P E, (OE, (x— dt, 


and, accordingly, all integrals G;,,,(x) in terms of known functions. Let us briefly denote 


this integral by y. The differential equation derived in section 7 takes for m = n = 1 
the form, 


y= ay 2e—*F, (1, 2%). 
dx 


< 


After dividing by x? and replacing F\(1, x) by its expression derived in section 3, we 


obtain 
2 (2)= 2 1B (x) +e x} 
~ dx 


The function that satisfies this differential equation and vanishes for x = © is 

=Gi (x) =2{E, (x) +/1E, (x) — xE™ (x) } 
The correctness of this formula can be verified by direct differentiation. I do not see 
any obvious way of deriving this formula; I actually found it by using the series expan- 


sions for E,(t) and E,(x — ¢) in the integrand of the defining integral and integrating 
term by term. The result of a fairly tedious reduction” then is 


G! ( . n+1 
Gi (x) = (= 424% -) +2 >t a (- | i stay): 
which is identical with the series expansion of the formula given above. 


2 In this reduction I used integrals from Tables 1, 30, and 106 of D. Bierens de Haan, Nouvelles 
tables d’intégrales définies (Leyden: P. Engels, 1867). 
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understanding that some of the coefficients may contain 
l=Inx+y 


Ei (x) =I+x+34?+ 123; 

FE, (x) = —I+x—14°+ 2x, 

F,(*) =1+ (I—1) x—3a?+ 123, 

E3(x) =$—«*+3(—Il+ 8) x?+1 28; 
F,(b, x) = (—1+1) +3 (— 6/4264 1) 2, 
Fy, (6, x) =x+ 3 (1+ b— 2) x?; 


Gy (x) 


(2? — 21+ 2) x+ (—I1+ }) 2, 

Giz (x) = (—14+1) x— 43 (P— 2d 2?, 

Gis (X) = 3 (—14+1) e+ 43122, 

Gee (x) = x+ (1— 8) 2°; 

Gi, (*) =(r- 21+2—- mat (— 3+ %) 2%, 
Gi, (*) = (—I4+1) x- (P= 31+ ‘.- =a, 
Gi, (*) =4(—-141) «+4 (I-1) x, 

G(x) =x+ (l- 3) x. 


correctness of any equation involving these functions. 
Finally, the function __ 
g (*) = 2—2E, (x) —G,, (x) —G!, (x) 


has as its dominant term 


a i ae 
g (x) = (28 sit 3-7) se, 


It should further be noted that the differential equation from which we started does 
not follow strictly from the equations of section 8, because the demonstration given 
there does not hold for m = n = 1. Again, series expansion shows that the equation is 
indeed correct. On the whole, the functions discussed in sections 9 and 10 would seem 
to require a more thorough investigation. The discussion given here has not been ex- 
tended beyond what was strictly needed for making the numerical computations. 

11. All functions discussed above can be expanded in series in powers of x, with the 


(x>0), 


besides constant terms. The following formulae present the first few terms of those func- 
tions that occurred in the preceding calculations. All have been derived in several ways, 
e.g., by integration of separate terms, by expansion of recurrence formulae, etc. 


These formulae are useful both for approximate computation and for checking the 
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p= + Es (0) 


c(x) =- : 


has the expansion 


c (x) =$(—-/1+ 3) x+j2°+.... 
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12. Tables.—Numerical values of the functions needed have been computed for fifteen 
selected values of x and—in the case of the F-functions—for four selected values of s. 
These values are given in Tables 1-4. Table 1 gives the £-functions: the functions 
Inx, e~*, and £,(x) were taken from the New York Mathematical Tables Project tables; 
E, and E; were computed by means of the recurrence relation; E‘?)(x) was computed from 


TABLE 1 


EXPONENTIAL INTEGRALS OF THE FIRST AND SECOND ORDER 




















(2) 























x l | e-* | Ei(x) | Ex(x) 2Ea(x) Ej (x) 
0.01. —4.027954 0.990050 | 4.037930 | 0.949671 | 0.98055 8.924688 
0.02. | —3.334807 980199 3.354708 | 913105 | 96194 6.362987 
0.05. | —2.418517 951229 2.467898 827834 90984 3.697389 
Ry: — 1.725369 904837 | 1.822924 722545 83259 2.212149 
| RIAA ee. | 1.032222 .818731 | 1.222651 574201 70389 1. 160064 
0.3.. | —0.626757 740818 | 0.905677 | 469115 60008 0.729650 
0.4.. | —0.339075 .670320 | 0.702380 389368 51457 0.498831 
«Rae | +0.066390 548812 | 0.454380 | 276184 38310 0.265984 
| Rees | +0.354072 | .449329 | 0.310597 200852 28865 0. 156636 
eas | +0.577216 | 367879 | 0.219384 | .148496 21938 0.097843 
|) SR Ga | +0.982681 | .223130 0.100020 | .073101 11348 0.034517 
| eee | +1.270363 .135335 | 0.048901 037534 06027 0.014265 
| ee +1.493506 082085 | 0.024915 019798 03259 0.006250 
it +1.675828 0.049787 | 0.013048 0.010642 0.01786 0.002879 
D., | ~o 0 0 0 0 0 
TABLE 2 
THE FUNCTIONS F(8, x) 
Fi(—s, x) e-*=F\(s, x) 
x a se . 7 aL. ant ee <n a a a + 

s=10 | s=5 | s=2 s=1 s=0 s=i | s=2 s=5 s=10 
Se 0.0482 | 0.0492 | 0.0499 | 0.0501 | 0.0503 | 0.0501 | 0.0498 | 0.0490 | 0.0477 
0.02 .0797 | .0832 | .0854 | .0861 | 0.0869 .0859| .0849 | .0823 | .0779 
0.05 1404 | .1551 | .1650 | .1685 | 0.1722 | .1673 | .1627 | .1496} .1308 
0.1.. .1913 | .2281 | .2560 |} .2663 | 0.27757} .2617 | .2471 | .2091 | .1612 
0.2 .2270 | .3001 | .3667} .3945 | 0.4258 .3775 | .3359]| .2417 | .1500 
Se ie .2362 | .3309| .4309| .4766 | 0.5309 .4414| .3698] .2283/ .1200 
0.4 .2387 | .3450| .4707| .5329 | 0.6106 .4751 | .3747] .2005| .0935 
RR 2397 | .3551 |} .5132 |} .6022 | 0.7238 .4908 | .3432] .1428|] .0583 
RE 2398 | .3576| .5321 | .6399 | 0.7991 | .4697 | .2913 | .0987 | .0386 
ae: 2398 3582 | .5409 | .6613 | 0.8515 | .4317 | .2379| .0685 | .0266 
ie aa 2398 3584 | .5479 | .6839 | 0.9269! .3193 | .1322] .0294] .0118 
2.0 2398 3584 | .5491 6903 | 0.9625 | .2208| .0698 | .0138 | .0057 
2.5 2398 3584 | .5493 | .6922 | 0.9802 .1475 | .0363 | .0068 | .0029 
3.0) 2398 | .3584! .5493 | .6929 | 0.9894 0.0965 | 0.0188 | 0.0035 | 0.0015 
x 0.2398 | 0.3584 | 0.5493 | 0.6931 | 1.0000 0 0 0 0 












































































246 H. C. VAN DE HULST 
its series expansion. Tables 2 and 3 give the F-functions. Since F\(s, x) occurs always 
with the factor e~*”, we have tabulated in Table 2 the functions F\(—s, x) and e~*F,(s, 
x). The central column shows their common value for s = 0. Table 3 is arranged in the 
TABLE 3 
THE FUNCTIONS F,(0, x) 
| F2(—s, x) | e~**F2(s, x) 
| 
x | l ‘ | — ; 
}; s=10 | s=5 s=2 s=1 | s=0 s=1 s=2 s=5 | s=10 I 
a onions ht SS anaes 2, ae a es Se ee EEE SS sum¢ 
0.01... -.| 0.0093 | 0.0095 | 0.0096 | 0.0097 | 0.0097 | 0.0097 | 0.0096 0.0095 | 0.0092 table 
0.02 | .0173 .0181 .0187 .0188 .0190 .0188 | .0186 | .0181 | .0172 eltec 
0.05 | .0358 .0400 .0430 .0440 .0451 , .0439 | .0428 .0397 | .0352 optic 
Ue lees 0543 .0667 0762 .0799 .0837 | .0795 .0755 | .0650 | .0516 a lin 
0:2... .0695 .0977 .1242 .1354 . 1481 . 1330 .1199 .0896 | .0589 I 
0.3 | .0740 .1129 .1558 .1759 .2000 | .1697 . 1450 | .0948 | .0539 exter 
0.4.. | .0754 .1205 Bie . 2061 .2427 | .1941 .1574 | .0909 0464 enve 
0:6... .| .0760 . 1262 .2018 . 2462 .3084 | .2182 .1591 | .0738 0332 star 
0.8. | .0760 PA . 2136 . 2699 .o907 | Z2zZi2 .1452 | .0563 .0239 fract 
1.0 | .0760 1261 | .2595 . 2840 .3903 | .2123 1256 | .0421 0175 
i;3 .0760 . 1283 . 2242 . 2998 .4433 | 1693 .0778 | .0204 | .0084 1. 
2.0.. | (0760 | 1283 | 12251 | 13046 | 4699 1230 | 0445 | 0103 | 0043 usua 
tT | .0760 . 1283 2253 .3061 | .4837 | .0852 0247 | .0053 | .0023 that 
3.0: ...| .0760 | SIZB3 1. 22253 .3066 | .4911 | 0.0573 | 0.0134 | 0.0028 | 0.0012 4 
@ , ..| 0.0760 | 0.1283 | 0.2253 | 0.3069 | 0.5000 0 0 | 0 = com 
| | | 2 lelisi 
: ; The 
ana 
TABLE 4 with 
sphe 
THE FUNCTIONS Gyn(x), Grin(x), g(x), AND ¢(x) hy 
ee eat —= | stell: 
Gu(x) Gi2(x) Gae(x) | Gulx) | Gie(x) Gx (x) g(x) c(x) radic 
BIN ie sik 0.26325 | 0.04906 | 0.00946 | 0.24690 | 0.04882 | 0.00945 | 0.0028 | 0.0277 
0.02. | 0.39734 .08312 | 01812 | .36484 | .08229 .01810 0.0084 | 0.0484 
0.05 0.64160 | .15735 | .04076 .56180 |. 15329 .04054 0.0337 | 0.0984 wher 
Osi... | 0.86500 | .23896 | .07065 .71010 | .22624 .06951 0.0897 | 0.1630 whic 
O:2>.. 1.08798 | .33515 | .11223 | .79587 . 29795 . 10709 0.2185 | 0.2597 differ 
0:3... | 1.19924 | .38997 | .13926 . 78552 . 32354 . 12766 0. 3483 | 0. 3335 At. 
0.4... 1.26318 | .42420} .15760 | .74165 . 32676 .13777 0.4703 0.3932 radia 
0.6. 1.32825 | .46186 | .17942 .62625 .30294 | .14011 0.6828 0.4859 from 
0.8.. | 1.35697 | .47983 | .19066 | .51281 | .26329 | 13083 | 0.8552 | 0.5554 in 
1.0 | 1.37081 | .48897 .19670 | .41451 . 22448 . 11624 0.9896 0.6097 frequ 
1.5. | 1.38276 | .49733 | .20255 | .24016| .13917| .07980| 1.2173 | 0.7045 0. 
20... .| 1.38540 | .49930 | .20401 | .13611 .08472 .05056 1.3409 | 0.7651 inten 
a I | 1.38605 | .49980 | .20441 | .07772 .05036 .03134 1.4102 0.8065 Le 
| am eS 1.38622 .49994 . 20452 .04449 .02975 .01912 1.4490 0.8363 direct 
OP ern 1.38629 | 0.50000 | 0.20457 | 0.00000 | 0.00000 | 0.00000 1.5000 1.0000 appre 
same way. Table 4 gives the G-functions computed from the values in the preceding 
tables. However, six-place values instead of four-place values of the functions F,(—1, 2) 
and F,,(1, x) were used in this computation. The | 
The computations were made with a Marchant machine. Apart from possible com- 
putational errors, all given decimals should be correct. Only the F-functions for s = +2 ee 
may be in error by a full unit of the last decimal. i 
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ABSTRACT 

The Schuster problem has been solved for a stellar atmosphere with spherical symmetry. It is as- 
sumed that /p = c/r®, where /p is the line-scattering coefficient, c is a constant, and r is the radius. A 
table of residual intensity in the line is given for a series of optical thicknesses of the atmosphere. The 
effect of the sphericity of the stellar atmosphere is to make the cores of the absorption lines, where the 
optical depth is large, shallower and to make the wings, where the optical depth is small, deeper than for 
a line formed in a plane-parallel atmosphere. 

The interpretation of the observed shapes of lines in supergiants is discussed on the assumption of 
extended atmospheres for these stars. The effect on line shape of continuous electron scattering in the 
envelope is briefly considered. The data may also be used to interpret the change in line intensity when a 
star with an extended atmosphere is eclipsed by a compact body, since the calculations indicate that the 
fraction of the emergent flux which arises from the scattering in the envelope is appreciable. 


1. Introduction.—In theoretical discussions of line formation the stellar atmosphere is 
usually considered to be stratified in parallel planes. However, observations indicate 
that some stars have a very extensive atmosphere, the extent of the atmosphere being 
comparable to the radius of the star itself. For such stars the assumption of plane-paral- 
lelism is inadequate, and the varying curvature of the outer layers should be allowed for. 
The purpose of this paper is to solve a simple problem in the theory of line formation for 
an atmosphere with spherical symmetry and, from a comparison of the results obtained 
with those obtained for a plane-parallel atmosphere, to estimate the effects of the 
sphericity of the atmosphere on the line shape. 

The Schuster problem in its standard form idealizes the problem of line formation in a 
stellar atmosphere in the following manner. The photospheric surface emits continuous 
radiation with an angular distribution specified by 


Tp, (8) = Io (1+ 8 cos 8), (1) 


where £ is related to the coefficient of darkening. Above this surface lies an atmosphere 
which scatters isotropically with a mass-scattering coefficient, /,, which is appreciably 
different from zero only for a small range of frequencies about the center of the line. For 
radiation of frequency v within the line the angular distribution of the intensity emerging 
from the atmosphere is determined by the solution of the equation of transfer. Integra- 
tion of this intensity over the outward hemisphere gives the emergent flux, F,, in the 
frequency v. The ratio of this flux to the flux from the photosphere, F, gives the residual 
intensity in the line, since the flux in frequencies outside the line is the photospheric flux. 

Let the intensity of radiation in frequency v at depth z in the atmosphere and in a 
direction 3 to the outward normal be denoted by /,(z, 3). Then the equation of transfer 
appropriate to the problem is 


dI,(z,8) | 


sale ens haa ie. a ok tp f I. (s, 8’) sin odd’. wn 
dz 0 








The boundary conditions are that there is no incident radiation on the atmosphere at 


_ * This work was completed during tenure of a scholarship from the Canadian Federation of Univer- 
sity Women. 
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z = 2, and that at the base of the atmosphere z = 0, where the optical thickness in the 
frequency » is 
*) 
rom f Lpdz, (3) 
0 


the outward intensity has the value given by equation (1). The emergent flux in fre- 
quency » is 


F, = at (0, 3) sin 3 cos ddd, (4) 
0 


and the emergent flux in the continuum is 


F=2f" Ip (3) sin d cos ddd. (5) 
0 


The ratio of these fluxes gives the residual intensity in the line: 
F, 
R, = F ° (6) 
Chandrasekhar’s solution of this problem! in his ‘“‘second approximation” is 
1 + 3Bx (7) 1 és 
1.04253 +42 B x(t) +37,’ 





R,= 


where x(7,) is a certain function of 7, and is close to unity. 

The Schuster problem in a spherical atmosphere can be formulated similarly. There 
is a spherical photospheric surface which is surrounded concentrically by an atmosphere 
extending to infinity. The photosphere emits radiation with an angular distribution that 
is given by equation (1). The mass-scattering coefficient in the atmosphere is /, as before, 
and the emergent intensity in any frequency v must be found from the equation of trans- 
fer which allows for the curvature of the atmosphere. The residual intensity in the line is 
found from the ratio of the net emergent flux in the line to the flux in the continuum. 


The equation of transfer is 


ol, sin v 0] v 1 J is. , , 
. ponenpes See we = —_— ot 5 ly P \ do (8 
cos 3 ; : a0 Lpl, slp 4 I (r 2’) sin 3 d . ) 








where r is the distance measured outward from the center of symmetry of the atmosphere 
and # is the angle measured from the positive direction of the radius vector. This equa- 
tion must be solved under the boundary conditions that there is no incident radiation on 
the outside boundary of the atmosphere and that at the base of the atmosphere, where 
the radial optical depth in frequency » is 


Ty = —f Lpdr, (9) 


the outward intensity equals the photospheric intensity, Jpn. 

The solution of equation (8) in the “second approximation” for the case /,p « 
(z > 1) and under the boundary conditions that all quantities vanish as r—> © (this 
is equivalent in this case to the condition that there is no incident radiation) and that 
none of the quantities involved increase exponentially as r— 0 has been obtained by 
Chandrasekhar.? The present discussion is based on his work. We shall assume, as he 


did, that l,p « r~"(n > 1). 


1 Unpublished. 
2 Ap. J., 101, 95, 1945. This paper will be referred to as “Paper V.” 
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2., Solution of the equation of transfer and application of the boundary conditions.—F or 
the sake of convenience we shall suppress the subscript v in this part of the discussion. 
The arguments in Paper V are valid up to the introduction of the boundary conditions. 
Hence, following the analysis of Paper V, we introduce the abbreviations (cf. Paper V, 
eqs. [34]-[43]): 

J =32a,/1; , L=}2a,ui1;, 
H= 


ris F 
K =}3a,uil; , 


tol~ 


> 4 
Lay l; ’ M = 3 2ayi1;. (10) 


Nie 


The second approximation is equivalent to the condition 
35M —30K+3J=0. 


Hence the independent quantities are J, H, K, and L. The flux is 


H=}For-?, (11) 
where /y is a constant of integration. After introducing the quantities 
X=w3K~-J, 
(12) 
Y=5L-—3H, 


and expressing all fluxes in units of the emergent flux, //R’, at the radius R, where 
r = 1, we find that the equation of transfer reduces to the pair of simultaneous differen- 
tial equations (cf. Paper V, eqs. [62] and [63}), 

é 





. On 2 . 
2 OF ee oa ear i (13) 
3 dr (n-—-1)r 
and . 
te ss ANON a rele es (14) 
3 (n — 1) dt (n—1)7r 
Since we assume that /p = cr~"(n > 1), it follows from equation (9) that 
T= c ih ites (15) 





where c is a constant. 
When the substitutions, 


and 3 
n+5 3-—n 


"Teoh "Tea" 


are made, it is found that the differential equation to be solved is (cf. Paper V, eq. [70]) 





3° ott Z oo 2°+y) p= — wrt, (16) 

If #(z) is a solution of equation (16), then it follows that (cf. Paper V, eqs. [71] and [72]) 
Pe 7 —(n+1)/(n—1) » (n+1)/2(n—1) 

a 3(n—1) 2 (leas @ (3) sis 


and 
1 


; 7 2 n— : 
er ~ot nyo] eee f g(3—n)/2(n—1) & (¢) dg -- ——_—_ ot /@- |, (18) 
! 3(m—1)2Jy ~ e | ‘Tria . 
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Since the homogeneous part of equation (16) is Bessel’s equation for a purely imagi- 
nary argument, it can be shown that (cf. Paper V, eq. [80]) 


o (2) =1,(2) f'oK,(s) ds+Ky(s) f #h(s) dz, (19) 


where J,(z) and K,(z) are the fundamental solutions of this type of Bessel’s equation. 
To satisfy the boundary condition as r > ©, it is necessary to put cz = 0, since no quan- 
tity may have a singularity at z = 0. The constant, c;, remains arbitrary and must be 
determined from the other boundary condition of the problem. 

In order to do this, we write 


¢=b—al,(z), "7 
where 


@ = 1 (2) f s*K, (2) ds+K,(s) f wI,(z) dz (21) 
z 0 
is the function found as a solution in Paper V for an atmosphere of infinite depth, and 


Le @) 
a =f o*K,(2) dz. (22) 
° 


o 


The constant a is to be determined from the boundary condition at z = 2}. 
From equation (17) we have, upon use of equation (20), 


= 


/ ' ; . , 
x ie see need —(n+1)/(n—1) ¢g(n+1)/22-]l)H—|@q aa . —(n+1)/(n—1) gint1)/2An—1) J, (zg) 
3 (n—1) d 3 (n—1) q =e 
or 
7 _— , 
Ree ae -1) g— tml) gint1)/2@m—1) J, (gz) , (23) 
In — 
where i 
Xo= 3 iy qu art) (n—1) g(n+1)/2(n—-1) hh 
a 


is the quantity calculated in Paper V for an infinitely deep atmosphere. The subscript © 
on any quantity will be used to denote that quantity as it is calculated in Paper V. From 
equation (18) we find that 

K = Ko— a8 (2), (24) 
where 


= 


gretye-n) f°" ga-mre—1 ie (2) dz. (25) 


0 


, / 
ot) =3@—1)3 


From equations (12) we then have 


J=Jo—ay(sz); (26) 
where a 
] 
(zs) =3 CN sas ens — (n+ 1)/(n—-1) g (n+1)/2(n—1) ieilis (27) 
v (2) B (2) tun I, (2) 
From equation (13) we find 
Y = Yo—ad(3z), (28) 


where 
dI, (2) n+5 


1 
6 (2) =q72/("-) aay | ante -1) _ ' 
em (n—1) dz 2 (n—1) 





~ gf(m+1)/2(n—1)]—1 is (2) , (29) 
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Using the recurrence properties® of /,(z), we find 
1 


6 (z) = gq veh) res 3 [ g(n +1)/2(a—1) J,_, (2) | . (30) 


The quantities X, Y, J, and K are expressed in units of /y/R®; hence from equation 
(11) we see that H in the same units is 


H=} GY. (31) 


In Paper V (cf. eq. [60]) it is shown that 


Zz R n—l 
r=2=() : 
q r 


hence it follows that 


H = Yq-Vo 0-1 (32) 
Since . 

L=}(VY+3H), 
we have 

L=1[Yot3H—aé(z)]. (33) 


The next step is to solve equations (10) for 74; and /4. at 2 = 2 (% is the radial 
optical thickness of the atmosphere) and to apply the boundary condition that the out- 
ward intensity in the atmosphere at depth z, must equal that from the photosphere. We 
have, since we are working in the “‘second approximation,” 


a, (1; + 7-1) +42(12+ 7-2) —2J =0, 
aye, (1, — T-1) + dome (J2— T-2) —- 2H =0, 
ayuy (1;+ I-4) + aus (I2+ I_-.) —2K=0, 


and 


ayes (1, — I-41) + aopd (J2— J-2) — 2L =0, 


where we have used the properties of the Gaussian division that a; = a_;and u_; = —. 
Solution of these four simultaneous equations gives 


_ 43 (Jui tH) — (Ku +L) 


I er? (34) 
a, (MS — My) 
and 
Ti ai ai (Suet) + (Kur tL) (35) 
‘ Gy, (MS — My) 
These intensities are expressed in units of 
f 2 =f, (36) 
R?2 ‘ 


® Watson, Treatise on the Theory of Bessel Functions (Cambridge, England, 1922), p. 79. 
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When we convert to the usual units and apply the boundary condition at z = 2, we 
find that 





ue (Jn + H) fs (Ku +L) = fod 4 gy.) (37) 
ad, mM, (M5 — Hy) : 


and 
—wi(Ju2+H) + (Kut) _ Io 


=—(1 a)» (38 
au, (us — Mw?) ‘a wis 





where the quantities K, J, H, and L are evaluated at z = 2, according to equations (24), 
(26), (32), and (33). 

There are two constants to be determined from the pair of simultaneous equations 
(37) and (38): a, which is contained in the expression for K, J, and L, and f/Jo. Since the 
value of these constants depends on 2, they may be written as a(z;) and /(z,). In the case 
of an infinite atmosphere a(z,) = 0, and f(z) is a free parameter; but, for a finite at- 
mosphere, f(z:) depends on the unknown net flux, for only the outward flux is given and 
the inward flux (or back-radiation) is determined by the “envelope” which is attached. 

The result of substituting the expressions for K, J, H, and L and of solving equations 
(37) and (38) simultaneously for a(z;) and f(z;) is 


me & (2) ayy, (1 + Bur) +B (21) dope (1 + Bus) oni 
." D (31) Quy (1+ Buy) + W (21) dome (1 + Bue) 








and 
Fg) — (MET MDD (21) arm (1 + Bar) + % (21) deme (1 + Bas) | ad 
oe B (21) D (a1) — MW (a1) E (21) 
where 
M (21) = mimey (21) — mB (21) - 26 (41), (a1) 
D (2) = Mimo (21) — eB (21) — t 6 (21), (42) 
B (21) = [wim o+ (2-38) 1-2 Vo—mKol =z, (43) 
and 
© (1) = [win ot (ui—3) H-1Vo—mKol 2-2. (44) 


(The function G(z), defined in eq. [25], should not be confused with the constant 8, which 
depends on the coefficient of darkening of the photosphere. ) 

For any value of the coefficient of darkening of the photosphere a series of a(z:) and 
f(z) can be calculated from equations (39) and (40) for selected values of 21, the total 
optical thickness of the envelope for radiation of any given frequency. Once a(2:) is 
known, the source function J(z) may be found from equation (26) for any optical depth 
z < 2, in the atmosphere. Table 1 gives the quantities a(z;) and f(z) when B = 2. 

3. The formation of lines.—In order to find the residual intensity at any frequency », 
it is necessary to find the emergent flux in that frequency. In the Schuster problem each 
frequency of radiation is characterized by a unique total optical thickness of the at- 
mosphere. We have 


Cy 
oe 45) 
lp = yn? ( 
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where c¢ is a constant for any frequency. The variation of ¢ with v corresponds to the 
variation of the scattering coefficient with v. In the following discussion it is assumed 
that the variation of /, with frequency is constant with depth, making the discussion the 
same for all frequencies, hence the suffix v may be suppressed. The case with m = 2 
will be studied. Then 


law 
‘-) 


lp = (46) 


r 


The adoption of n = 2 gives a fairly steep gradient for the scattering coefficient, for, 
if at ry = n, lp has a given value, at 2r; it will have one-quarter this value, at 37, one- 
ninth this value, and so on. For the case‘ in which p varies as r~?, it means that /, the 
scattering coefficient per atom, is independent of r. How true this is in an actual star 
depends on the variation of temperature and pressure with radius, and hence of the 
ionization and excitation equilibria. Although the radius of the star is allowed to extend 


TABLE 1 
THE CONSTANTS a(2:) AND f(2:) 


be | a(Z1) t(21) 31 a(Z1) St (31) 
0.0.. M: Peyid ghee a, sl Lenceaes aea tag Sse ai a ne ncigts 2.19883 0.54190 
O.1.. 9925.773 11.02985 i 4.3 1.48005 47068 
ce . 1267.721 5.40606 | 2.0 1.02960 . .41462 
0.3 358.8193 4.02397 22 0.73517 36949 
0.4.. 159.98997 | 2.60939 || 2.4 0.57907 33398 
.0.. 8§2.02384 2.04822 2.6 0.39761 | . 30188 
0.6 47 . 38368 1.67583 i} 2.8 0.29933 . 27548 
0.7 29.47683 1.42230 | 3.0 0.22817 . 25322 
0.8 19. 76638 1.21408 | 3.5 0.12043 | . 20949 
0.9 13.85398 | 1.04572 4.0 0.06645 17763 
1.0 9.92324 | 0.94072 4.5. ; 0.03774 15343 
1:2 5.59178 | 0.76119 5.0 0.02192 13448 
1.4 3.40860 0.63800 5.5 0.01293 0.11924 


to infinity, it is seen that with x = 2 the effective atmosphere in which /p is significantly 
large is not exorbitantly extended. 
The emergent flux from a spherical atmosphere is 


F=2nf- pl (p) dp, 47) 
0 


where /(p) is the emergent intensity along a line OA at a perpendicular distance p from 
the center of the star (see Fig. 1). The quantity p varies from 0 to ~, since the radius of 
the star extends to infinity. If /(@, p) refers to the intensity of radiation at a point P on 
the line OA, then, quite generally,° ~ 


6 6 7 , 
) lp cosec? 6d 1 7) lp cosec® od. . - 
I1(0,p) = e 5, / e Py, i ’I (¢, p) plp cosec? ode, (48) 
6 


where J/(y, p) is the source function at a point on OA characterized by the angle ¢ and 
4, is the maximum angle that ¢ can reach. In our case we have a photosphere of radius 
n; hence when p > n, 6, is 7; when p < n, 4 is sin“! p/n. To obtain the emergent in- 
tensity, we must set 6 = 0. 


*Cf. N. A. Kosirev, M.N. 94, 430, 1934. 
*S. Chandrasekhar, Proc. Cambridge Phil. Soc. 31, 390, 1935. 
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Thus for all p > r; the emergent intensity arising from light scattered in the envelope 
is 


4 * » sate C?) cos ed 1. 4 

Ii (p) = | f ann **] (¢, p) plp cosec? pde | ; (49) 
0 pri 

while for all p < 7 it is 


a ae 
sin’ p/r, _ C1, cosec? od, 
In(p) = | / Pts aaa | (y, p) plp cosec? edg| 8 (50) 
; oe 


0 Sr; 


For all p < 1; there is also an emergent intensity arising from the transmitted light of 
the photosphere. This is 


-0 
ae ) ' Lp cosec? gd. 
I, (p) me 750 PPMP (1 4B cos 8) (s1) 
where 
6, =sin~! Ee. (52) 
al 
A 
T y, 
z 2, 
4 
ds = pcosec*pd¢ 
P 
°) 





Fic. 1 


In equations (49), (50), and (51) /p is a function of p and ¢, for 


c c 


=> => (53 
‘e r2 p* cosec? y 
The introduction of equation (53) into equations (49), (50), and (51) gives 
¢ : --cy/p 
I (p) = eel} (yp, p) dy, (s4) 
; sin-'p/r, 
In(p) =< fed (g, p) de, (5) 
Pp 0 
and 
T3(p) = e-%\/P]o(1+ 8 cos 0;). (56) 


The net flux in any frequency of the line is then given by 


F,=2n f- pli (p) p+ dn f'pla(p) dp +2 fp ls(p) ap. 
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Let /;, f2, and F3 be, respectively, the first, second, and third parts of F,. The depend- 
ence on frequency of each of these fluxes is given by the constant, c, which enters the 


expressions for /;(p), Z2 (p), and /3(p). 
The flux from the photosphere is 


a/2 
P= eit f (1+ 8 cos @)sin 0 cos 6d86, (58) 
0 
which gives us 
F = 2nrilo(3 +48). 3 (59) 
Accordingly, we find that the residual intensity in the line is 
R= =Ri+Rt Ry, (60) 
where z a r 
R=>, R==, and R;= re (61) 


The fluxes /, #2, and F’3 must be evaluated explicitly as functions of z, ,the total optical 
thickness of the atmosphere in radiation of frequency ». 








Let 
P= Ef. (62) 
Then, after some simple substitutions, we find that 
21 oo T : 
= 1 —2,¢/4& . 1 (63 
R=rasipg/ tf cows (oO de ) 
and 
V4 1 sin 1g 
| : ] 2 0/tT (po, t) dy. (64) 
“Tek (y, &) dy 


The source function J(g, &) is evaluated at the point characterized by the co-ordinates 
gand &. Since 


217, C 
A = °=3=-— —_— 
q ert 
we have . 
sin 
ey ee (65) 
g 
hence any pair of values of yg and é characterize an optical depth, z, thus: 
J (g, &) =J (2). (66) 


We have shown in equation (26) how to calculate the source function, J(z), in units of 
Iof(z:). Equation (40) enables us to calculate the quantity f(z:); hence, in the usual units, 


J (g, &) =Tlof (a1) J (2). (67) 


When we substitute this expression for J(g, £) in equations (63) and (64), we find that 


2. f (2) = inal 
site oe ea eee 2/4 vA 1 
Ras aay Lael ceed (2) do ie 
and 
a1 f (4%) , re 
R, = 21 fe i 20/2) de. (69) 
=o +48) asf ' wae 
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The expression for R; is 


< pe~°*:/? (1+ 8 cos 0;) dp 


R= —_ = = r2(i- +3 B) . (70) 





Since p = r; sin 6, we shall transform to the variable 6; we also note that c/n = 21/9. 
Then we have 


= (+48) “+f ~ e-,/28in, (1 + B cos 6;) sin 0; cos 0,d6;. (71) 


0 


Referring to equations (68), (69), and (71), we see that the residual intensity, R, = 
R, + R2 + R;, can be found explicitly if the quantity 2, is known. This solves the Schu- 
ster problem in a spherical atmosphere. 

4. Numerical work.—According to equation (26), 

J (2) =Jo(z) —a(2) y(2). 
In Paper V we saw that (cf. eq. [83]), for the case n = 2, 
Jo(s) = q-3[123+A0(z)], (72) 
where 
Ao ( 3) = [Jo ( Z) | oa approx ee [J x ( z) Jast approx * (73) 


The quantity A.(z) can be evaluated numerically from the tables in Paper V. If we 
write the source function as 


g¥J (2) =423+e(2, 21), (74) 
where 

€(Z, 2:) =Ao(z) —a (21) g®y(2z), (75) 
and substitute equation (74) in equations (68) and (69), we find that 


3) f (4%) 


ie (7418 B) iz; +3. (76) 
and 
z Ra 51) 
R,=— a (964+ 921, (77) 
2 gt ( 144 LB) 2 
where 
1 ri . 
ys > ¢ : ) 
Rl Me Be d / dge 0/45 23 (78) 
Pg hy Og, 
3= f az f~ dye aha ee (2g, 21) ; (79) 
Yi = def” “dg ~2,9/4E 63 (80) 
Vy 4 Sf ? 
and 


1 sin-'¢ 
3) = s ag f dy e~*/%e(z, 2). (81) 
% 0 0 


The integrals $j’ and a may be neglected, since ¢(z, 21) is small compared to 123, 
Some typical values of ¢(z, 2) are given in Table 2. alikoidi, with large z, €(z, %) 
becomes comparable to }z*, the product e(z, 21) exp (—z:¢/gé], which enters the integrals 
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31’ and 33’, always remains small, for equation (65) shows that, for any given 2,/q and &, 
the term 2:9/gé increases with increasing z. The neglect of gS and &%’ means that we are 
using the source function in the first approximation. 

The integral %; may be evaluated as follows: From equations (65) and (78) we have 


me 
, sin” ¢@ 
fon DL of 2.0/4 
Sy =44) if: dé : ‘he e Ws re ‘ (82) 


If we put 2:¢/¢ = a and invert the order of integration, we obtain 


O,=133 SJ de sin’ ef” dé eae E-3 (83) 
0 


TABLE 2 
TYPICAL €(3, 21) 


e 
- 





z1=1 s1=5 a=5 
0.0. | 0.000000 0.000000 | 0.000000 || 1.6 = 02400 | 0.08322 
0.1 | 0002500 | .0000008 |  .0000000 || 1.8 1.45800 | 0.13100 
0.2 | 0020000 .0000323 .0000097 || 2.0 2.0000 | 0.1973 
0.3 .| 0067500 0002372 | .0000658 |} 2.2. 2.6620 | 0.2781 
0.4 .016000 000967, | ~=.000240 |, 2.4 | 3.4560 | 0.3827 
0.5. | .031250 | ~=—-.002881 000645 || 2.6. 4.3940 | 0.5112 
0.6 054000 |  .007044 001432} 2.8. | 5.4880 0.6667 
0.7. .085750 013699 | —.002789 3.0:.......1 Se 0.8524 
08.:.......]'' 12a 02910 =| = .00493 ||: 3.5 ..| 10.7188 1.4760 
0.9 | .18225 .05224....| .00811 || 4.0. 16.0000 | 2.4060 
£G...:.....) <a 0.08843 | .01258 4.5. 22.7813 | 3.8246 
1.2 a eee .02656 5.0 31.2500 | 6.0446 
1.4 . 0. 68600 0.04926 


Then we make the substitution x = 1/€ and evaluate the integral over x, getting 
= . 
9/= 423 [de sin’ ga 2[1— e*(a+1)]. (84) 


We then replace a by z1¢/g and substitute 4 = cos ¢, which gives us 


26 +1 1 1 : Z 
ait f tett= 4-5 OS eae on 
= 


This integral may be evaluated numerically by using Gauss’s quadrature formula; 
thus, 


9 +n +n tn 
ar 9°21 —~ dj oe .; Py oe 7 2 2) er 
SEL ee SA OD a ed rer ee (tap oat 


j=—n Pj j=—n P; j=on 


4 
- 


where the a;’s are Gaussian weights,° the u's are the roots of Legendre polynomial] of order 
2n + 1, and the summation is carried out over both positive and negative roots. Also 
we have 

yj;=cos! w;. (87) 


® Bull. Am. Math. Soc., 48, 741, 1942. 
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A five-point formula, 7 running from —2 to +2, was found to yield sufficiently accurate 
results. 
" ° f.% ° ° . , 
The integral <3, is evaluated in a similar manner. We have 


< oe "é e~2 w/a sin’ 9 88 
>= a age * ~ —___ | (88) 
— 4 0 0 &3 


If we invert the order of integration and substitute a = 2,¢/qg, we obtain 


o3 n/2 1 
( “1 ag maid 4 ‘ 
NS t dy sin* of dé ea E-3, (89) 


0 sing 


The integral over & is evaluated as in the previous case, with the result that 


3 ™ 


Y= < dg sin’ ya | e*(e+t) ~ ¢ e= 9 1) : “7 
2 ‘ i 


sin ¢ 
Then a is replaced by 2:¢/q, the terms are collected, and u = cos ¢ is introduced, giving 
us 
le 1 1 
q~ 21 ‘ ees ie ateti—ne yee 
ee Ft ae 
0 : (91) 


o 
ad > 


+ —} e7219/4 — (1 —p’)—'/e z,¢/q(1—p?)! < 


We again evaluate this integral by Gauss’s formula, the roots of a Legendre poly- 
nomial of order 2” being now used and the summation being extended over the positive 
j-values. Thus we get 


9 n 
’ eS >= Ae eager ba ee eee 
gy =f — (i — p*) i € 71?) i— @ z,¢;/4(1 pe )*) } 


4 g=i * 5 
(92) 
n 
1 th aj 9 = 3 ee es eee ‘ 2)1/2 
+ pee rie =p) pe tay — (bp) ie tats, ey 
a aid 
A five-point formula—j = 1, 2, 3, 4, 5—is used. 
Let the integral in the expression for R3 (eq. [70]) be 33, then 
w/2 : ; 
33,= Fi e~ 719:/78in 9, (1 + B cos 4;) sin 0; cos 6,d0,. (93) 


Let « = cos 6, and evaluate the integral by an even Gaussian division, as for integral 
torn . re 
%.. Then we have 


a. ee - ati | (94) 
J3 Soin (1 + Bu,) exp| q (1 — 1?) 72h 
It is sufficient to use a five-point formula. 

Table 3 gives Ri, Re, Rs, and R, calculated according to equations (68), (69), and (71) 
for various values of z;, and hence of 7;, the total optical thickness of the atmosphere for 
radiation of frequency v. Table 4 gives a table of residual intensities for a plane-parallel 
Schuster atmosphere calculated according to equation (7). 
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Evaluation of the integrals 31’ and 3’ will increase the values of R; and R: by a few 

per cent. In view of the uncertainty with which our idealized model fits a real star, it 
. ‘a4 , 

does not seem worth while to evaluate 31’ and 94’. 





TABLE 3 















































21 71=21/q Ri | Re | Rs R 
We ot ....| 0.0000 0.0000 0.0000 | 1.0000 1.0000 
RT a | 0.0507 0018 0004 0.9479 0.9501 
| EET oe | 0.1014 0065 0022 0.8957 0.9044 
RPE BRE | 0.1521 0155 0039 0.8462 0.8656 
Sant ee | 0.2028 0228 | 0058 0.7997 0.8283 
0.5.. | 0.2536 0332 0085 0.7556 0.7973 
0.6 | 0.3043 0444 | 0114 0.7140 0. 7698 
“Yi 0.3550 0570 0147 0.6747 0.7464 
0.8.. 0.4057 0692 | 0180 0.6376 0.7248 
* 0.4564 0809 0210 0.6025 0.7044 
1.0.. 0.5071 0935 | 0248 0.5694 0.6877 
1.2 0. 6085 A214 | 0318 0. 5086 0.6618 
eee: 0.7099 1470 || .0384 0.4544 0.6398 
arts 0.8114 AMS | 0448 0.4059 0.6222 
7 Snes 0.9128 1947 | 0508 0.3627 0.6082 
2.0 1.0142 2165 0562 0.3241 0.5968 
ee a 1.1156 2368 0611 | 0.2896 0.5875 
2.4 tt ae 2567 | 0658 | 0.2589 0.5814 
> Weiaate | 1.3185 2731 0094 =| = 0.2314 0.5739 
53... | 1.4199 2887 0725 | 0.2069 | (0. 5681 
3.0. 1.5213 3032 0753 ~«| ~=—0..1849 0.5634 
Oo ers en 1.7748 3341 | 0802 =| ~=0.1398 0.5541 
4.0 2.0284 3584 0826 | 0.1058 0.5468 
4.5... | 2.2819 3770 | 0829 0.0800 0.5399 
eee | 2.5355 | 3013 | 0817 | 0.0606 | 0.5336 
5.5 | 2.7890 | 0.4018 | 0.0794 | 0.0459 | 0.5271 
| | 
TABLE 4 
PLANE-PARALLEL ATMOSPHERE 
TI | R } T1 | R TI R TI | R 
0.00. 1.000 0.35.. 0.7780 || 0.90...... | 0.5859 |] 2.00...... 0.3954 
SRR 0.9588 ea 7547 || 1.00.. eR ee eae 3734 
5 eae | 0.9219 4 ee 7129 || 1.20. HM V2@:..... 3538 
15.......| 0.8888 oe 6700 || 1.40....... 4804 || 2.60...... 3360 
2.......) 948% ‘ee 6428 || 1.60.. 4483 || 2.80...... 3200 
2S5.......) @.8285 0 0.90...... 0.6127 || 1.80. 0.4202 || 3.00.. 0.3055 
0.30. 0.8024 





























5. Discussion of the results —Figure 2 gives the data of Tables 3 and 4 plotted against 
7. For very small 7;—7; < 0.05—the two curves are practically identical, as might be 
expected, since for very small 7, the effect of the curvature of the atmosphere will be 
negligible. For 0.05 < 7, < 0.8 the residual intensity in the plane-parallel atmosphere is 
greater than that in the spherical atmosphere. For 7; > 0.8 the residual intensity in the 
spherical atmosphere becomes greater than that in the plane-parallel atmosphere. The 
effect of this is shown in Figure 3, which gives line profiles calculated for a spherical 
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Schuster atmosphere and for a plane-parallel Schuster atmosphere. Figure 3, a, is ob- 
tained when it is assumed that 7 = roe~*”, Figure 3, b, when 7 = 7o[1 + (AXd)?}-*. In 
both cases the same to = 2.7890 was used. The following conclusions are evident from 
inspection of the line profiles: 


1. The cores of the lines are blunter and more shallow in a spherical atmosphere than 
in a plane-parallel atmosphere. 

2. The wings of the lines are deeper in a spherical atmosphere than in a plane-parallel 
atmosphere. 

3. When the absorption coefficient has a Gaussian form (Fig. 3, a), the equivalent 
width of the line formed in the spherical atmosphere is less than that of the line formed 
in a plane-parallel atmosphere. 
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Fic. 2.—The variation of residual intensity with 7, for a spherical and a plane-parallel atmosphere. 
R is given in percentage of the continuum. 


4. When the absorption coefficient has a damping form (Fig. 3, 5), the equivalent 
width in the two cases may remain much the same, as the reduction in equivalent width 
caused by the shallowing of the core of the line formed in a spherical atmosphere is largely 
compensated by the deepening of the extensive wings of this line. 


The most significant result of the curvature of the atmosphere is that, for 7; > 2, the 
residual intensity in the spherical atmosphere is much greater than that in the plane- 
parallel atmosphere. Thus the cores of the lines formed in a spherical atmosphere will be 
shallower than those of lines formed in a plane-parallel atmosphere. This effect might be 
observed in some lines of supergiant stars. For the elements other than H or He, 7 is 
not very large and may fall in the range of values in Tables 3 and 4. If this is true and 
the curvature of the atmosphere is important for supergiants, the lines in supergiants 
should have blunter, shallower cores than the lines in main-sequence stars. However, 
rotation and mass motion of the atmosphere also shallow the lines. Thus it may be dif- 
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I'ic. 3.—Line shapes in a spherical and a plane-parallel atmosphere, (a) when the absorption coefficient 
has Gaussian form, (6) when the absorption coefficient has damping form. The solid curve gives the 
profile in a spherical atmosphere; the broken curve gives the profile in a plane-parallel atmosphere. The 
residual intensity is given in percentage of the continuum. The wave-length scale is arbitrary. 
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ficult to interpret shallow lines in supergiants directly as a result of sphericity. Although 
rotation of the star broadens the lines, it does not change their relative equivalent 
widths. Uniform mass motion of the atmosphere causes displacements of the lines (which 
will be difficult to separate from the peculiar motion of the star except when there is some 
outside indication of the star’s true radial velocity) and may also cause certain asym- 
metries of all lines.? On the other hand, the shallowing effects of the sphericity of the 
atmosphere depend greatly upon the strength of the line, that is upon 79. Only for 
ty > 2 will the shallowing of the cores be conspicuous. Thus a comparison of strong and 
weak lines in supergiant and main-sequence stars may reveal the effects of the sphericity 
of the atmosphere. 

If a similar comparison is to be made for the hydrogen lines, the tables must be ex- 
tended to larger values of 7;. The following asymptotic form for R results if only the 
terms with the highest power of z are included in the expression for /(z:) (see eq. [40]) 
and if only the first term in the integral 3; is used (see eq. [86]). The figures in Table 3 
show that the integrals 33 and 3, which give R, and R;, become negligible with increasing 
z. Furthermore, the computations show that, with large z, only the first term in the 
integral 9} is significant. We find 





(wat) [aims (1 +B 41) +a2me(1+B42)] 1 9 a 
R (le 2) = , . => r.(1 — pw?) —, (95) 
— (3+38) [2 (u,He—4,ut) — 45 (u,—o#,)] 4 2% hie 


where the summation over j is carried out over the zeros of a Legendre polynomial of 
odd order. When the appropriate numerical values are introduced, we obtain 
.  o.587 
R (large 2;) =———-, (96) 
T1 





~ 


where g/z, has been replaced by 7, according to the definition of 7;. Equation (7) may 
still be used to give the residual intensity for large 7, in a plane-parallel atmosphere. 
The use of equations (96) and (7) gives us the values shown in Table 5. 

We see that, for large 7; also, the residual intensity in a spherical atmosphere is larger 
than the residual intensity in a plane-parallel atmosphere. However, the detection of this 
difference from observations would require very careful photometry. If the curvature of 
the atmosphere is important in the formation of the hydrogen lines of supergiants, the 
line profiles for these stars should show sharp, deep cores with comparatively high 
“shoulders,” since, according to Table 3, the residual intensity in the “shoulders” of 
the lines, where 7; might be of the order of 2 or 3, will be considerably higher than for 
lines formed in a plane-parallel atmosphere. The comparisons which are discussed above 
assume that the Schuster idealization represents the formation of lines in main-sequence 
and in supergiant stars. Although such an assumption may not be justified, it is probable 
that the main features of the argument would carry over if a more detailed theory of line 
formation were used. 

If the sphericity of the atmosphere is important in determining the line shape in 
supergiants, the change in equivalent width that may ensue will have an important 
effect on the curve of growth. Consideration of the variation of R with 7; in Tables 3 and 
4 and of Figure 3 leads to the following conclusions. If the line is very weak, i.e., 70 
small, the equivalent width will be somewhat larger in a spherical atmosphere than in a 
plane-parallel atmosphere. For such lines log W/X « N would likely be true. As 79 in- 
creases, the absorption coefficient being still predominantly Gaussian in form, the case 
of Figure 3, a, is reached. Then W in the spherical atmosphere is less than W in the 
plane-parallel atmosphere; hence the curve of growth for such a star will begin to flatten 
out sooner than it would for a star with a plane-parallel atmosphere. However, in the 


7 Ap. J., 106, 128, 1947. 
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supergiant stars turbulence is important and tends to lift the flat part of the curve of 
growth,® the line-absorption coefficient remaining Gaussian in form. The net result of 
the opposing effects of sphericity and turbulence will be to show a reduced lifting of the 
flat portion of the curve of growth. Hence a smaller turbulent velocity than is actually 
the case will be deduced. The damping portion of the curve of growth might remain 
much the same in a spherical and plane-parallel atmosphere, since Figure 3, 6, shows 
that, when the absorption coefficient has a damping form, there may be little difference 
in equivalent width between the two cases. 


TABLE 5 


RESIDUAL INTENSITIES FOR LARGE 71 








| Spherical Plane-parallel 
Th | Atmosphere Atmosphere 
R R 
oo ....| ©.112 | 0.026 
er .056 .013 
1000. ..... me 0.006 0.001 
TABLE 6 


THE EFFECT OF CONTINUOUS SCATTERING IN THE ATMOSPHERE* 








SPHERICAL ATMOSPHERE PLANE-PARALLEL ATMOSPHERE 
Sip as = gl = - - 

sio =0.0 | si0 = 0.1 Zio =2.0 z10 =0.0 s16 =0.1 zi0 =2.0 
2 Teer 1.000 1.000 | 1.000 1.000 1.000 1.000 
0.2 es 0.904 0.911 0.983 0.921 0.926 0.960 
0.4 ee 0.828 0.839 0.974 0.856 0.863 0.920 
0.6 0.770 0.785 0.961 0.800 0.810 0.888 
0.8 0.725 0.741 0.952 0.752 0.763 0.854 
1.0 0. 688 0.711 0.943 0.710 0.722 | 0.826 
‘| ae eet 0.597 0.623 0.916 0.558 0.571 0.703 
3.0 0.563 0.585 0.895 | 0.461 0.473 | 0.612 
4.0 ts) 0.547 0.570 et 0.393 0.405 | : x 
5 


2:0. | 0.534 0.556 : a 0.342 0.352 


me RES 
* The table gives Ry. 


These remarks emphasize again the necessity of the study of line profiles in supergiant 
stars rather than deriving information from curves of growth only, since so many oppos- 
ing tendencies, whose effects are obliterated in a mere study of equivalent widths, may 
be at work. 

From Tables 3 and 4 we can also estimate the effect of the occurrence of continuous 
scattering in the atmosphere, as well as line scattering. Such scattering might arise from 
the presence of electrons. The continuous scattering coefficient, ¢, is independent of 
frequency. Let the optical depth in the atmosphere due to continuous scattering be rz. 
Then the flux emerging from the atmosphere in frequencies outside a line is 


F.=R(t0)F, (97) 


’ Ap. J., 79, 409, 1934. 
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where F is the photospheric flux. The emergent flux for any frequency in the line is 
F,=R(te+7)F, (98) 


where 7, is the optical thickness of an atmosphere without continuous scattering for 
radiation of frequency v; hence tr. + 7, is the total optical thickness in the frequency », 
The residual intensity of the line will be 

Fy R(te+7») 


R' =- 


Fete) 7 





Table 6 gives the results for a spherical and a plane-parallel atmosphere when the 
optical depth due to electron scattering corresponds to z;, = 0, 0.1, and 2.0. The residual 
intensity is calculated according to equation (99) for a series of total optical depths 
Zig + 21» Corresponding to the values of 2, given in the first column. We see that the 
effect of superposed electron scattering is to shallow the line in all cases, the effects of 
electron scattering being enhanced in a spherical atmosphere. 

Table 3 offers an interesting opportunity for considering possible line-intensity 
changes during the eclipse of an extended star by a dark or faintly luminous compact 
body. The quantity R; is the part of the residual intensity in the line arising from the 
integrated flux over all the envelope except that part immediately in front of the disk; 
R, is the part of the residual intensity in the line arising from that part of the envelope in 
front of the disk; R; is the part of the residual intensity in the line arising from the trans- 
mitted photospheric light. These numbers are proportional to the corresponding fluxes 
from these portions of the star, since these fluxes are obtained by multiplying R:, R., 
and R; by the flux from the photosphere. Estimation of how the total residual intensity 
R = R, + R. + R; will change as different parts of the star are eclipsed then follows 
from Table 3. 


My sincere thanks are due to Dr. S. Chandrasekhar for his criticism and guidance 
throughout this study, and to Dr. J. L. Greenstein for helpful discussions of the appli- 
cation of the theory to observation. 
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THE EFFECT OF NONGRAYNESS ON THE TEMPERATURE 
DISTRIBUTION OF THE SOLAR ATMOSPHERE 


Guipo MUtncu 
Yerkes Observatory 
Received November 13, 1947 


ABSTRACT 


In this paper the temperature distribution in the solar atmosphere is determined by making proper 
allowance for its departures from grayness. The variation of temperature with optical depth is determined 
in the second approximation of the method developed by S. Chandrasekhar to solve the problem of radi- 
ative transfer in a stellar atmosphere in which the continuous absorption coefficient depends on the fre- 
quency. The difference between this temperature and the gray atmospheric value is found to be sufficiently 
small to justify the use of the temperature distribution of the gray body as a good first approximation. 


1. [ntroduction.—In the solution to the problem of radiative transfer in a nongray at- 
mosphere developed by S. Chandrasekhar,! the temperature, 7°, prevailing at the depth, 
7, in a first approximation is related to the effective temperature, 7.., through the stand- 


ard equation, 
T* = 3T*([r+ 4 (7) 1], (2) 


provided that the mean absorption coefficient, x, in terms of which + is measured, is de- 
fined as a weighted mean of the monochromatic absorption coefficient, x,, where the 
weight function is the flux, F$"(r), of a gray atmosphere of the same effective tempera- 
ture, 7. However, in a higher approximation, certain corrections are introduced to the 
temperature distribution (1), which are entirely determined by the departures from 
grayness, measured by the quantity 

ge She. (2) 


K 
and certain invariants of the gray atmospheres. 

It is the object of this paper to evaluate the temperature distribution of a model solar 
atmosphere in a second approximation, making proper allowance for nongrayness, fol- 
lowing the method developed in Paper VII. To be specific, we shall consider the model 
solar atmosphere defined by the hydrogen-metal ratio A = 10*°, considered earlier by 
the author,? although the quantity 6, = 6,(7), defined by equation (2), is, in the case of 
solar atmospheres, practically independent of the value of A, in the relevant range of r. 

2. The temperature distribution of a nongray atmosphere in the (2, 2) approximation.— 
If equation (1) is accepted to be valid in a first approximation, then the integrated Planck 
function, B®(7), in the second approximation is given by 


, tt ae aan 
BO =JO+, f 6, dy =JO4F, (3) 


dr 


where J) stands for the mean intensity in the second approximation. However, in this 
case J’) does not have the gray atmospheric value, J“). Indeed, it is given by the equa- 


tion 
JD=JIM+LAS, (4) 
\ 1p. J., 101, 328, 1945. This paper will be referred to as “Paper VII.” 


2Ap. J., 106, 217, 1947. 
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where AJ, in units of the integrated net flux, F, is given by*® 


AJ = — 0.1664 (2 + 0.2301 e-*:7) i canis a kb.) d (kr) 
0 “ 


oo! 


+3e tw f etk "(5— ae kb.) d (kyr) (5) 


+ J safe ir (85— an k:5.) d (kr) - 


In equation (5), &; is a numerical constant having the value /35/3 = 1.9703, and 6, 
(m = 1, 3, 4) is defined by the equation 


w 


5 mn = 5 mn (rT) = [Wn (v, T) by (7) dy, (6) 


0 
where 


ri 
WF ss (v, T) = J ey a wn du . (7) 
=i 


Moreover, in equation (7) 7) = JS) (7, uw) refers to the monochromatic intensities in a 
gray atmosphere. The weight functions, W3(v, 7) and W4(v, 7), have been evaluated and 
given in numerical form by S. C handrasekhar and Mrs. Breen in Paper XVIII (Table 
11), for values of 7 in the range 0 < 7 < 2 and values of a (=hv/k7T,) in the range 1 < a 
< 12. The weight function, Wi(a, r), is given in numerical form for the same ranges s of 
the arguments in Paper VII (Table 3). The averages 6,,, therefore, can be readily evalu- 
ated by a numerical procedure, once we have a table of 6,(7). 

3. The temperature distribution of the solar atmosphere in a second approximation.— The 
values of 6,(7) in the case of the solar atmosphere were obtained from the tables given by 
the author‘ and the values of the monochromatic absorption coefficient of the negative 
ion of hydrogen given by Chandrasekhar and Breen ® It should be mentioned, however, 
that, in order to be able to evaluate the averages 6,,, it is necessary to know accurately 
the values of the weight functions, W,,(a, 7), for values of a in the neighborhood of a = 0, 
since K,(H~) — as v-* when v— 0. In order to evaluate W,,(a, 7) for small values of 
a, it is sufficient to know the values of F(" (r).* This may be accomplished, without go- 
ing into lengthy numerical work, by writing F{? (7) in the form 


F’? (7) = 2B. (0) f. (7), (8) 


where B,(0) stands for the Planck function of the boundary temperature, 7°) = (\/3/4)/4 
T,., and f,(7) is a function which has a nonvanishing finite value at a = 0, and which can 
be obtained with sufficient accuracy by interpolating between the values a = 0 and 
a = 1 given in Table 1 of Paper VII. On the other hand, the Planck function, B,(7r=9), 
fora < 2r(./3/4)'/4, may be developed in a power series of a, in the form 


B.(0) = 13 (3) "Ta 2 es ey 
mAs] 


3 4p. J., 105, 461, eq. (21), 1947. This paper is hereafter referred to as “Paper XVIII.” 
4 Cf. op. cit., Table 3. 
5 Ap. J., 104, 430, 1946. § Cf. Paper XVIII, eqs. (23), (26), (27), and (28). 
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where B,, Bo, ..., are the Bernoullian numbers. According to series (9), B.(0) > Oasa 
when a — 0; and therefore the products 6,(7) W,,(v, 7) tend to a finite limit, different from 
zero, when the frequency approaches zero. 

The averages 6,, were evaluated at the depths 7 = 0, 0.1, 0.2, 0.4, 0.7, 1.0, 1.4, by 
graphical integrations, and the results of the calculation are given in Table 1. Once the 
averages 6» have been obtained, it is a simple matter to obtain the integrated Planck 
function, B®(7), from equations (3), (4), and (5). The result of this calculation is also 
given in Table 1. 

4. Discussion of the results—It should be recalled here that in Paper VII attention 
was drawn to the different character of the corrections which must be made to the tem- 
perature distribution derived on the assumption of grayness, in order to be valid in a 


TABLE 1+ 
THE TEMPERATURE DISTRIBUTION T2(7) IN A NONGRAY 
MODEL SOLAR ATMOSPHERE 























(RD — 
T i 53 54 AJ | he J?) | B(?) | Ti T2 
eae _..| —0.0357) —0.0156} +0.0011} —0.0025| 0.4330} 0.4305) 0.4127} 4634° K| 4579° K 
O:65..... ee |S .' /)] eeee ere ...| — .0030) 0.4787} 0.4757) 0.4559} 4752 4094 
|) Seeders — .0416) — .0191}.+ .0005) — .0035) 0.5236) 0.5201) 0.4993) 4860 4802 
| eae — .0440) — .0216 .0000| — .0045) 0.6116) 0.6071) 0.5851} 5052 4996 
0:3... '- ee ||| | ee | eee eae — .0054| 0.6971) 0.6917) 0.6687} 5220 5166 
0.4..........} — .0477}) — .0242} — .0002} — .0060} 0.7808) 0.7748) 0.7510] 5370 5318 
i SORES ecm |. ea widececaeee| — .0065} 0.8629] 0.8564) 0.8323) 5506 5457 
Se —= OGBZE cosa. Deckins wats — .0068|} 0.9437) 0.9369) 0.9128) 5631 5584 
Sn — .0481} — .0262)} + .0007/ — .0069) 1.0235) 1.0166) 0.9926) 5746 5702 
a. exis ators oss NGOS «b= SARS aka bt — .0069} 1.1024) 1.0955} 1.0716] 5854 5813 
RNs cose — .0471) — .0261} + .0021) — .0065) 1.2584) 1.2519] 1.2283) 6051 6014 
ie a ee ae: OMNES Cock oi clidhe clea cee — .0058|} 1.4123) 1.4065) 1.3837) 6228 6196 
_- ean — .0441} —0.0258} +0.0031; — .0048) 1.5650) 1.5602} 1.5381} 6390 6362 
ft | —0.0388]......... eee ra ae —().0018} 2.0188} 2.0170} 1.9976} 6810 6792 
| | 




















* The values of 72 at 7 = 0.05, 0.3, 0.5, 0.6, 0.8, and 1.2 were obtained by interpolating the values of 5, and AJ, while the 
value of 7, at r = 2.0 is an extrapolation. 


nongray atmosphere. These corrections arise from two sources: first, the integrated 
Planck intensity, B, is not equal to the mean integrated intensity, and, second, the energy 
density of the radiation does not have the gray atmospheric value. The former is rep- 
resented by the term §:/2 in equation (2), which in Table 1 is seen to be much larger than 
the correction arising from the second effect, which is measured by AJ. A comparison of 
the temperatures, 7, and 7», derived on the assumptions of grayness and nongrayness, 
respectively, given in the last two columns of Table 1, shows that the difference between 
the two is maximum at the boundary and steadily decreases as we go into deeper layers. 
[t is important to notice, in particular, that temperature 72 is systematically lower than 
I;. This fact provides another reason’ to expect the actual boundary temperature of the 
solar atmosphere to be lower than the gray atmospheric value is. 

When the comparison of the temperatures 7; and 7» is made, we should have in mind 
that, although both temperatures refer to the same optical depth, they do not correspond 
to the same geometrical depth, because the mean absorption coefficients x, in terms of 
which we measure 7, are different in both cases. In connection with this point, it should 
be noticed also that the way in which the calculations have been made is not strictly con- 


7 The author (Ap. J., 104, 87, 1946) has shown that the process in which the Fraunhofer lines arise 
has also the effect of lowering the boundary temperature. 
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sistent with the theoretical foundations of the method, because we have used the fourth 
approximation of the gray atmospheric temperature distribution to compute our model 
solar atmosphere, instead of the second approximation, J", as required by the theory, 
However, considering that the differences between the second and fourth approximations 
for the function g(7) of equation (1) are quite small,* we should expect the corrections for 
nongrayness to be of the same order of magnitude in both approximations. In any case, 
it is important to remark that the corrections for nongrayness are, indeed, small and that 
therefore the gray atmospheric values for the temperature distribution provide an ap- 
proximation quite accurate when dealing with atmospheres of the solar type. 

In view of the results obtained in this paper, it would be profitable to consider, next, 
an atmosphere with higher effective temperature, since in such case the variation of the 
continuous absorption coefficient with wave length would be more pronounced than in 
the case of the sun, with which we were concerned here. It is our intention to examine this 
problem in the near future. 


It is a pleasure again to record my indebtedness to Professor Chandrasekhar for help- 
ful advice. 


*Ap. J., 100, 76, Table 1, 1944. 
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COLOR INDICES OF PROPER-MOTION STARS 
W. J. LuyTEN AnD P. D. Jose 


University of Minnesota and McDonald Observatory 
Received December 6, 1947 


ABSTRACT 
The color indices are given for 139 single stars and for the components of 214 wide doubles with com- 
mon proper motion, as determined from eye estimates made on blue and yellow plates. Among the 


double stars, 6 new white dwarfs were found. 


The present paper is a continuation of an earlier one, which gave the color indices 
for 309 stars in the northern hemisphere whose proper motions had been found with the 
blink microscope.' The material now reported on consists of (a) 139 single stars between 
declinations —48° and 0° and with proper motions mainly between 071 and 073 annually. 
These stars were found during the regular Bruce proper-motion survey, and their mo- 
tions were measured in advance of the systematic program of measurement. Since none 
of these motions have been published before, the data given in Table 1 include the star’s 
designation, the position for 1900, the photographic magnitude, the annual proper mo- 
tion and its direction, and the adopted color index, which is the average of the estimates 
made by Jose and Luyten separately. (6) 214 wide double stars with common proper 
motion. Since data for these have been published before,” they are identified in Table 2 
only by their LDS numbers. However, for a large number of them, new estimates of the 
photographic magnitudes were made from the Tucson plates, and hence the values for 
magnitudes given in the columns of Table 2 are largely independent of those given before 
in the LDS catalogue. The color indices of the components are given in the fourth and 
fifth columns. 

All observations were made with the 36-inch telescope of the Steward Observatory 
during the years 1944-46 in the same manner as before; and reference may be made to 
our earlier paper for a description of the method used. 

Past experience has shown that the color indices obtained in this way are generally 
reliable to within 0.3 except in heavily obscured regions. It is possible, therefore, that 
some stars for which we find color indices of around +0.3 or even +0.4 may actually be 
white dwarfs (as was the case with W 457). However, the probability of such occurrence 
is not high, and it is thus disappointing to find that, among the 139 single stars observed, 
no white dwarf has been found. On the other hand, among 424 components of the wide 
doubles observed, which have proper motion no larger than those of the single stars, at 
least seven white dwarfs occur. This confirms again the indication obtained before that 
white dwarfs appear to be more common among components of binaries than among 


single stars. 


‘Ap. J., 101, 87, 1945. 2 Pub. Astr. Obs. Minnesota, 3, 33, 1941. 
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TABLE 1 














Name a(1900) 5(1900) Mpg m p | IC (Mag.) 
L 362-21 | Oh07™1 —40°57’ | 12.1 | 0.10 111 | 0.8 
866-22 0 12.6 —-915 | 12.8 . ae 83 | 1.3 
434-30 013.8 |. —3654 | 13.0 22 235 | 1.7 
795-39 0 25.3 = ae 28 79 | 1.6 
868-2 | 0 55.8 —501 | 15.0 | 22 67 | 1.4 
L 580-71... 101.1 | —28°20 | s2 | 27 a | «(66.4 
725-14 110.5 | -1605 | 14.4 | 42 124 | 1.6 
725-12 112.3 —16 09 | 10.8 | 23 67 | 1.0 
725-26 1 16.8 —16 43 13.3 | 24 75 1.4 
654-21 1 28.2 —2159 | 15.6 |  .23 87 1.7 
L. 367-53 | 1 38.2 ieee | ge “a3 106 1.7 
510-38 [0:6 | =33% 1 262 20 x9 0.5 
510-37 141.1 | -—3236 | 12.5 15 108 | 1.0 
801-20 | 284 |} =858% 1 4S ll 64 1.5 
801-19 Li» jae —1122 | 13.7 10 21 0.9 
L 801-54 as = —1400 | 12.0 .: ae 73 1.0 
730-40 2 47.4 —18 34 | 14.4 20 180 1.9 
730-9 2 52.7 -1617 | 14.7 | 28 120 1.9 
515-20 3 06.2 —220*) 243. | ee 102 1.7 
515-19 3 06.3 | —32 18 | 13.2 06 115 0.6 
| | 
L 443-43 | 3 10.1 —38 14 14.8 | 27 38 1.6 
876-35... blaine 3 30.1 — 7 S4 14.9 .24 1200 | 1.6 
444-21 | 32.2 | -—3 eM m3 | 24 104 1.8 
RIG39.. ... ; 3.362 — 09 | est 26 164 0.7 
589-17... | 3 41.2 —23 12 | 9.7 27 51 0.8 
L 589-18... | 3 41.2 —28 10 13.1 13 34 1.1 
517-12 3 56.1 =i 15.4 15 25 1.5 
519.43... 3 56.1 fi 4S 14.9 08 104 1.0 
446-17. 4 05.9 —36 26 13.5 14 120 0.6 
446-14... 4 06.0 a 13.3 A 180 1.9 
L 446-13.. 4 06.4 —3625 | 12.2 24 i022 ij | |1.8 
951-48... 4 25.2 —~ 2 | 863 29 146 | 0.7 
807-9 4 29.9 —fi @ 15.2 28 “ms i 33 
736-7... 4440 | —15 55 14.8 25 | 134 1.4 
449-48. 512.6 | —38 53 15.3 20 «| 20 | 1.6 
| | 
L 453-31 Kini 6 36.2 —36 53 3.5 2 | 67 | 422 
742-24... 6 48.9 ~1607 | -228 @ | mh | G2 
455-39 7 18.8 —36 33 5 27 | = 166 0.9 
315-97... | gare —47 02 13.2 m1 Cm 4,424 
963-53 | $33.3 -~ie- i 146 34 | a7. i 43 
=e) 8 49.9 —30 29 | 14.4 s | oP a 
676-34...... 8 51.6 —2235 | 14.9 26 | 316 | £3 
604-111 8 59.8 —28 05 14.0 28 | 121 1.4 
461-137. 9 05.2 —38 43 | 15.6 23 | 1439 1.2 
461-163.. 9 05.4 —39 34 14.4 24 | 213 1.2 
| | 
1 461-56..... Teer 9 14.7 —ew@ | %%3 16 | 142 | 1.3 
461-53..... Z 917.0 | —3631 | 12.4 .26 106 0.7 
533-116... Lied 9 17.1 —33 05 | 14.7 27 | 186 1.3 
750-58 Pay 9 36.1 iF. | 15.5 18 313, |) «1.6 
679-50...........0-- 9 45.7 —2205 | 14.3 0.26 | 156 | :3 
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3.0 26 
15.6 21 
14.7 .24 
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13.1 | 30 
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2 «| 18 
12.5 26 
14.4 | 30 
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13.2 16 
13.7 18 
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13.2 21 
11.7 16 
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TABLE 1—Continued 
| 
Name a(1900) | 6(1900) | Myy “ p IC (Mag.) 

L. 1060-54 16523 | — oo | 13.4 0.32 187 1.1 \ 
550-6 1653.7 | -3026 | 15.3 24° 197 0.94 3 
701-19 | 1703.1 | —2249 | 13.4 28 235 0.34 si 
989-21 | 17041 | —150 | 11.5 | 24 205 0.44 7 
629-108 | 17 05.8 | —27 39 | 14.7 | 27 | 246 1.1+ 9 

L 413-148 7 05.9 | ~312 | wa | a | 1% | oe 10 
629-77 7357 | =—3Fae | 185 mt ae} Se 14 
413-74 1715.9 | —41 46 | 15.6 2 | 214 | 1.94 18 
774-06 724.6 | —-1848 | 16.0 Mm | 13 «| 4% 19 
846-51 ! 17 34.6 | -1342 | 14.7 29 | 217 1.1+ 3 

| | | 

L. 486-135 17 36.8 —38 40 | 14.3 15 149 | 1.0 24 
559-103 17 48.1 —3230 | 15.9 17 195 | 1.2 2% 
559-63 1751.8 | -—3139 | 164 os | 240 | 0.9 7 
559-68 " 1751.9 | -3148 | 15.6 20 | 162 | 1.0 29 
560-36 i 1800.4 | -—3232 | 17.3 16 | 193 | 30 

| | 

L. 560-64 | 1808.1 | 3319 | 13.0 | .2 | 19 | 09 2 
419-73 1902.9 | -4140 | 15.2 | 26 =| = 159 1.3 33 
419-91 19 03.8 =4157 | 13.8 | 07 | 201 0.7 34 
995-20 19 15.5 — 209 | 15.3 } 30 181 0 35 
996-72... 19 33.3 —304 | 12.5 | 29 | «114 0.6 37 

| 

L 708-33 1934.3 | -—2258 | 14.7 | 18 | 180 1.3 38 
708-32 1934.4 | -—2258 | 11.0 26 183 0.6 i 
926-41 20 09.1 —735 | 12.3 28 179 1.0 48 
926-12 20 17.7 —638 | 13.7 14 246 1.2 34 
926-11 20 17.8 — 6 39 | 1.8 | 13 206 0.6 35 

| 

L 569-25 | 21 10.0 —3117 | 15.7 16 =| 150 1.5 61 
785-30 21 12.3 1720 | 14.6 | 09 | 148 1.3 62 
785-31 21 12.3 —1721 | 15.6 19 | 106 1.4 65 
1002-14 21 28.5 —-002 | 13.2 | 21 | 9 94 0.5 66 
356-20... 21 56.4 —4539 | 12.8 | 13 | = 210 1.1 72 

| | 

LL 356-19 21 56.6 —4540 | 12.4 29 122 | 1.0 73 
787-04 22 00.2 —-1702 | 12.2 27 232 | 1.1 76 
356-17 22 05.9 —45 39 | 14.5 26 43 | 1.6 80) 
574-53 22 45.7 —33 09 14.4 26 «| ~=«140 1.2 84 
935-25 | 2307.8 —604 | 13.3 23 | 101 1.2 87 

| | | | 

L. 431-35 } 2311.1 | —4145 | 14.4 | 30 | = 89 1.7 89. 
791-74 sf 23229 | —08 13.6 | 21.0) 165 1.4 9) 
935-80... | 23334 — 838 | 16.2 28 103 1.6 107. 
937-17 iY ~238655.5 a POR | F8a0 0.25 228 1.4 108 

iri : -_ — 112 
124 
125. 
120. 
128. 
129. 
134. 
136. 
137. 
138. 
141. 
272 
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LDS Mma m | a ICp LDS ma mB [Ca ICg 
1 12.6 | 14.7 | @2 | OS] 145.........) 128) 40)) OOF Ta 
2. 13.5 |° 13.9 | 1.3 | 1.7 }} 150.........) 15.0 | 15.2 | 1.7 | 1.3 
a: 11.1 | 11.6 | 1.0 Sia. Soe 1.6] 21:3.) £6}. 14 
¥ 11.6 | 14.4 | 1.0 | 1.7 |] 153.........) 13.6 | 14.6 | 1.2 | 1.3 
9 11.0 | 11.6 | 1.1 | 1.2 | 156.........] 13.6 | 14.9 | 0.8 | 1.0 
| | | | 
10 12.8 | eae SSE eee 11.2 13.8 | 0.8 | 1.4 
14 4.8 | 15.5 | £6 1.8 || 161.. ' 8.5 | 14.8 | 0.5 | 1.4 
18 14.2 | 14.4 | 1.7 | 1.8 |} 162. JA <n eae | 0.3 | 1.4 
19 11.4 | 14.9 | 1.1 | 1.7 |} 163. | 14.7 15.3 | 1.5 | 1.5 
)3 10.6 | 11.4 | 0.3 | 1.0 | 165 11.6 | 12.4 | 0.5 | 0.7 
4 12.7 | 13:6 | 4.4 | 2.6 i) tee. b S64 Bares | 1.5 
26 12.3 4.6) OF | 1.4 | MB.........) Dat aot Oe ft ee 
27 14.3 15.3 A | 880 ee......0 ee ae 1.0 | 1.2 
29 4.73 1 Bt OS | ee oe A ea | 15.5 | 0.6 | 0.8* 
30) 27 | 164 ( BO | LO Ske... 9.0 | 10.7 | 0.5 | 0.5 
| | | 
32. 13.3 | 14.6 5 1 18): 3.08... so) A 2. 0.6 0.9 
33 14.0 | 14.7 | 1.6 | 2.0 || 177 13.7 | 15.1 fa: 1 £4 
34 10.0 124 | 0.9 | 1.6 || 180. | 9.6 99 | 0.8 | 0.9 
35. 2.4 | 44 1 OS) 1.5.1 08. | 12.8 | 13.2 | 0.4 | 0.9 
37 12.2 | 13.4 | 1.1 | ©.7 1 997. 9.7 | 13.9 | 0.5 | 1.3 
| | | 
38 44.) 1.2 | 46 | 205 D.......) 8 16,9: ‘Fis 12 
41 14.3 14.7 1.8 1.8 || 205. a 308 14.8 | 0.3 1.1 
48 14.( 14.5 1.4 1.3 || 207. .| 121 | 49 | O7 | 1.3 
54 13. 14.2 1.2 1.2 | 22...) BO) Bae) Ge 1.3 
55 11.5 11.9 1.5 1.5 || 213... 14.9 | 15.3 | 1.0 1.1 
| 
61 8.5 14.7 | 0.5 1.32 W6.......)5 Mt BAT GF 1.4 
62 12.5 13.0 1.0 8 Se.. 3.5 13.5 13 1.4 
65 15.0 15.5 1.8 2.0 | 226. 13.8 14.3 | 1.0 1.3 
66 14.0 15.0 1.4 1.4 | 230. 9.4 14.3 | 0.6 1.3 
72 3.2) Be | -@3 1.0 || 235. 12.4 | 15.1 | 0.9 |-0.2 
73 19.5) 4.7 4 22 1.8 || 240.... | 13.3 | 82 1) OF | oo 
76 13.5 | 14.0 1 1.3: 3a. 14.6 | 14.9 | 0.9 1.2 
80 O35 i. CES fos: 1.4 || 253 11.0 12.6 0.7 ¥ 
S4 12.3 16.0 1.1 ee 46.) Bat O08] oe 
87 12.8 3.0 1.2 1.4 || 261 3.9 14.1 1.4 1.5 
89, | Be 13.9 0.9 1.4 || 262 11.0 14.4 | 0.7 1.4 
90) 11.9 14.3 1.0 | 1.6* || 263..... 14.4 $61 24-198 
107. 13.0 15.1 0.5 0.7 || 273. 14.2 14.4 | 1.1 1.2 
108, 12.9 14.0 1.6 1.8 || 281. 9.7 | 12.2 | 0.8 1.0 
112. 13.9 14.2 1.3 1.4 || 283 12.5 13.2 | 1.0 1.1 
124 13. 13.4 is | tan oe 12.3 5.4 1.0 1.4 
125 13. 13.8 1.7 | 1.8 | me. 13.8 5.0 $3 1.4 
126 9( 12.9 0.4 1.4 || 296 13.6 5.7 1.4 1.4 
128 3. 13.7 1.0 | 1.1 || 297.. 13.3 5.7 1.1 1.5 
129. 10.8 13.2 1.4 1.7 || 300.. 14.2 5.0 1.6 1.5 
134. 13.9 14.4 | 1.8 1.8 || 307 14.3 15.3 | 0.8 1.0* P 
136. ..| 11.4 11.5 | 0.9 1.0 | 308... mise 15.2 | 0.7 1.4 
ese .. ..| 10.4 2S |. 0:7 | O80 Bs......54) Be 15.0 | 1.2 1.4 
ee 13.9 | 14.1 1.4 eee See 12.0 14.5 | 0.5 | 0.9 
141. a Ts 15.0 “a 1.6 || 317. | 10.7 15.2 | 0.7 1.4 








TABLE 2—Continued 
LDS ma my Ca ICy LDS ma mp | ICa ICg 
Mi ccctd S601 4 | 4319 See m4 i 469 1 oS 144 190 
ee 1.9 | 4.7 | 09 | 1.2 1 8m........ 11.8] 13.9 | 0.6 | 1.2 761 
ee 13.0 15.0 1.0 ey Sey we 4 6.31 13 0.3* 166 
es. 10.0 14.0 1.0 1.5 || 547. 9.9 4.7 3.6.7 1.3 108 
340. 14.9 15.6 1.6 1.5 || 554. 13.8 15.8 | 0.8 | 0.7 110 
347. | Seb ae he Seer Best 16 1 44 1.2 179 
348... 1 10.7 | 13.0 | 1.1 5 A... cous 14.7 | 15.0 | 0.9 | 0.7 780 
349, | 15.0 | 15.1 1.6 | 1.6 |] 571 3.6 | 138 | 09 | 43 = 
354... | 10.8 15.3 | 0.6 1.3 || 575 13.8 14.7 | 1.1 1.0 195 
a; | 13.0 | 14.5 1.3 1.7 || 576 1.9 | 12.7 | 0.5 | 0.6% $10 
384. 13.5 9 | 28 | 88 1 oe ....c. 13.3 13.6 | 1.2 1.3 
365... 9.4 14.9 0.7 1.4 || 593. 14.0 14.1 | 1.1 1.1 
388. . 14.2 15.0 | 0.8 1.0 | 602 14.3 15.1 | 0.8 | 0.9 
389... 13.8 | 15.4 | 0.9 | 1.6 || 605.... 14.3 | 14.6 | 0.6 | 0.6 m 
390. 13.6 14.9 LS i. 607. 16.1 16.2 0.6 0.6* 172 
| 240 
391 12.5 14.2 133 of. aes ns) 3 1.0 | 1.2 poh 
393 15.1 15.4 1 1.7 || 613. 4 15.7 | 0.4 | 0.7 407 
399 11.7 16.2 0) 1.8 617. 2.5 12.8 0.3+| 0.34 413 
403 0 |} he | 8.9) 2.2 - Te... 1 | 15.7 | 0.54] 0.64 59 
406 11.8 15.2 0.8 1.4* || 629.... 4 i276 | 64 | 67 486 
488 
407 13.6 | 14.0 1.3 1.3* 640. 13.1 13.8 | 0.8 | 0.7* 7 
409 12.1 14.5 0.6 oa 641. | 9.7 11.4 | 0.5 0.7 339 
413.. 9.5 14.0 0.9 1.2* | 651. 12.3 13.4 | 05 | 0.8 576 
| 13. 13.9 1.2 1.4 || 653. 14.3 14.5 1.2 1.3 a 
418... | 10.0 15.1 0.6 1.1 || 678. 12.0 13.5 {|—0.3 1.4 718 
| 729 
a | 15.5 | 16.3 co 10 1 OOF. 3.20... 10.7 14.2 | 0.6 ‘3 
SO secs ih BEBE 1.3 1.3 683... 15.1 15.4 1.1 0.0 
ae Ss 14.3 1.3 1.5 || 685 10.7 13.6 | 0.4 | 0.8 
| eee ce 14.8 1.1 1.6 || 694..... 12.0 14.5 | 0.5 1.4 
r.:.. 020s 14.3 1.4 1.6 | 709. 13.0 14.3 1.0 1.4 
440... | 15.¢ 15.4 1.7 oak . ae 14.1 15.5 1.6 1.7* 
451. 12.8 15.6 | 0.8 SO MES, . saws 11.0 14.3 | 0.7 1.5 
455 | 14.7 | 15.0 | 0.0 1.6* || 717. 13.5 14.1 1.4 | 1.6 
459 | 14.5 | 16.5 1.4 1.5 1) 722.. 13.7 4.7 | 6.5 | @5 
OG. ..-..:) HM? 469 0.9 1.6 1 7... 13.5 14.0 | 0.9 | 1.2 
ae | 12.3 | 14.8 | 0.8 1.4 || 725. | 12.5 14.4 | 1.2 | 1.4 
477... 13.8 14.0 1.6 1.6 || 727 | 14.7 $6.3 | 1.2 | ta 
480... 15.3 15.5 ‘3 1.7 || 729 | 14.8 15.5 | 1.6 1.7* 
483... 11.9 15.5 | 0.9 1.8 || 731 14.3 15.2 | 1.4 1.5 
486... 13.6 15.5 2 ee +!) 737. 14.2 15.0 | O.7+) 1.1+ 
487 24 | 43 1 03 1S 4 Bee. 1 15.4 | 0.8 1.6 
488... 14.0 14.3 1.0 | 1.1% || 741. 14.3 15.5 1.6 1.3 
mt... 14.6 | 15.5 1.4 1.5 || 743 14.5 15.2 1.4 1.5 
493. 16.0 | 16.2 1.8 1.9 || 744. 14.6 14.8 | 1.2 1.3 
ne | BS) 60 1 a7 1.6 || 745. 11.4 14.6 | 0.5 1.4 
500. | 13.4 | 14.9 | 0.3 | 0.3 || 748.. 9.7 15.0 | 0.6 1.5 
503... hes 14.2 0.6 eo a a: oe 14.4 | 0.9 |-0.1 
507 75 1) 45 | 03 | O08 1 750........1 24 13.9 | 0.5 1.6 
510. 15.0 | 16.0 | 1.4 | 1.4 751. | 2 1 Os 1.0 0.9 
3.2 | 15.2 | OS | 1.9° 9 F852. 15.0 16.2 | 1.6 1.7 
| | 
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TABLE 2—Continued 











LDS MA mB 1Ca | ICz || LDS | ma | mB ICa 1Cg 
sntutiteiiaiticimstacisinbitiaiadibiai ee ———}| ——— SS a a we ee 
ee 11.6 14.3 O51 a8 ] 820 0:8: | 15:61 O00. 32 
ee 12.9 | 14.9 | 1.3 | 1.6 || 821 | 122.2 | | Oe) ee 
1......-.1 9 15.5 |—0.1 | 1.3 || 828 14.4 $81 4 | ta 
ae | Ba 13.7 0.9 | 1.6 || 830 | 14.6 | 14.8 i323 t 23 
.....::.:) We] ee | Se Tee oF | | | | 
i 
779. 12.6 15.5 0.7 | 1.4 | 
ee tes 14.2 1.0 | 1.4 |] 
WS. .......1 13 14.7 1.6 | 0.2 || 
793 13.3 14.6 ES | ee | 
810. oh ae | 13.0 1.2 | 2 i 
| | 





NOTES TO TABLE 2 
1 See also Harvard Ann. Card, No. 712 (1945). 
90 Declination of this star should read —31:25 instead of —30:25. 
172 Magnitude of B should read 15.5 instead of 13.5. 
240 B is nf instead of preceding. 
307 Bis np instead of sp. 
406 B is south instead of sp. 
407 B is sp instead of nf. 
413 B is sf instead of np. 
455 B is sp instead of nf. 
459 B is nf instead of sp. 
486 Separation is 5” instead of 10/’. 
488 Declination should read —29:26 instead of —27:26; separation is 93’’, 
503 B is nf instead of sf. 
527 B is north instead of nf. 
539 B is pr instead of fo. 
576 This is the same pair as LDS 577. 
607 B is fo instead of pr. 
640 This is the same pair as LDS 639, whose declination should read —25:07 instead of —24:07. 
715 B is sf instead of np. 
729 For direction of proper motion read 263 instead of 221. 
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NOTES 


THE VELOCITY-CURVE OF THE CLUSTER-TYPE VARIABLE 
UY BOOTIS 
The variability of UY Bootis was discovered by C. Hoffmeister’ in 1935. He noted 
that it went through its light-variations rapidly, from 9.5 to 10.5 mag., and concluded 
that it must be an RR Lyrae star. G. Lange? observed it in July and August of the same 
year and gave the elements 


Maximum = JD 2427988.22+0°2822E 


This period was later found to be in error,’ and the following new elements were given 
by Gurjev: 
Maximum = JD 2429025.433 + 0°65079E. 


An investigation by R. Prager,‘ on the basis of the Harvard plate material, revealed that 
an apparently abrupt change in the period—from 0.6508552 to 0.6507849 day—took 
place in 1928. After that date he found that the elements held: 


Maximum = JD 2425688.836+ 0°6507849E. 


UY Bootis has not hitherto been investigated spectroscopically, because of its faint- 
ness (9.5-10.5 mag. photographic) and rapid changes in light. The period is so short, 
however, that it was possible to cover the curve almost completely in two successive 
nights of observing. In this way the effects of a possible change in the velocity-curve or 
in the period during observation were minimized. Two plates taken a week earlier, how- 
ever, gave velocities that agreed with those taken during the two-night run. 

Eighteen spectrograms were obtained with a two-prism spectrograph and a 33-inch 
camera at the 36-inch refractor, the combination giving a dispersion of 130 A/mm at 
Hy. Sixteen of these plates were taken in a continuous series during two nights in May, 
1947, when the star was above the horizon all night. Exposure times ranging from 22 to 
88 minutes were determined by estimates of the brightness of the variable in the finder 
and on the slit of the spectrograph. 

Eight plates of four standard stars of known velocity were observed with the same 
adjustments of the spectrograph, in order to set up a dispersion table. 

Table 1 gives a list of the spectrograms; JD of mid-exposure; geocentric phases in 
fractional parts of the period from maximum, computed with the epoch given in the next 
paragraph and with Prager’s period of 0.6507849 day; and the radial velocities in 
kilometers per second. 

One maximum was observed at JD 2432306.759 (heliocentric) by G. H. Herbig with 
the 6-inch refractor at the Students’ Observatory in Berkeley. This maximum was 2 
hours and 11 minutes late according to Prager’s post-1928 elements. This difference 
checked with the estimates of magnitude made while the spectrograms were being taken. 

The velocities are plotted in Figure 1. The observations indicate that minimum veloc- 
ity lags about 0.10 or 0.15 period behind maximum light, in approximate agreement 
with observations of similar variables, such as RR Lyrae’ and W Canum Venaticorum.’ 


1A.N. 255, 401, 1935. 3 Tadjik Circ., No. 40, 1938. 
2 Tadjik Circ., No. 11, 1935. § Harvard Bull., No. 911, 1939. 
5 Kiess, Lick Obs. Bull.,7, 140, 1913 (No. 232); Sanford, Ap. J., 67, 319, 1928; Mt. W. Contr., No. 351. 
§ Joy, Ap. J., 88, 408, 1938; Mt. W. Contr., No. 595. 
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The velocity range is approximately 100 km/sec. The mean probable error of a plate 
calculated from the agreement of individual lines on a spectrogram is +11 km/sec. 
The normal velocity of the star is +145 km/sec. 

The measurements were based principally on the hydrogen lines (178, Hy, Hé) and 
on the K line of Ca 11, although AA 4045 (Fe 1), 4226 (Ca 1), and 4383 (Fe 1) were used on 
some of the plates. 


TABLE 1 
RADIAL VELOCITIES OF UY BOorTIs 


} 


} | 
| , 
Plate JD | Phase Velocity Plate | JD | Phase | Velocity 




















No. 2432300+ (Period) (Km /Sec) No. 2432300+ | (Period) | (Km/Sec) 

31643. . ope 12.788 0.264 +106 31657 : 19.852 0.119 | + 99 
31644. . 12.826 323 +119 31658... 19.874 153 | +112 
cS) 19.684 | 861 +140 SIGSS: .... 19.912 211 +107 
31651... 19.718 | 913 | +177 31660. . ..| 2£9:932 242 +102 
ae 19.746 | 956 | +155 31661 PAE. 20.687 | .402 | +122 
31053... ... ..| 19.768 | 990 | +139 31662 ee ee ay 7 479 | +160 
31654. . ..| 19.783 | 013° | +138 Ke 20.803 . 580 +167 
31055. . 19.800 .039 +124 31664 .| 20.858 | 665 +212 
31055. . 19.830 0.085 + 98 31665 . 20.915 | 0.752 +175 

Amsec 

a Ss eee ee ee eee es a a A ee le a ee ee ae: 

+220}- < 
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+2001 "I 

+ /80 

+/60 

+/#0 

+/20 

+/00}- ee be ee 

+ 80 L l L l l | l l | l | L Ta 

0.8 00 02 0.4 0.6 0.8 LO phase 


Fic. 1.—Velocity—curve of UY Bootis 


The spectrum of UY Bootis, as estimated from K and the metallic lines, varies be- 
tween about Al and A8&, the earlier type appearing when the star is bright. The hydrogen 
lines, in general, correspond to a somewhat later type; they suddenly become wider and 
stronger at maximum light. 


I wish to express my gratitude to George H. Herbig for his suggesting and outlining 


this work, and to Harold F. Weaver for his co-operation. 
A. VIRGINIA FARQUHAR 


LICK OBSERVATORY 
December 10, 1947 








278 NOTES 


THE METHOD OF “COLOR-DIFFERENCE” 


In Ap. J., 104, 403, 1946, J. L. Greenstein described a method of distinguishing be- 
tween interstellar reddened B stars and normal stars of later spectral type without 
knowledge of the spectral types. The method is based on the entirely different distribu- 
tion of energy in the spectra of these two groups. I proposed the same method in 1938! 
and later in 1942? and used it in several papers, all of which are not yet published. The 
difficulty of international exchange of scientific results has prevented them from being 
known in the United States; therefore, the following short note may be presented. 

The method is a part of a more general method, which I called the method of ‘‘Color- 
Difference” (CD). CD is the difference between a short-wave color index and a long- 
wave color index, for instance, the difference CJ \ 3700/X 4800 minus CJ \ 4800/2 6300. 
The method may be applied in principle in the following problems: 


1. Distinction between reddened B stars and normal stars of later spectral types with- 
out knowledge of spectral type. 

2. Classification of stars in four or five spectral ‘‘groups’’ without knowledge of 
spectral type and without the disturbing influence of interstellar reddening. 

3. Separation of giants and dwarfs in the later spectral types, partly without knowl- 
edge of spectral type. 

4, Study of the Balmer jump in B and A stars. 

5. Distinction between physical and nonphysical members of open star clusters. 


Some observational examples may be listed. 

1. Let us compare the CD of 9 strongly reddened B stars and 4 unclassified red stars 
in the open cluster NGC 6910 (Table 1). In the long-wave CJ (and also in the Inter- 
national C7) the groups could not be separated, but the CD (by means of an additional 
short-wave CJ) demonstrates the entirely different intensity distribution in the two 
groups. The stars in the second group must be normal K stars. 

2. By appropriate selection of wave lengths, the CD is independent of interstellar 
reddening; it shows only the deviation of black-body radiation of stars. This deviation 
depends systematically on spectral type. For a mixture of giants and dwarfs the mean 
CD is as shown in Table 2. By using a fourth wave length near \ 4200, we are able also 
to distinguish between A-type stars and F and G stars. The method is proposed par- 
ticularly for faint stars, for it allows the classification especially of the later-type stars, 
besides the early types. In connection with this, it would be interesting to ascertain 
whether the numerous additional stars found by Baade? on red-sensitive plates in Milky 
Way star clouds are faint reddened B stars or normal K dwarfs in the neighborhood of 
the sun. The CD differs about 1 mag. or more for the two cases. 

3. In the open cluster M 37 there are seventeen G giants, besides many G dwarts. 
The CD for the two groups are as shown in Table 3. The long-wave C/ is the same for 
giants and dwarfs, but the CD is quite different. For K stars the effect is still greater. 
Here we have a useful variation of the well-known spectroscopic method of Adams and 
Kohlschiitter, based on the temperature difference between giants and dwarfs. It should 
be of importance for the determination of the star-density function. 

4. The CD is a measure of the Balmer jump, which may be easily derived from it. 
The method applied to A-type stars in open clusters gives the following result: In 4 


1 Zs. f. Ap., 15, 225, 1938. 
2 4.N., 272, 179, 1942. 3 Trans. 1.A.U., 6, 452, 1938. 
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NOTES 279 


clusters studied up to now the brightest A stars show an abnormally strong Balmer 
jump, while the A stars, 1™0 or 1™5 fainter, are normal. The brighter A-cluster stars are 
separated from the normal A-cluster stars by a minimum in the luminosity function. 














TABLE 1 
| | | 
| CI X 4800/X 6300 | CI X 3700/A 4800 | cD 
Shs i” +098 +120 +022 
4 red stars +1.19 +2.57 | +1.38 
| 
TABLE 2 
| | 
BO AO FO | GO KO K5 





CD............| "00 +07 | ~ 49mg | -£0mg +img | +amg 
— - - = ! - a 


These are the same stars for which Trumpler found an abnormally high absolute luminos- 
ity. Obviously, they are surrounded by an extended H envelope. 

5. In many cases the field stars in open clusters (especially in reddened clusters) can- 
not be distinguished from physical members because they are exactly on the main 











TABLE 3 
| CIA 4800/2 6300 | CI d 3700/d 4800 | CD 
dG ene tee lee are ae +088 +4165, 4.077 
G0... ccuecte || Od) Ce Oe 
TABLE 4 


BALMER JUMP OF BRIGHTEST A STARS 














| | 
Obs. | Norm. | Obs. -- Norm. 
NGC 7654*............. 1"7 m2 | m5 
NGC 663... ea Oe 0.9 + .4 
NGC 6811... a 1.8 i.2 + .6 
2 eae ms 1 4a +0.7 
| 





* Veréff. d. Univ. Sternw. Gottingen, No. 82, 1946. 


ranch of the color-magnitude diagram. But generally this is the case only in either the 
long-wave CT or the short-wave CJ, but not both. Therefore, field stars may be selected 
by means of the diagram of CD and magnitude. In this way 63 field stars in four open 
clusters were recognized. Half of these could not be distinguished from physical members 
ina simple color-magnitude diagram of International CJ. 
These results induced me to propose a reform of the astronomical integral photome- 
try. The main point is the need to use the wave lengths for photometry in such a way 
that the resulting magnitudes represent as far as possible the intensity distribution in 


* Veréff. d. Univ. Sternw. Gottingen, Nos. 79-81, 1946. 
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stellar spectra commonly known from spectral-photometric work on bright stars. The © 
International wave lengths of m,, and mp, are not consistent with this requirement and © 
therefore are unsuitable for work in connection with the method of Color-Difference, ~ 
They should be replaced by the wave lengths proposed above. There may be a better — 
selection of wave lengths (except for \ 4800), especially in the ultraviolet. The ultra- 7 
violet, as far as I can see, will be the most important spectral region for further work in ~ 
astronomical integral photometry. Any progress in this direction will be very useful for ‘ 


stellar statistical purposes. 
W. BECKER 


HAMBURG-BERGEDORF 
October 1947 





